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On neighborhoods of functions associated with
conic domains
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Abstract

Let k—ST[A,B], k>0, —1 < B < A <1 be the class of normalized
analytic functions defined in the open unit disk satisfying

(B-DHE —(a-1) - (B-DHE —(A-1) .
(B+1)HE —(A+1) (B+1)HE —(A+1)

and let k — UCV[A,B], k >0, —1 < B < A <1 be the corresponding
class satisfying

='(2) ='(2)
. (B—l)(f,z)—(A—l) >k(B—1)(f/T))_(A—1)_1
(B+1)ELE —(A+1) (B+1)ELE —(A41)

For an appropriate § > 0, the § neighborhood of a function f € k —
UCV|A, B] is shown to consist of functions in the class k — ST[A, BJ.

1 Introduction

Let A denote the family of functions f of the form

f) =2+ apz" (1)
n=2
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which are analytic in the open unit disk U = {z: |z|] < 1}. The classes S*
and C are the well-known classes of starlike and convex univalent functions
respectively; for details, see[4].

Noor and Malik introduced and studied the class k — UCV[A, B] and the
corresponding class k — ST[A, B] in [10] as following:

A function f(z) € A is said to be in the class k — ST[A,B], k > 0, -1 <
B < A <1, if and only if,

p(B-VFF-(A-D) _B-DHF-(A-y o
(B+1)5E —(4+1) (B+1)5E —(A+1)

A function f(z) € A is said to be in the class k — UCV[A,B], k > 0, —1 <
B < A <1, if and only if,

B-nED -\ |-y
R Pl >k Ty =1 . (3
(B+ 1S5 - (A+ D) (B+ DS~ (A+D)
It can be easily seen that
f(2) € k—UCV|[A,B] <= 2f'(z) € k — ST|A, B]. (4)

Special cases.

i. k—ST[1,-1] =k — ST, k—UCV[l,—1] = k — UCV, the well-known
classes of k—starlike and k—uniformly convex functions respectively, intro-
duced by Kanas and Wisniowska [6, 7].

ii. k—ST[1—2a,-1]=8SD(k,a), k—UCVI[l - 2a, 1] = KD(k, «), the
classes introduced by Shams et al. in [17].

iii. 0— ST[A,B] = S*[A,B], 0 — UCVIA, B] = C[A, B], the well-known
classes of Janowski starlike and Janowski convex functions respectively, intro-
duced by Janowski [5].

12 4
Geometrically, if a function f(z) € k — ST[A, B] then (=) A= _

()

i
z / z
(B+1) 25 —(A+1)

w takes all values from the domain Q, k > 0, as
Qp ={w: Rw > k|lw-1[} (5)

or equivalently

Qk:{u+iv:u>k\/m}. (6)



ON NEIGHBORHOODS OF FUNCTIONS ASSOCIATED WITH CONIC
DOMAINS 293

The domain € represents the right half plane for £ = 0, a hyperbola for
0 < k < 1, a parabola for £ = 1 and an ellipse for k > 1, for more details see
[10].

Given ¢ > 0, Ruscheweyh [16] defined the & — neighborhood Ns(f) of a
function f(z) € A by

Ns(f) = {g(z) tg(2) =2+ by and Y nlan—by| < 5} .

Ruscheweyh [16] proved among other results that Ny 4(f) C S* for f € C.
Sheil-Small and Silvia [18] introduced more general notions of neighborhood
of an analytic function. These included noncoefficient neighbourhoods as well.
Problems related to the neighborhoods and some other properties of analytic
functions were considered by many authors, for example, see [1, 2, 3, 8, 9, 11,
12, 13, 14].

In this paper, the neighborhood Ns(f) for functions f(z) € k—UCV[A, B]
is investigated. It is shown that all functions g € Ns(f) are in the class
k — ST[A, B] for certain § > 0.

2 Main Results

In order to obtain the main results, a characterization of the class k—ST[A, B|
in terms of the functions in another class k — ST'[A, B] is needed. For z € U,
a function Hy is said to be in the class k — ST'[A, B] if the function Hy is of
the form

1

(B—A) (1 — Kt £ /12 — (kt — 1)%’)
z [B— 1-(B+1) (ktj: \/ 12— (kt — 1)%‘)]

(1-2)?

Ht(Z) =

X

z[A—l—(A—i—l)(kti t2—(kt—1)2i)}

1—=2

where
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Recall that for any two functions f(z) and g(z) given by
f(z) :erianz”, g(2) :eribnz"
n=2 n=2
the Hadamard product (or convolution) of f and g is defined by
(Fr)) =243 anbuz™ =(g % () (10)
n=2
Lemma 2.1. A function f is in the class k — ST[A, B] if and only if

é(f*Ht)(z);«éO, zelU (11)

for all H, € k — ST'[A, B].

Proof. Let f € k — ST[A,B]. Then the image of U under
(B—1)2L2) _(4-1)

_ . F(z) . . . .
w o= u + w (B+1)z}'2£§)7(A+1) lies in the conic type regions
Qk:{u+z’v:u>k’\/(u—1)2+v2} so that for z € U
B-1)2@ (41
: )ZJJZEZ) S £kt /12 — (kt — 1)% (12)
(B+1) 1) —(A+1)
where .
t> L if 0<k<1
1 . ' 13
L Bre, TN 19)
Thus f € k — ST[A, B] if and only if
KB —1— (B+1) (kt +/t2 — (kt — 1)%‘)) 2f'(2)
- (A —1— (A41) (kt + /12 — (kt — 1)%’)) f(z)]
/[Z(B—A) (1—kti\/t2—(kt—1)2i)] £0 (14)

or equivalently
1
;(f*Ht)(z);«éO, zel
for all H; € k — ST'[A, B]. O
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Lemma 2.2. If

Hy(z) =2+ Y ha(t)2" € k= ST'[A,B], ze€lU (15)
n=2
then ot + 1)
n(t +
|hn(t)] < B At (16)

where t is given in (18).
[ee]
Proof. Writing Hi(z) = z+4 3 h,(t)2", and comparing coefficients of 2™ in

n=2

(8) we obtain
ho(t) = R(B-1)—(A-1)—(n(B+1)—(A+1))kt

+(n(B+1) — (A4 1)\ /12 — (kt —1)%]]
/ [(B —A) <1 — kt 4+ \/t2 — (kt — 1)%)] (17)
Thus

hn(®)? = [In(B=1)—(A=1) = (n(B+1)— (A+1))kt
£(n(B+1) — (A+D)\/12 — (kt — 1)% ]
/‘(B—A)(l—k:ti t2—(kzt—1)2i)2
- {{n(Bfl)f(Afl)f[n(BJrl)f(AnLl)}kt}Q
Y (B+1)— (A+1))? (t2 ~ (kt — 1)2)}
/ [(B — A)? ((1 — k) 12— (kt — 1)2)}
4n—1)[(nB — A) (kt = 1)+ (n — 1) kt] + [nB — A+ n — 1]* 12

(B — A)* 2

If -1<B<A<1,n>2thennB—A<n—1,and from (13), kt — 1 < t.
So

A4n—1)2(t+1)° - 4n? (t+1)°

()] < 5 5
(B — A)?#2 (B — A)?¢2

(18)

and
2n(t+1)

lhn(t)] < B-Alt
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Lemma 2.3. For a function f € A and € € C, define the function F. by

f(z)—i—azl

F. =
1+4+¢

(19)
If for every e, |e| < 0 we have F, € k — ST[A, B|, then for every H; €
k — ST'[A, B]

’i(f*Ht)(z) >0, zel (20)

Proof. If F. € k — ST[A, B] for every ¢, |¢| < 0, then by Lemma 2.1 for all
H, € k— ST'[A, B]
1
SFxHY(2) #0, z€ll
or equivalently
(f * Hy)(2) + ez

(1+¢e)z 70. 1)
Since |e| < 4, it is easily follows that
1
Lemye)| 26
O

Theorem 2.1. Let f € A, e € C and 6 > 0. If for every ¢, |e| < §, we have
F. € k— ST[A, B] then

Ny (f) C k — ST[A, B] (22)

for
,  |B—A|t

20t +1) (23)

Y%
k“H

t if 0<k<1
—1< < +17 - )
where 1_B<A_1and{ -15-1 tgkip if k> 1.

7
IA

Proof. Let g(z) = z+ Y. bnz™ €Ng/(f). For any H; € k — ST'[A, B,

n=2

z z

Lm0

_ ‘iu*Htxz) (- prH) ()

Lo—n=m)

E

> |t emoe)
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From lemma 2.3,

oo

}i(g*Hd(Z) > 06— Z(b"fa"ihn@)zn
> 5=y |(bn —an)l [hn(®)]
20t +1) —
> I agr 2 el

Using Lemma 2.2 and noting that g€ N/ (f) and whence > n|(b, —a,)| < ¢,
n=2

thus
s 2t
- |B — Alt

Therefore }%(g * Ht)(z)’ #01in U for all H; € k — ST'[A, B] if

L) 5 =0

z

o 1B Alt
2(6+1)

By Lemma 2.1 g € k— ST[A, B]. This proves that Ny (f) C k—ST[A,B]. O

Lemma 2.4. ([15])If ¢ is a convex univalent function with $(0) =0 = ¢'(0)—
1 in WU and g s starlike univalent in U, then for each analytic function F in
u,
(¢ Fg)(2)
(¢ 9)(2)

where ¢o stands for the closed convex hull.

c@F(U), (zel) (24)

Lemma 2.5. If ¢(z) € C, f(z) € k— ST[A,B] and g(z) = (B+ 1)zf'(z) —
(A+1)f(2) € S* then (6 * f)(2) € k — ST[A, B].

(B-1) 5 —(A-1)
Proof. Assume F(z) = (B+1)z22'<%)7(,4+1)

2G/(2) = $(2) % 2f'(2).

. Then for G(z) = (¢* f)(z), we have
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B-DG5 -(A-1)  B-DUGHE - (A-1
(B+1)25E — (A+1) (B+1)22 6 — (44 1)
_ ¢(2) *[(B=1)zf'(2) = (A= 1) ()]
¢(2) * [(B+1)zf"(2) = (A+ 1) f(2)]
_1 2 4
IECE B | (BH D) = (A4 DS
B ¢(2)  [(B+1)zf"(2) = (A+1)f(2)]
¢(2) * (Fg)(2)
51+ 9L2) >
By Lemma 2.4 the image of U under % is a subset of the convex hull
of F(U). That means (¢ * f)(z) € k — ST[A, B]. O

Theorem 2.2. If f € k—UCV][A, B] and g(z) = (B+1)zf'(2)—(A+1)f(z) €

C then F. = f(’lz);fz € k— ST[A,B] for|e| < 1

Proof. Let f(z) =z4 Y. anz™ € k —UCV]A, B]. Then

n=2
oo e
1+e

z(l1+¢e)+ § anz"
_ n=2
B 1+e

CREIEERS
— n=2
B l+e

z— 522

- f(z)*(lljz)zf@)*h(z)

2

z——=—2z
where h(z) = —5*=—. Now,

zh'(2) 1—2pz + pz?

) -z T

< & gives |e| < ;. Thus

2h'(2)\ o 1=21pllz| = Ipl|=]"
8?< h(z) )Z CEIEEIE . (26)

€
1+¢
el

1—[e]

Hence |p| =
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This inequality holds for all |p| < % which is true for || < §. Therefore h is
starlike in U and so

/Z @dt =z+ i %z” = h(z) x log (llz) (27)

0

is convex for |g| < %

(70 ) =7/ » 1)t (12 )] (29)

f(2) € k=UCV[A, B] = 2f'(2) € k—ST[A, B] and h(z) * log (1 iz> €C.

Also g(z) € C' implies that z¢'(z) € S*. By Lemma 2.5, we have

2f(2) [h(z) «log (1:2)] € k— ST[A, B).

Thus
(f +h)(2) = % €k — ST[A, B).
O
Theorem 2.3. Let f € k—UCV[A,B] then
Ny (f) C k — ST[A, B| (29)
for B4
= |8(t_+ 1|)t (30)
where—l<B<A<1and{ fﬁg<i i Oszkili
S VS EoT :

Proof. Let f € k— UCV[A,B] then we get the result by taking § = % in
Theorem 2.1 and using Theorem 2.2. O
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