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An extragradient iterative scheme for common
fixed point problems and variational inequality
problems with applications

Adrian Petrusel, D.R. Sahu and Vidya Sagar

Abstract

In this paper, by combining a modified extragradient scheme with the
viscosity approximation technique, an iterative scheme is developed for
computing the common element of the set of fixed points of a sequence
of asymptotically nonexpansive mappings and the set of solutions of
the variational inequality problem for an a-inverse strongly monotone
mapping. We prove a strong convergence theorem for the sequences
generated by this scheme and give some applications of our convergence
theorem.

1 Introduction

Let C be a nonempty subset of a real Hilbert space H with inner product (.,.)
and norm ||.||, respectively. A mapping A : C' — H is called (see ([15]))
(i) monotone if

(Au — Av,u —v) >0, for all u,v € C;
(ii) n-strongly monotone if there exists a positive real number 7 such that

(Au— Av,u —v) > nlju—v|?*, for all u,v € C;
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(iii) a-inverse strongly monotone if there exists a positive real number « such
that

(Au— Av,u —v) > a||Au— Av|)?, for all u,v € C;
(iv) k-Lipschitzian if there exists k > 0 such that
[Au — Av|| <k |lu — v, for all u,v € C;

(v) k-contraction if it is k-Lipschitzian with k < 1;
(vi) nonexpansive if

|[Au — Av|| < |Ju — ||, for all u,v € C.

Let C be a nonempty subset of a real Hilbert space H and {5, } a sequence of
mappings from C into itself. Then the sequence {5, }nen is called a sequence
of asymptotically nonexpansive mappings ([12]) on C if there exists a sequence
{kn} in [1, 00) with nli_)rréo kn = 1 such that

IS — Spv|| < ky, ||u — ]|, for all u,v € C' and n € N.

Let C' be a nonempty, closed, and convex subset of a real Hilbert space H. A
variational inequality problem is the problem of finding v € C' such that

(Au,v —u) >0, forallveC, (1)

where A is a nonlinear mapping from C into H. The set of solutions of the
variational inequality problem (1.1) is denoted by Q. We denote by F(S) the
set of fixed points of mapping S : C' — C.

We give some examples of a-inverse strongly monotone mappings. Let H
be a Hilbert space and C' a nonempty closed convex subset of H. If T is
a nonexpansive mapping from C into itself, then A := [ — T is %—inverse
strongly monotone and Q = F(T). Also, if A is n-strongly monotone and
k-Lipschitz, then A is 7k-inverse strongly monotone. For the reverse impli-
cation, let us observe that there are examples of mappings which are inverse
strongly monotone, but not strongly monotone. The metric projection P¢ is
one of these, see also [16]. Recall that mapping T : C' — C is called A-strictly

pseudocontractive on C' if there exists A € [0,1) such that
Tz = Ty|* < [lz — y|* + A||(T = T)x — (I = T)y|*, for all z,y € C.

Notice that if T': C' — C' is A-strictly pseudocontractive, then the mapping

A=1-Tis 1;>‘—inV«31rSt3 strongly monotone.
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The variational inequality (1.1) was introduced by Stampacchia [14] in 1964.
It has been shown that a large class of problems arising in engineering and
applied sciences ([8] and the references therein) can be studied in the frame-
work of the variational inequalities. It is known that the element u € C is a
solution of the variational inequality problem (1.1) if and only if u satisfies the
relation:

u = Po(u— MAu),

where A > 0 is a constant and P¢ is the metric projection mapping of H onto

C.

It is obvious that fixed point problems and variational inequality problems
are equivalent. This approach shows that a variational inequality can be re-
garded as a fixed point problem and, in this respect, the following iterative
method could be important, in order to solve approximatively a variational
inequality problem:

For a given upg€ C, compute u, 1 by the iterative scheme:

Unt1= Po(u, — Muy,), forn =0,1,2, ....

These ideas were the starting point of a large number of papers dealing with
the problem of approximating the solution of a variational inequality prob-
lem, sometimes in connection to other related problems, such as the problem
of finding and approximating the fixed points of a nonexpansive mapping.

Korpelevich [6] introduced an extragradient method and proved that the se-
quences generated by the extragradient method converge to the same point
z €.

Recently, Nadezhkina and Takahashi [7], Zeng and Yao [18] introduced new
iterative schemes for finding an element of F'(S) N Q and obtained the weak
and strong convergence theorems respectively. Chen, Zhang and Fan [2] in-
troduced an iterative scheme by viscosity approximation method for finding a
common element of the fixed point set of a nonexpansive operator and the so-
lution set of a variational inequality problem and proved a strong convergence
theorem.

More recently, Petrugel and Yao [10] introduced a modified extragradient
scheme by viscosity approximation method and obtained a strong convergence

result for an explicit scheme in a Hilbert space.

In this paper, inspired by Petrusel and Yao [10], we prove a strong convergence
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theorem for computation of the common element of the set of fixed points of
a sequence of asymptotically nonexpansive mappings and the set of solutions
of the variational inequality problem for an a-inverse strongly monotone map-
ping. Our results generalize the result of Petrusel and Yao [10] to the case of a
sequence of asymptotically nonexpansive mappings and extend the results of
Nadezhkina and Takahashi [7], Zeng and Yao [18] and Chen, Zhang and Fan
[2]. Other related results are given in [17]-[4].

2 Preliminaries

Throughout this paper, H is a real Hilbert space with inner product (-, ) and
norm ||.||. We denote by I the identity operator of H. Also, we denote by
— and — the strong convergence and weak convergence, respectively. The
symbol N stands for the set of all natural numbers. Let C be a nonempty
subset of H and 8 := {5, }nen a sequence of self-mappings from C' into itself.
We denote by F(8) the set of common fixed points of the sequence 8, i.e.,

F@zﬁnm.

Let C' be a nonempty closed convex subset of H. Then, for any z € H,
there exists a unique nearest point in C, denoted by Po(x), such that

lo = Po(@)l < |z —yll, forallyeC.

The mapping Pc is called the metric projection of H onto C. We know that
P¢ is a nonexpansive mapping of H onto C. It is also known that P¢ is char-
acterized by the following properties (see [5, 1]):

(A) Po(x) € C, for all z € H;

(B) (x — Po(x), Po(x) —y) >0, for all z € H,y € C;

(©) llz = ylI* > llz = Po(@)|* + |ly — Po(@)|?, for all @ € H,y € C.

It is also known that H satisfies the Opial property (see [1, 9]), i.e., for any
sequence {z,} C H with z, — z, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo
holds for every y € H with y # x.

A set-valued mapping T : H — 2 is called monotone if, for all z,y € H,
f € Tx and g € Ty, we have (x —y,f —¢g) > 0. A monotone mapping
T : H — 2% is maximal if its graph G(T) is not properly contained in
the graph of any other monotone mapping. It is known that a monotone
mapping 7' is maximal if and only if the following implication holds: if for
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(z,f)e Hx H,{x —y, f—g) >0 for all (y,g) € G(T), then f € Tx.

Let A : C — H be a monotone and k-Lipschitz continuous mapping and
let N¢(v) be the normal cone to C at v € C, i.e.,

Ne(w)={we H: {(v—y,w) >0, forall ye C}.
Define
To — Av+ Neg(v), if vedl,
10, it v¢C.
Then T is maximal monotone and 0 € Tv if and only if v € Q, see ([11]).
We present now an important property of the a-inverse strongly monotone
mappings.

Lemma 1. ([16]) Let C be a nonempty subset of a real Hilbert space H. Let
a>0and A: C — H an a-inverse strongly monotone. Then, A is é-Lipschitz
continuous. Moreover, for all u,v € C and each A > 0, we have
(T = AA)u = (T = AA)o|* = [(u—wv) = A(Au = Av)|®
= |lu—v|> = 2A (u— v, Au — Av)
+ A2 || Au— Av|?.

As consequence, (I — AA) is a nonexpansive mapping from C into H if
A < 2a.

Now we state an existence result for the solution of the variational inequality
problem for inverse strongly monotone mappings.

Theorem 1. ([16]) Let C be a closed convex bounded subset of a real Hilbert
space H and let A : C — H be a-inverse strongly monotone. Then ) is
non-empty.

In the proof of the main results, we need the following lemmas.

Lemma 2. (Schu [13]) Let H be a real Hilbert space, let {ay,} be a sequence
of real numbers such that 0 < a < a,, < b < 1, for alln € N and let {v,} and
{wn} be sequences in H such that

limsup ||v,|| < ¢, limsup ||w,|] < ¢ and lim ||apv, + (1 — ap)w,|| = ¢
n—oo n—oo n— o0
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for some ¢ > 0. Then, lim |v, — wy|=0.
n—o0

Lemma 3. (Xu [17]) Let {a, }52, be a sequence of non negative real numbers
satisfying the inequality

Qpy1 < (1 - 'Yn)an + YnufBn, foralln €N,

where {52, and {B,}52, are sequences of real numbers which satisfy the

conditions:

(i) {3 )32y C (0,1) and 3 4 = o0

n=1

(ii) limsupf—" <0 or Y |Bnl < 0.
n n=1

n—oo

Then lim a, = 0.

n—oo
Lemma 4. ([3]) Assume that S is an asymptotically nonexpansive self-mapping
of a nonempty closed conver subset C' of a real Hilbert space H. Then I — S is
demiclosed, i.e., if {x,} is a sequence in C weakly converging to some x € C
and the sequence {(I — S)x,} strongly converges to 0, then x € F(S).

AF point property ([12]) Let C be a nonempty subset of a real Hilbert
space H, and let 8 := {S,,} be a sequence of self-mappings on C. A sequence
{zn} in C is said to have the approxzimate fized point property (in short AF
point property) for {S,} if nh_}rr;o |z — Spzn| = 0.

Condition D ([12]) Let C be a nonempty closed convex subset of a real
Hilbert space H and 8 := {S,} a sequence of self-mappings on C. A family
{I — S,} is said to be demi-closed at zero if for every bounded sequence {x,,}
in C, the following condition holds:

(D) {20 — Span} — 0= wy(z,) C F(S),

where w,, (z,,) is the set of weak cluster points of the sequence {z,}.

3 Main results

Theorem 2. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let A : C' — H be an a-inverse strongly monotone mapping and 8 :=
{Sn} a sequence of asymptotically nonexpansive mappings from C into itself
with sequence {k,} such that F(8) NQ # 0. Assume that 8 satisfies condition
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(D) and f : C — C is a k-contraction. For arbitrary x1 € C, consider the
sequences {x,,} and {yn} generated by the following iterative process:

xr1 € C,
Yn = Po(xn — AnAxy,), (2)
Tpt1 = anf(xn) + (1 — apn)SnPo(zn — A\Ayy), for alln € N,

where {ay, } and {A,} are two sequences of positive numbers with {a,} C (0, @)
and {\n} C [a,b], with0 < a <b < a(l—90) (forsome @,d € (0,1)) satisfying
the conditions:

o0

(i) lim a, =0, g Qp = 005
n—oo 1
e

o0
(it) 3 lant1 — an| < oo;

n=1
00
(i71) 3 Ans1 — An| < 00;
n=1
||Sntn - Sn+1tn|| _

) i 0;
() B ™ e ’
ky, —1
(v) lim =0.

n—oco  Qy

Then, the sequences {x,} and {y,} converge strongly to the same point p,
such that p is the unique solution in F(8) N Q of the following variational
imequality:

(f(p) =P,y —p) <0 forall y € F(8)NQ. (3)

Proof. Denote t, := Po(x, — A\yAy,),¥n € N and let uw € F(8) N Q. Then
u = Po(u — A Au). We proceed in the following steps.

Step 1. {z,} is bounded.

Taking x := x,, — A\ Ay, and y := u in relation (C), we have

tn —ull® < llzn — AAyn — ull® = 20 — Ao Ayn — to|?
= |z, — u||2 —2X, (AYn, T —u) + )\37, HAynH2 —[|zn — thQ
= |l@n — ul® + 2\ (Ayn, t — 1) — |20 — b
= |lon— u||2 — |z — th2 — 22X\, (Ayn — Au,yy — u)
— 20, (Au, yn — u) + 2, (AYn, Yn — tn)
2 2 2
lzn = ull® =20 = ynll” = llyn — tall
+2 <.Z'n - )‘nAyn - ynatn - yn> .

IN
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From (B), we obtain
<xn - )\nAyn — Yn,bp — yn> = <xn — MAz, — Ynytn — yn>
+ <>\nAxn - AnAyna ty — yn>

- <-Tn — A\ Az, — YnsYn — tn>
+ <)‘nAxn - )\nAyn7 tn — yn>

A
< = lan = yall e — yall -
(0%

Hence

2 2 2 2
< lzn = ull® = llzn = ynll” = llyn — il

+2 <xn — MAYn — Ynytn — yn>

[0 — ull

<l = ul® = Nz = yal® = lyn — tall?
>\n2 2 2
+ o2 lZn = Ynll™ + [Itn — yall
A 2
= lzn —ul® + (ﬁ — 1) ||z — yal?
< lwn —ul?.

From (3.1), we have

llon f(@n) + (1 — an)Sntn — ul|

an || f(2n) —ull + (1 — an) [[Sntn — ull

an |[f(@n) = f(w)l| + an [|f(w) —ul| + (1 — an) [[Sptn — Sull
ank ||zn — ull + an || f(u) = ul + kn(l — an) [tn — ul|

ank (|2 —ull + an [[f(w) —ull + kn(1 = an) l2n — ull
[1—an(@ = k)] lzn —ul + an ||f(u) — ul

+ (1 —an)(kn — 1) [lzn —ull

[1—an(l = E)]lzn —ull + (1 = an)(kn = 1) [|zn — ull + pn,

[2n1 =]

VAN VAN VAN VAN

kn—1 :
where p, = ap ||f(u) —ul]. Note lim —— =0 and lim «, =0, so there
n—oo (¢ n—o00

exist two constants 5 € (0,1) with (8 — ﬁ) € (0,1) and K; > 0 such that
b=l < % and Z—: < K, for all n € N. Hence

Qn

T —ull < [1—(8—k)an] vy — ull + an Ky

Ky
max ||xn7uH,/6_k .

IN
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It follows that {x,} is bounded.
Step 2. ||zpt1 — nl| = 0 as n — 0.

By Step 1, {z,} is bounded. So {f(zn)}, {Azn}, {tn}, {Atn}, {Snt.} are
bounded. Observe that

[Zn+1 —znll = [[(an — an—1)[f(Tn-1) — Sn—1tn-1]

+ (1 = an)(Sntn — Sn—1tn-1) + an[f(xn) — f(2n-1)]ll

< |an - anfl‘ Hf<xnfl) - Snfltnle
+ (1= an) [[Sntn = Sn—1tn-1ll + an || f(zn) — f(@n-1)

< o —apa| [[f(zn-1) = Sn—1tn—1l|
+ (1= an) |Sntn — Sn—1tn-1ll + ank || Tn — Tp_1]]

< |an - O‘n71| ||f($nfl) - Snfltnfln
+ kn(1 = an) [ty — tn—1|| + ank ||z — 2p1|| + (1 — an)én—1,

where €,_1 = ||Sntn—1 — Sn—1tn—1]|- Since A\, < a(l —J) < 2«, from Propo-
sition 1, we have

||tn+1 - tn” = ”PC(xn-i-l - )‘n+1Ayn+l) - PC(xn - /\nAyn)”
< Zns1 = M1 AYnt1 — Tn + A Ayn|
< ”xn+1 - an + |>‘n+1 - )‘n| ”Ayn” .
Hence
[#n41 = anll < [ka(l = an) + kow] l2n — 20|
+lan — an_1| [ f(xn-1) = Sn—1tn—1]|
+ kn(1 = an) |An — An—1] | AYn-1] + (1 — apn)€n—1
< [Ra(1 = an) + kan] |20 — 2ol
+lap —an—1| L+ A — Ap—1| M 4+ (1 — an)en—1
< [1=01=kap]|zn — 2zl + (kn — )N

+|an - O‘n—l‘L‘F |>\n - )\n—1|M+€n—17

where L = sup || f(zn) — Sntnll, M = sup ||Ay,|| and N = sup ||zn — Tpi1 -
neN neN neN

k,—1
Note lim -2 = 0 and lim o 0. By Lemma 3, we obtain
n—o00 Oy n—00 (p41]

|€nt1 — znll = 0 as n — oo.
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Step 3. ||zn — ynl| = 0 and ||t, — ynl| = 0 as n — oo.
From (3.1), we have

lznir —ull® = lanf(@n) + (1 = an)Sutn — ul|”

lan (f(zn) = f(u) + an(f(u) —u) + (1 — ) (Snty — u)||2

< anlllf(wn) = flu)ll + 1 f (u) = ul]?

+ (1= an) [|Sntn — u||2
< anlklln —ull + 11 () = wl)® + K3 (1 = ) 1t — ul?
< k2an\|xn—u||2+an[2k”xn—u|| [ (w) = ull

1 (u) = ull®] + k2 (1 — an) (|2 — ull?

An >
+ (E - 1) Hxn - ynH ]
[kQO‘n + k721(1 —ap)] |lzn — u||2
+ a2k ||z, — ull || £(w) = ull + [ £(u) — ul|’]

)\2

2 n 2
+ k(1= an)(—5 = Dllzn —yall”
Hence

2

_ An
(1—-a@)(20 - 52) Hxn - yn||2 < ki(l —ap)(1 - ?) Hxn - yn||2

2 2
< [KPon + k(1= an)] lon = ull” = e — ul

+ an[2k |l — ull |1 (w) = ull + [1f (w) = ul|?]

< [KPan+ (1= an)llzn — ull® = |z — ul)?

+ (11— O‘n)(ki — 1) [|lzn — u||2

+ on[2K || — ull | f (w) — wfl + | f () — ull’]
< (lwn — ull? = [longs —ul?)

+ (kn = 1) (bn + 1) lzn — ul®

+ o2k ||z — ull 1 £ (u) — wll + | f () — ul’]
= [(lzn —ull = [[2p+1 —ull)(|zn — ull + [|2n41 — ul])]

+ (k,, — 1) sup(k; + 1)R?

1€N

+ on[2k || — ull 1 £ (u) — wll + | f () — ul|’]

< 2||l@n — Xpi1|| R+ (K — 1) sup(k; + 1)R?
iEN

+ 2Rk ||f (w) =l + |1 £ () = u]]”],
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where R is a positive constant such that ||z, —u|| < R for all n € N. Note
kn = 1, | £pe1 — zn|| — 0 and «,, — 0 as n — oo, we have, ||z, — yn|| = 0 as
n — 00.

Observe that

lyn —tull = [[Po(zn — AnAzy) — Po(xn — A Ayn)||
< (@n = AnAzy) — (20 — A Ay |
An
< EHxn—ynH —0as n — oo.

Step 4. limsup (f(p) — p, Sptn — p) <0, where p = Prs)naf(p).

n—oo

For u € F(8) N, we have

||Snyn - C17n+1|| < ||Snyn - Sntn” + HSntn - $n+1||

< kyn ”yn - tn” + ap ||Sntn - f(xn)”
< knllyn — tall + an[l[Sutn — ull + [Ju — f(zn)|l]
< knlyn — tall + an [ [[tn — ull + lu — f(z0)]]
K
< ol tall + [ { o = ull 5 4 = Al

Hence ||Spyn — Tny1|| = 0 as n — oco. Note that ||z, — yn| — 0 as n — oo,
we have

1Snzn — ol < [1Snzn — Snynll + |Sntn — Togi|| + |20 — Tpga ||
< knllen = yull + 1Snyn — Tuga |l + |20 — Zngall = 0 as n — oo,

and

[Sntn —tall < |Sntn — Suwnll + [|Snzn — zul| + |20 — tall
< knlltn = 2ol + IS0 — 2ol + |20 — tall
<

|Snen — zn|| + (1 + kp) |2 — tn]] = 0 as n — oo.

Now, let us choose a subsequence {t,,} of {¢,} such that

limsup (f(p) — p, Sntn —p) = lim (f(p) — p, Sn,tn, — ).
n—oo 1—00
For the convenience we will denote this subsequence by {t,} too. As {t,} is
bounded, we have that a subsequence {t,,} of {t,,} converges weakly to some
z € C. Since ||z, —yn|| = 0 and ||y, — tn|| = 0 as n — oo, we have that
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{zn,} and {yn, } converges weakly to z € C. Also, since lim ||Spt, —t,| =0,
n—oo

by condition (D), we get that z € F(8). From the above arguments, we have

limsup (f(p) — p, Sutn —p) = im (f(p) — p, Sn;tn, —p) = (f(p) =P,z — D).

n— oo i—>00

Notice now that, in order to prove that limsup (f(p) — p, Sptn —p) < 0, it
n—oo
suffices to show that z € F(8) N Q.

Now, let us show that z € Q. Let

| Av+ N¢g(v), if ved,
TU{ 0, if vé¢C.

T is maximal monotone and 0 € Tv if and only if v € Q. Let (v,w) € G(T).
Then, we have w € Tv = Av 4+ N¢(v) and hence w — Av € Ne(v). Thus, we
have (v —u,w — Av) > 0, for all u € C.

On the other hand, from ¢, := Po(z, — A\, Ay,) and v € C, we have
(X — ApAypn — tn,t, — v) >0, and hence <v —tn, t";% + Ayn> > 0. There-
fore, from w — Av € N¢(v) and ¢, € C, We have

(v —tpn,,w) > (v—ty,, Av)
b — T
> (v —ty,, Av) — <v—tni,1)\$1+Aym>
= (U —tp,, Av— Aty,) + (v —tn,, Aty, — Ayn,)

tn, — Tp,
—<'U—tni7 nl)\ nl>
n;

tn, — Tp,
Z <'Utm,Atn7Ayn7><Utn7a nz)\ ”7/>.
n;

Hence, letting n; — oo we obtain (v — z,w) > 0. Thus, z € T10 together
with the maximal monotonicity of 7" imply z € .

Step 5. x, — p as n — 00, where p = Prsynaf(p). i.c., p is the unique
solution in F'(8) N Q of the variational inequality

(f(p) —p,y—p) <0, foralyeF(8)NQ.
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‘We have

lzn1 =plI* = llan(f(@n) = p) + (1 = an)(Sntn —p)|*
= [If(xn) = pl* + (1 = an)? | Sutn — pl|?
+ 2an(]— - an) <f(1'n) - D, Sntn _p>

<l [If(wn) = plI” + K2 (1 — ) [Itn — pII?
+20, (1 — o) (f(zn) = f(p), Sntn — p)
+ 2an(1 — ay) (f(p) — P, Sntn — p)

< ol llf(@n) = pl* + k21— an)? e — |
+ 2kkpon(1 — o) (|20 — p| [[tn — p|
+ 2an(1 = ayn) (f(p) — P, Sntn — p)

< al | f (@) = pl* + k(1= an)? |z — p|)?
+ 2kknan(l — o) ||@n — p|?
+ 20m(1 = an) (f(P) — P, Sntn — p)

< Al | f@n) = pl* + (1= an)? 2 —p|?

+ 2k (1 — ) ||lzm — plI?
+ 20, (1 — ) (f(p) = p, Snutn — p) + (kn—1)T

= [1—an{2—an = 2k(1 — an)} & = pl* + o} [|f (@a) - pII”
+ 20, (1 — ) (f(p) — P, Sutn — p) + (kn—1)T

= (1= lzn = pI* + B + (kn-1)T,

where I" > 0 is some constant, v, = @, (2 — a, — 2k(1 — a,,)) and

an || f(@n) = plI” +2(1 — an) (f(B) = P, Sutn — D) .

Pn = 2~ ay — 2k(1 — o)

o0

Since k, — 1 and 7, = 0 as n — 00, >, v, = oo and limsup 8, < 0, by
n=1 n—oo

applying Lemma 3 and using Step 4, we obtain x,, — p as n — oco. Since

lzn —ynll = 0 and ||y, —tn|| = 0 as n — oo, we also have y, — p and
t, — p as n — o0o. The proof is now complete. O

4 Applications

In this section, we present some applications of our main result.

Using Theorem 2, we state a strong convergence theorem for the common fixed
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point of a sequence of asymptotically nonexpansive mappings and a strictly
pseudocontractive mapping.

Theorem 3. Let C' be a nonempty closed convexr subset of a real Hilbert
space H. Let T : C — C be a A-strictly pseudocontractive and 8§ = {S,}
a sequence of asymptotically nonexpansive mappings from C into itself with
sequence {kn} such that F(8) N F(T) # 0. Assume that 8 satisfies condition
(D) and f : C — C is a k- contraction. For arbitrary x1 € C, consider the
sequences {x,} and {y,} generated by the following iterative process:

x1 € C,
Yn = (1 - An)xn + >\71Txn7
Tnt1 = Qnf(zn) + (1 — an)Sn(@n — A\o(Yn — T'yn)), for alln € N,

where {a, } and {\,} are two sequences of positive numbers with {a,} C (0, @)
and {An} C [a,b], with0 < a <b < a(l—10) (for somea,d € (0,1)) satisfying
the conditions (i)- (v) of Theorem 2. Then, the sequences {x,} and {yn}
converge strongly to the same point p, such that p is the unique solution in
F(8)NF(T) of the following variational inequality:

(fp) =py—p) <0, forallye F(8)NF(T).

Proof. Put A:=1—T in Theorem 2. Then A is %—inverse strongly mono-
tone. We have that F(T') = Q, Po(z, — A\Axy) = Tp — ApAz, = (1= Az, +
ATz, and Po(x, — A\Ayn) = Tn — A(Yn — Tyn). So, by Theorem 2, we
obtain the desired result. O]

Theorem 3 extends the results of Theorem 3.1 of Petrugel and Yao [10] and
Theorem 4.1 of Chen, Zhang and Fan [2].

The following theorem extends the results of Theorem 3.2 of Petrusel and
Yao [10] and Theorem 4.1 of Zeng and Yao [18].

Theorem 4. Let H be a real Hilbert space, A : H — H be an a-inverse
strongly monotone mapping and 8 := {S,} a sequence of asymptotically non-
expansive mappings from H into itself with sequence {k,} such that F(8) N
A7L(0) # 0. Assume that 8 satisfies condition (D) and f : C — C is a
k-contraction. For arbitrary x1 € C, consider the sequences {xzn} and {yn}
generated by the following iterative process:

x1 € C,

Yn = Tp — An141:n7

Tn+1 = anf(l'n) + (1 - an)sn(xn - )\nAyn)’ for alln € N,
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where {a, } and {\,} are two sequences of positive numbers with {a,} C (0, @)
and {\n} C [a,b], with0 < a <b < a(l—190) (for somea,d € (0,1)) satisfying
the conditions (i)- (v) of Theorem 2. Then, the sequences {x,} and {y.}
converge strongly to the same point p, such that p is the unique solution in
F(8) N A=1(0) of the following variational inequality:

(f(p) =py—p) <0, forallye F(8)NAT0).

Proof. We have A=1(0) = Q and Py = I. The conclusion follows from Theo-
rem 2. O

Theorem 5 extends Theorem 3.3 of Petrusel and Yao [10] and Theorem 4.2
of Zeng and Yao [18].

Theorem 5. Let H be a real Hilbert space and A : H — H be an a-inverse
strongly monotone mapping. For each n € N, let B, be a mazimal monotone
operator from H into 21 with resolvent operator JE» for some r > 0 such
that F(J) N A=(0) # 0. Assume that § = {JB} satisfies condition (D) and
f:C — C is a k-contraction. For arbitrary x1 € C, consider the sequences
{zn} and {yn} generated by the following iterative process:

T € H,

Yn = Tpn — A’nf4xna

Tni1 = anf(zn) + (1 — an) P (2 — MpAyy),  for allm €N,

where {ay, } and {\,} are two sequences of positive numbers with {a,} C (0, @)
and {\} C [a,b], with0 < a <b < a(l—190) (for somea,d € (0,1)) satisfying
the conditions (i)- (iii) of Theorem 2 and (iv) :

JBut, — JTB"“th
(iv) lim =0.

n—oo a’l’b+1

Then, the sequences {x,} and {yn} converge strongly to the same point p €
F(J)NA=L(0), where p is the unique solution in F(J)NA~L(0) of the following
variational inequality:

(f(p) —p,y—p) <0, forallye F(@)NA(0).

Proof. We have A=1(0) = Q. The conclusion follows from Theorem 2, by
putting Py = I and JTB” =5,. O

We now impose some condition on § to fulfill condition (D) in Theorem 2.
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Theorem 6. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let A : C — H be an a-inverse strongly monotone mapping and
S an asymptotically nonexpansive mapping from C into itself with sequence
{kn} such that F(S)NQ # 0 and f: C — C a k-contraction. For arbitrary
x1 € C, consider the sequences {x,} and {y,} generated by the following
iterative process:

T € C,

yn = Po(z, — M\ Axy,),

Tnt1 = Q@ f(zn) + (1 — an)S"Po(xn, — MyAyn), for alln € N,

where {a, } and {\,} are two sequences of positive numbers with {a,} C (0, @)
and {\n,} C [a,b], with0 < a <b < a(l=10) (for somea,d € (0,1)) satisfying
the conditions (i)- (v) of Theorem 2 with S,, = S™. Then, the sequences {x,}
and {yn} converge strongly to the same point p, such that p is the unique
solution in F(S) N Q of the following variational inequality:

(f(p) —p,y—p) <0, forallyeF(S)NQ.

Proof. Tt is sufficient to show that {S™ : n € N} holds condition (D). Observe
that

[zn = Szl < [lon = Tnsrll + 2041 — 5™l
+[[8™ty — ST || + || S — Sy ||
< |@n = Tpga || + lTngr — S|l + || St — 5™ 4|
+ k1(||S™ 0 — pg1 || + |@ns1 — zn]]) = 0 as n — oo.
One can see by Lemma 4, that condition (D) holds. O

We now derive the main result of Petrusel and Yao ([10], Theorem 2.2) as
Corollary.

Corollary 1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let A : C — H be an a-inverse strongly monotone mapping and
S : C — C a nonexpansive mapping such that F(S)NQ # 0. Let {a,} and
{\n} be two sequences of positive numbers with {ay,} C (0,1) and {\,} C [a,b],
with 0 < a <b < a(l —9) (for some § € (0,1)) satisfying the conditions:
(i) lim o, =0, Zan = 00;

n=1

n—0o0

o0
(i) Z |1 — a| < 005

n=1

(i7) 3 [Ans1 — An| < 00;
n=1
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For arbitrary x1 € C, consider the sequences {x,} and {y,} generated by the
following iterative process:

T € C,

Yn = PC(xn - )\nAxn)a

Tnt1 = anf(xn) + (1 — an)SPo(xn — MAyrn), for alln €N,

where f: C — C is a k-contraction.

Then, the sequences {x,} and {y,} converge strongly to the same point
p, such that p is the unique solution in F(S) N QY of the following variational
inequality:

(f(p) —p,y—p) <0, forallye F(S)NQ.

Example. Let H = C =R. Let A, f : C — C be mappings defined by

3
Alw) = 5 and f(2) = T2,
mapping and f is a contraction mapping. Let 8 := {S,} be a sequence of
asymptotically nonexpansive mappings from C into C defined by S,(z) =
(14 3)z,vz € C and n € N. Clearly, F(8) = {0} and F(8) N Q = {0}.
Let (an)nen and (Ay)nen be two sequences of positive numbers defined by

Vo € C. Then A is 2-inverse strongly monotone

o, = and \, = —.
n
Then, the sequence {z,} generated by

xr1 € C,
Yn = Tn — )\nA‘TTM
Tl = anf(2n) + (1 — an)Sn(zn — A\nAyy), foralln eN,

satisfying the inequality:

3 Tn 29
n — N 1 << -
Tn+1 {n+1+ 3} T

One can see easily that {x,} converges to 0 € F(8) N .

Remark 1. For the numerical simulation and the graphic representation of
the above sequences, see Figure 1 and Figure 2 below.
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Figure 1: Convergence of the sequence {z,} for n iterations.
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sequences {x,} and {y,} for n iterations.
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