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Monogenic functions in a finite-dimensional
semi-simple commutative algebra

S. A. Plaksa and R. P. Pukhtaievych

Abstract

We obtain a constructive description of monogenic functions tak-
ing values in a finite-dimensional semi-simple commutative algebra by
means of holomorphic functions of the complex variable. We prove that
the mentioned monogenic functions have the Gateaux derivatives of all
orders. For monogenic functions we prove also analogues of classical in-
tegral theorems of the holomorphic function theory: the Cauchy integral
theorems for surface and curvilinear integrals, the Morera theorem and
the Cauchy integral formula.

Introduction. William Hamilton (1843) constructed an algebra of non-
commutative quaternions over the field of real numbers R, and developing the
hypercomplex analysis began. C. Segre [1] constructed an algebra of commu-
tative quaternions {z + iy + jz + kt : i = j2 = =1, ij = k, z,y,2,t € R}
over the field R that can be considered as a two-dimensional commutative
semi-simple algebra of bicomplex numbers {z1 + jzo : j2 = —1, 21,22 € C}
over the field of complex numbers C.

A theory of functions of a bicomplex variable was developed in papers
of many authors (see, e.g., [2, 3, 4, 5, 6]). In particular, in the papers of
F. Ringleb [2] and J. Riley [3], it is proved that any analytic function of a
bicomplex variable can be constructed with an use of two holomorphic func-
tions of complex variables. In addition, G. Price [4] considered multicomplex
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algebras and proved some analogues of results obtained for analytic functions
of a bicomplex variable.

A. K. Bakhtin [7] considered the multidimensional complex space C" as
an algebra isomorphic to the n-dimensional commutative semi-simple algebra
over the field C. He introduced a vector generalization of the module and the
argument of a complex number. Using these notions, for functions given in
C™, he established analogues of some results of the theory of mappings of the
complex plane.

A relation between spatial potential fields and analytic functions given in
commutative algebras was established by P. W. Ketchum [8] who shown that
every analytic function ®(¢) of the variable ( = xze; + yes + zes satisfies the
three-dimensional Laplace equation in the case where the elements e, es, e3
of a commutative algebra satisfy the condition

el +e3+e3=0, (1)

because 2o 26 920

ﬁ+87y2+§5¢”(o (e +e3+¢€3)=0, (2)
where ®” := (®’) and ®'({) is defined by the equality d® = ®'({)d¢. An
algebra is called harmonic if there exists a harmonic triad {e;, ez, e3} satis-
fying the equality (1). P.W. Ketchum [8] considered the C. Segre algebra of
quaternions [1] as an example of harmonic algebra.

I. P. Mel'nichenko [9] noticed that doubly differentiable in the sense of
Gateaux functions form the largest algebra of functions @ satisfying identically
the equality (2), where ®” is the Gateaux second derivative of function ®. He
proved that there does not exist a three-dimensional harmonic algebra with
unit over the field R, but he found all three-dimensional harmonic algebras
over the field C and constructed all harmonic bases in these algebras (see [10]).

Constructive descriptions of monogenic (i.e. continuous and differentiable
in the sense of Gateaux) functions in three-dimensional harmonic algebras
by means holomorphic functions of the complex variable are obtained in the
papers [11, 12, 13]. Such descriptions make it possible to prove the infinite
differentiability in the sense of Gateaux of monogenic functions and integral
theorems for these functions that are analogous to classical theorems of the
complex analysis (see, e.g., [14]).

In this paper we obtain similar results for monogenic functions given in a
commutative finite-dimensional semi-simple algebra over the field of complex
numbers and give some examples indicating relations between the mentioned
functions and multidimensional Laplace equations.
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1. A constructive description of monogenic functions in a finite-
dimensional semi-simple commutative algebra.

Let A, be a n-dimensional semi-simple commutative associative Banach
algebra over the field of complex numbers C, where 2 < n < 0o, and a basis of
A, be formed by idempotents I, I, ..., I,, satisfying the multiplication table:

L*=1, ILiI,=0, kp=1,2,....n, k#p. (3)

The unit of A, is represented as 1 =1 + L +---+ I,

Let us consider the vectors e; = 1,es2,...,¢e,, in A,,, where 2 < m < 2n,
and these vectors are linearly independent over the field of real numbers R. It
means that the equality

Zﬁj@j =0, ﬁj ER,
=1

holds if and only if 8; =0 forall j =1,2,...,m.
Let E,, := {¢ = > zje; : x; € R} be the lincar span of the vectors
=1

€1,€2,...,€y, OVEr thejﬁeld R.

Let Q be a domain in E,,. We say that a continuous function ® : Q) — A,
is monogenic in § if ® is differentiable in the sense of Gateaux in every point
of Q, i.e. if for every ¢ € Q there exists an element ®'(¢) € A,, such that

: _ -1 _ I
EE{E_O (P(C+ceh)—P(())e hd®'(() VheE,.
®’(¢) is the Gateauzr derivative of the function ® in the point (.

In turn, if ®’ is a monogenic function in the domain €2, then we denote the
Gateaux derivative of the function ® by ®” and call ®” by the Gateaux second
derivative. Further, in the same way we define the Gateaux s-th derivative
(),

Consider the decomposition of function ® : Q — A,, with respect to the
basis {I1,Ia,...,In}:

() = Wilwr, w2, ... Tm) Ik -

k=1

In the case where the complex-valued functions Wj, are R-differentiable, i.e.

1%
Wi(z14+ D21, 20+ Ao, .., Xy + AT ) — Wi (21, T2y . ..y T) = Z K
j=1
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Z(Al‘j)2 — 0,

j=1

the function @ is monogenic in the domain 2 if and only if the following
Cauchy — Riemann conditions are satisfied in {2:

0P o o o 0P 0P
— =€, — =—=—=€3, ..., =—— = —Cn. (4)
Oxy Oz Oxs  Oxp ox,, Ox

Consider the decompositions of vectors eq,es,...,e, with respect to the

basis {1, I2,...,I,}:

61:ZIk, ej:Zajka, ajr, €C, j=2,3,...,m. (5)
k=1 k=1

Consider the linear continuous functionals f; : A, - C, k= 1,2,...n,
satisfying the equalities

fk(Ik):L fk(IP):O7 p=L12...n, p#k. (6)

It follows from (6) that the maximal ideal

n

wi={c= Y ah, aec)

p=1, p#k

is the kernel of functional fy.

Let My := {¢ € E,, : fr(¢) = 0} for a fixed k € {1,2,...,n}. We say
that a domain Q C E,, is convez with respect to the set of directions Mj, if §)
contains the segment {(; + a(¢2 — (1) : @ € [0, 1]} for all points ¢1,{2 € Q
such that (o — (3 € M.

In what follows, we assume that the equality fx(E,,) = C holds, where
fx(Ep,) is the image of E,, under the mapping f.

Lemma 1. Let a domain Q C E,, be convex with respect to the set of
directions My, for some k € {1,2,...,n}, fu(En) =C and ®:Q — A, be a
monogenic function in Q. If (1,( € Q and (3 — (1 € My, then

P(C2) — (1) € T (7)
Proof. Inasmuch as f;(E,,) = C, then there exists an element e5 € E,,

such that fi(e3) = 4. Consider the linear span E* := {( = ze] + yej + ze} :
z,y, 2z € R} of the vectors e} :=1, €5, €5 := (2 — (1 and denote Q* := QN E*.
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Now, the relations (7) is proved in a such way as Lemma 2.1 [11], in the
proof of which one must take Q*, f, {ee} : a € R} instead of Q¢, f, L,
respectively. Lemma 1 is proved.

Let Dy := fx(Q) for k =1,2,...,n. Let Ay be the linear operator which
assigns a holomorphic function Fjy : Dy — C to every monogenic function
®: Q) — A, by the formula

Fy (&) = fru(®(Q)), (8)

where & = fr(¢) and ¢ € Q. Tt follows from Lemma 1 that the value Fy (&)
does not depend on a choice of a point ¢ for which fi(¢) = & .

Similar operators A which map monogenic functions taking values in cer-
tain commutative algebras onto holomorphic functions of the complex variable
are explicitly constructed in the papers [10, 11]. Furthermore, principal ex-
tensions of holomorphic functions of the complex variable are used there as
generalized inverse operators A(—1) satisfying the equality AACDA = A. Tt
was also established for every monogenic function ® that values of the mono-
genic function ® — A(-Y AP belong to a certain maximal ideal J of given
algebra. Finally, after describing all monogenic functions taking values in the
ideal J, constructive descriptions of monogenic functions taking values in the
mentioned algebras by means of holomorphic functions of the complex variable
are obtained in the paper [11].

Let us emphasize that operators generalized inverse to the operators Ay can
not be expressed in the form of principal extensions of holomorphic functions
of the complex variable. Indeed, in the general case, the mentioned principal
extensions are not defined in the domain {2 where a monogenic function ® :
Q — A, is given.

In what follows, & := fi(¢) for all ( € E,,.

Let us introduce the linear operator By which assigns a function &y : Q —
A, to every holomorphic function Fj : Dy, — C by the following formula:

Lemma 2. Let a domain Q C E,,, be convex with respect to the set of direc-
tions My, for somek € {1,2,...,n}, fr(Emn) = C and a function Fy, : Dy — C
be holomorphic in the domain Dy . Then the function (9) is monogenic in €,
and the Gateaux s-th derivative <I>§:) 18 a monogenic function in Q for any s.

m
Proof. Let h:= }_ hje; € E,, be an arbitrary nonzero element. Denote
=1
m
Nk = fx(h) = h1 + > ajrh;, where aj;, are the coefficients of decomposition

j=2
(5). Tt is follows from the equalities (3) and (5) that nily = hl.
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Therefore, in the case where 7, # 0 we have the following relations:

@1 (¢ +eh) — 21(¢) Fyo (& +eme) — Fr(&k)

lim =I; lim =
e—0+0 € e—=0+0 €
_ o Fe(§ +em) — Fo(&r) ,
=l lg, SR 6.

If gy = 0, then h € Jy. Therefore, hl; = 0 and the following equalities hold:
d _ _

i 2 Heh) = @k (Q) _ I, lim Fi (&) — Fi(én)
e—040 € e—0+0 €

Thus, the function (9) is monogenic in Q and ®}.(¢) = Fy, (&) 1. “

In a similar way one can establish that the Gateaux s-th derivative ®;” is
a monogenic function in € for any s. Lemma 2 is proved.

=0.

It is clear that By is a generalized inverse operator for the operator Ay,
i.e. AkBkAk = Ak .

Lemma 3. Let a domain 2 C E,,, be convex with respect to the set of direc-
tions My, for some k € {1,2,...,n} and fr(E;,) = C. Then every monogenic
function ® : Q — A, can be expressed in the form

®(¢) = BrAr®(¢) + Por(C) V(e

where @oi : Q — Ty is a monogenic function taking values in the ideal Jy,.
Proof. Consider the function ®g () = ®(¢) — BrAr®(¢) which is mono-
genic in ) due to Lemma 2. It is evident that

Fk = Akcbok = Ak(I) - AkBkAk@ = Ak(I) - Ak(I) =0.
Therefore, taking into account the equality (8), we obtain

Fie(&r) = fr(@ox(¢)) = 0.
Thus, ®ox(¢) € Jg. Lemma 3 is proved.
Associate with a set A C E,, the set Ag := {(1,29,...,2) ER™ : ( =
i zje; € A} in R™.
FlIn the following lemma we describe all monogenic functions given in a

domain 2 C E,, and taking values in the ideal Jj.

Lemma 4. If a domain Q C E,, is convex with respect to the set of
directions My, and fr(Ey,) = C for all k € {1,2,...,n}, then every monogenic
function ®gy : Q — Ty, can be expressed in the form

dor(Q)= Y, Fpl&), VY(eQ,

p=1, p#k
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where Fy, : D, = C is a function holomorphic in the domain D, .
Proof. Inasmuch as the function ®q; takes values in the ideal J,

or(Q) = D> Wyl 2, 2m) Iy, (10)
p=1, p#£k

where W, : Qr — C.
Taking into account the definition of operator A, and the equalities (6),

(10)> we obtain Fp(fp) = (Ap(I)Ok)(gp) = fp(CDOk(C)) = Wp($17$2a Ce s T)
Lemma 4 is proved.

The next theorem follows immediately from Lemmas 3, 4.

Theorem 1. Suppose that a domain Q2 C E,, is convex with respect to
the set of directions My, and fr,(Ep) = C for all k € {1,2,...,n}. Then every
monogenic function ® : Q — A, can be expressed in the form

() =Y Ful&)r VC(eQ, (11)
k=1

where Fy : Dy — C is a function holomorphic in the domain Dy, .

Remark. The condition of convexity of ) with respect to the set of
directions Mj, is essential for the truth of Theorem 1 in the case m < 2n, see
Example 1 in [13]. In the case m = 2n, the mention condition can be omitted.
In this case, the statement of Theorem 1 can be proved in such a way as the
Ringleb theorem [3, p. 136] for analytic functions of a bicomplex variable.

It is evident that the next statement follows from the equality (11) because
its right-hand part is a monogenic function in the domain D := {{ € E,, :
fx(¢) € Dy, k=1,2,...,n}.

Theorem 2. Suppose that a domain Q2 C E,, is convex with respect to
the set of directions My, and fr(Fm) = C for all k € {1,2,...,n}. Suppose
also that a function ® : Q — A, is monogenic in Q. Then ® can be continued
to a function monogenic in the domain D.

A. K. Bakhtin [7] proved a polycylindrical Riemann theorem. In particular,
it follows from this theorem in the case F,, = A,, that one can map the domain
D onto the unit polydisk by means a mapping of the form (11) in the domain
Q = D. It is clear that this mapping is a monogenic function in D.

The following statement is true for monogenic functions in an arbitrary
domain €.

Theorem 3. Let fi(E,,) = C for all k € {1,2,...,n}. Then for every
monogenic function ® : Q@ — A, in an arbitrary domain Q C E,,, the Gateaux
s-th derivative ®) is a monogenic function in Q for any s.
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Proof. Inasmuch as a ball is a convex set, in a ball © C § with the center
in an arbitrary point (y € 2 we have the equality (11). Now, the statement of
theorem follows from Lemma 2. The theorem is proved.

2. Integral theorem for a curvilinear integral.

In the paper [15] for functions differentiable in the sense of Lorch in an
arbitrary convex domain of a commutative associative Banach algebra, some
properties similar to properties of holomorphic functions of complex variable
(in particular, the integral Cauchy theorem and the integral Cauchy formula
and the Morera theorem) are established. The convexity of the domain in the
mentioned results from [15] is withdrawn by E. K. Blum [16].

In this paper, using the representation (11) of monogenic functions, we
prove the integral Cauchy theorem and the integral Cauchy formula for mono-
genic functions ® : Q@ — A,, given only in a domain  of the linear span F,,
instead of domain of whole algebra A,,.

Let us note that a priori the differentiability of the function ® in the sense of
Gateaux is a restriction weaker than the differentiability of this function in the
sense of Lorch. Moreover, note that the integral Cauchy formula established
in the papers [15, 16] is not applicable to a monogenic function ® : Q@ — A,
because it deals with an integration along a curve on which the function ® is
not given, generally speaking.

We say that v is a Jordan rectifiable curve in E,, if 4g is a Jordan rectifiable
curve in R™.

For a continuous function ¥ : v — A,, of the form

\IJ(C) = Z Uk(xl,xg, - ,wm)Ik +iZVk(ml;x2a S axm)lka (12)
k=1 k=1

where (z1,22,...,2m) € Yr and Uy : 7 — R, Vi : 7» — R, we define an
integral along a Jordan rectifiable curve v by the equality

/\IJ(C)dC = Zejka/Uk(xl,w27...,:Em)d;Ej—|—

3

where d( := e1dxy + eadrs + - - - + e dxy,.
To establish a Cauchy integral theorem for a curvilinear integral, consider
the following auxiliary statement:

Lemma 6. Suppose that a domain Q C E,, is convex with respect to
the set of directions My, and fr(Fm) = C for all k € {1,2,...,n}. Suppose
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also that ® : Q — A, is a monogenic function and 7y is an arbitrary rectifiable
curve in . Then

[o@ac=3 "1 [ Figs. (13)
k=1

v Yk

where 7y is the image of v under the mapping fi and Fy is the same function
as in (11).

Proof. The equality (13) follows immediately from the representation
(11), the equality d¢ = d&1Ih + déaIy + - -+ + d€, 1, and the multiplication
rules (3). Lemma 6 is proved.

We understand a triangle /A as a plane figure bounded by three line seg-
ments connecting three its vertices. Denote by dA the boundary of triangle
A in relative topology of its plane.

Let 2 be a domain in F,, and ® : Q@ — A,, be a monogenic function in (.
Inasmuch as every triangle A C Q can be included in a convex subset of the
domain €2, using Lemma 6 and the integral Cauchy theorem for holomorphic
function F}, we obtain immediately the following equality:

/ B(C)dC =0. (14)

[7AN

Now, similarly to the proof of Theorem 3.2 [16] we can prove the following

Theorem 4. Let ® : Q — A, be a monogenic function in a domain
Q C E,,. Then for every closed Jordan rectifiable curve v homotopic to a
point in ), the following equality holds:

/(D(C)d( =0.

v

For functions taking values in the algebra A, the following Morera theorem
can be established in the usual way:

Theorem 5. If a function ® : Q — A, is continuous in a domain
Q C E,, and satisfies the equality (14) for every triangle N C ), then the
function ® is monogenic in the domain 2.

Let ( € E,,. An inverse element ¢! is of the following form:

1 1 1
('=—h+ L+ -+ —1In, 15
&1 &2 én (15)

and it exists if and only if & # 0 for all k € {1,2,...,n}.
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Let Co = > &ok I (here &y € R) be a point in a domain Q C E,,. In a
k=1

neighbourhood of ¢y contained in 2 let us take a circle C({p) with the center
at the point {y. By C) we denote the image of C({y) under the mapping f.
We assume that the circle C(¢y) embraces the set {(o+ ¢ : ¢ € Up_y Mi}. It
means that Cj, bounds a domain D}, and {o, € D, for all k € {1,2,...,n}.

We say that the curve y C Q embraces once the set {¢o+¢ : ¢ € Up_; My},
if there exists a circle C'((p) which embraces the mentioned set and is homo-
topic to v in the domain Q\ {¢o + ¢ : ¢ € Up_; My}

Theorem 6. Suppose that a domain Q C E,, is convex with respect to
the set of directions My, and fr(Fm) = C for oll k € {1,2,...,n}. Suppose
also that ® : Q@ — A, is a monogenic function in 2. Then for every point
Co € Q the following equality is true:

! / B(0) (¢ - ¢) L dC, (16)

271
y

©(Co)

where v is an arbitrary closed Jordan rectifiable curve in ), that embraces
once the set {Co+ ¢ : ¢ € Up_; M}

Proof. Inasmuch as v is homotopic to C({p) in the domain Q\ {{o + ¢ :
¢ € Up_y My}, it follows from Theorem 4 that

Loy c-tac=1 [ a¢)c— o) tdc.

271 271
v C(Co)

Further, using the equality (15), Lemma 6 and the integral Cauchy formula
for holomorphic function Fj, we obtain immediately the following equalities:

1 R 1 F (k) _
ari | BOC-G) A=Y T | e =
) = e

= ZFk(&)k) I = ©(Co)
=k

where (o = €01 11 + Eo2l2 + - - - + Eonln. The theorem is proved.
3. Examples.
e Consider the algebra As. It coincides with the algebra of bicomplex
numbers and is isomorphic to the C. Segre [1] algebra of commutative

quaternions mentioned in Introduction. It is clear that the basis e; =1,
es =1, e3 = j, e4 = k satisfies the condition

2,2, .2 .2
el +e;+es+e; =0,
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and monogenic functions ®(({) of the variable ( = ze; + yea + zes + tey
with z,y, z,t € R satisfy the four-dimensional Laplace equation because

2?®  9*®  9*® 0%
@+a—y2+@+ﬁ:@”(C)(e%—&-e%—!—e%—!—ei):&

e Consider in the algebra Ay three elements

i i
— . e3=—
V2 : V2

which satisfy the conditions (1). Then every monogenic function ®(¢) of
the variable {( = ze; + yes + zeg satisfies the three-dimensional Laplace
equation due to the equalities (2).

e1=1, e = (I — 1),

e In the algebra Ag, all bases satisfying the equality (1) and the inequality
e7 # 0 for k=1,2,3 are described in Theorem 1.10 [10].

e Consider the following basis in A,:
er =1, e =il for k=2,3,....,n—1, en =1l 1 —il,,

that satisfies the equality

e et +e2=0. (17)
Then monogenic functions ®(¢) of the variable ( = Y zpe, with z, € R
k=1

satisfy the n-dimensional Laplace equation because

0?® 9% 0?0 ” 9 9 9

Tﬁ (971'% +87x%:¢)(<)(61+62++€n):0

e If in the algebra A, one consider the elements
e1=1, ex=1I, e3=1I3, ..., en=1I
ent1 =1, enpyo=1la, epy3=1l3, ..., ez =1l,

satisfying the equality
gt =0,
2n
then monogenic functions ®(¢) of the variable ( = )" xje; with z; € R
j=1

j=
satisfy 2n-dimensional Laplace equation because

0?®  9*0 0%® ,
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4. Cauchy integral theorem for a surface integral. Along with
monogenic functions ® : Q2 — A, satisfying the Cauchy — Riemann conditions
(4), consider a hyperholomorphic function ¥ : Q — A, having continuous
partial derivatives of the first order in a domain 2 and satisfying the equation

ov o v
et a—ert ot

8x1 81'2 me em = 0 (18)

in every point of this domain.

In the scientific literature the different denominations are used for functions
satisfying equations of the form (18). For example, in the papers [17, 18]
they are called regular functions, and in the papers [19, 20] they are called
monogenic functions. We use the terminology of the papers [21, 22].

Note that the class of hyperholomorphic functions does not coincide with
the class of monogenic functions. In particular, every monogenic function
®: Q — A, satisfies the equality (18) due to the equalities (4) in the case
where the vectors eg, es, . . ., e, satisfy the condition (17), where one ought to
set n = m.

Let Q be a bounded domain in FE,,,. For a continuous function ¥ : 2 — A,,
of the form (12), where (z1,22,...,2m) € Qr and Uy : Qr — R, Vi : Qp — R,
we define a volume integral by the equality

/W(C)dmldxg...da:m ::Zlk/Uk(xl,wg,...,xm)dxldxg...dmm—i—
Q k=1 On

n
+iZIk/Vk(x1,x2, ey Tyy) dxydy .. Ay,
k=1 &

We say that X is a piece-smooth hypersurface in FE,, if g is a piece-
smooth hypersurface in R™. For a continuous function ¥ : ¥ — A, of the
form (12), where (z1,22,...,2m;) € Zg and Uy : Xg = R, V3 : ¥g = R, we
define a surface integral on a piece-smooth surface ¥ with the differential form

m m
o:= 3y e N dzxg by the equality
J=1 q=1,q#j

/\I/(C)U :Zejsz/Uk(xhiU% s Tm) /\ dg+
% =1 k=1 g q=1,q7#j
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If a domain Q2 C FE,, has a closed piece-smooth boundary 02 and a function
U : Q) — A, is continuous together with partial derivatives of the first order up
to the boundary 02, then the following analogue of the Gauss — Ostrogradsky
formula is true:

/\I/(C)a - /(i (,iiq)dxldxg - da,. (19)

o0 Q

Now, the next theorem is a result of the formula (19) and the equality (18).

Theorem 7.  Suppose that Q) has a closed piece-smooth boundary OS).
Suppose also that the function W : Q — A, is hyperholomorphic in ) and is
continuous together with partial derivatives of the first order up to the boundary

0. Then
/\Il(()a =0.

o0

Note that an analogue of the Cauchy integral theorem for a surface integral
is proved in the paper [23] for hyperholomorphic functions given in domains
with non piece-smooth boundaries and taking values in an arbitrary finite-
dimensional commutative associative Banach algebra but in the case of three-
dimensional domains only.
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