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SOMETHING ABOUT h - MEASURES OF
SETS IN PLANE

ALINA BĂRBULESCU

Abstract

In this article we estimate the Hausdorff h-measures of the graphs of
some functions, for different measure functions.

1 Preliminaries

The fractal properties of some sets are characterised by different types of
dimensions, as ruler, Box, information etc., that are difficult to be calculated.
The Hausdorff h - measure that generalises the Hausdorff measure, from which
the Hausdorff dimension arises is of big importance in problems in which the
equality between the p-module and p-capacity of a set must be proved.

In this article, which continues the works [1]–[4], we present some results
concerning the Hausdorff h - measure of some sets in plane.

Definition 1.1. Consider the the Euclidean n - dimensional space Rn,
E ⊂ Rn and denote by d(E) the diameter of E.

If r0 > 0 is a fixed number, a continuous function h(r), defined on [0, r0) ,
nondecreasing and such that lim

r→0
h(r) = 0 is called a measure function.

If 0 < β <∞ and h is a measure function, then, the Hausdorff h-measure
of E is defined by:

Hh(E) = lim
β→0

inf

{∑
i

h(d(Ui)) : E ⊆
⋃
i

Ui : 0 < d(Ui) < β

}
,
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where Ui is open.
Remark. If in the previous definition the covering of the set E is made

with balls, a new spherical measure, denoted by H ′h is obtained.
The relation between the two measures is: Hh(E) ≤ H ′h(E).
Definition 1.2. Let δ > 0 and f : D(⊂ R) → R. f is said to be a δ -

class Lipschitz function if there is M > 0 such as:

|f(x+ α)− f(x)| ≤M |α|δ ,∀x ∈ D,∀α ∈ R, x+ α ∈ D.

f is said to be a Lipschitz function if δ = 1.
Definition 1.3. ϕ1, ϕ2 : D(⊂ R)→ (0,+∞) are similar and we denote by:

ϕ1 ∼ ϕ2, if there exists Q > 0, such as: 1
Qϕ1(x) ≤ ϕ2(x) ≤ Qϕ1(x),∀x ∈ D.

If f : I → R is a function defined on the interval I and [t1, t2] ⊂ I, denote
by Γ(f), the graph of function f and Rf (t1, t2) = sup

t1≤u,v≤t2
|f(t)− f(u)| .

Proposition 1.5. [5] Let f be a continuous function on [0, 1] , 0 < β < 1
and m be the least integer number greater than or equal to 1/β. If Nβ is the
least number of squares of the β− mesh that intersect Γ(f), then:

β−1
m−1∑
j=0

Rf [jβ, (j + 1)β] ≤ Nβ ≤ 2m+ β−1
m−1∑
j=0

Rf [jβ, (j + 1)β] .

2 Results

Theorem 2.1. Let δ > 0 and f : [0, 1] → R be a δ- class Lipschitz function.
If h is a measure function such that h(t) ∼ e−ttp, p ≥ 2, then Hh(Γ(f)) <∞.
The assertion remains true if p ≥ 1 and δ ≥ 1.

Proof. The first part of the proof follows a ideea from [6] and [2].
First, we suppose that M+1 in Definition 1.3, so that to any x corresponds

an interval (x− k, x+ k) such that, for any x+ α in this interval:

|f(x+ α)− f(x)| ≤ |α|δ.

Since [0, 1] is a compact set, there exists a finite set of overlapping intervals
covering (0, 1):

(0, k0), (x1 − k1, x1 + k1), ..., (xn−1 − kn−1, xn−1 + kn−1), (1− kn, 1).

If ci are arbitrary points, satisfying:

c1 ∈ (0, x1), ci ∈ (xi−1, xi), i = 2, ..., n− 1, cn ∈ (xn−1, 1)

ci ∈ (xi−1 − ki−1, xi−1 + ki−1)
⋂

(xi − ki, xi + ki), i = 2, ..., n− 1,
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then
0 < c1 < x1 < c2 < x2 < ... < xn−1 < cn < 1.

The oscillation of f in the interval (ci−1, ci) is less than 2 (ci − ci−1)
δ

and
thus the part of the curve corresponding to the interval (ci−1, ci) can be en-

closed in a rectangle of height 2 (ci − ci−1)
δ

and of base ci − ci−1, and conse-

quently in
[
2 (ci − ci−1)

δ−1
]
+1 squares of side ci−ci−1 or in the same number

of circles of radius ci−ci−1√
2

circumscribed about each of these squares.

The integer part of the number x was denoted by [x].
Given an arbitrary r ∈

(
0, 12
)
, we can always assume: ci − ci−1 < r,

i = 2, 3, ..., n.
Let us denote by Cr the set of all the above circles and let us consider∑

Cr

h(2r) =
∑
Cr

{
h(2r)

(2r)pe−2r
· (2r)pe−2r

}
(1)

r ∈
(

0,
1

2

)
⇒ e−2r ∈

(
1

e
, 1

)
(2)

We have to estimate
∑
Cr

(2r)p. The sum of the terms corresponding to
the interval (ci−1, ci) is:

S =
{[

2 (ci − ci−1)
δ−1
]

+ 1
}{

(ci − ci−1)
√

2
}p
⇔

S = 2
p
2 (ci − ci−1)

p
{[

2 (ci − ci−1)
δ−1
]

+ 1
}
.

S ≤ 2
p
2 (ci − ci−1)

p
{

2 (ci − ci−1)
δ−1

+ 1
}
⇒

S ≤ 2
p
2+1 (ci − ci−1)

p+δ−1
+ 2

p
2 (ci − ci−1)

p
(3)

p ≥ 2, δ ≥ 0⇒ p+ δ − 1 ≥ 1⇒

ci − ci−1 < 1⇒ (ci − ci−1)p+δ−1, (ci − ci−1)p < ci − ci−1. (4)

From (3) and (4) it results:

S ≤ 2
p
2+1(ci − ci−1) + 2

p
2 (ci − ci−1) = 3 · 2

p
2 (ci − ci−1)⇒

∑
Cr

(2r)p ≤
n∑
i=2

3 · 2
p
2 (ci − ci−1) ≤ 3 · 2

p
2 ⇔

∑
Cr

2r)p ≤ 3 · 2
p
2 (5)
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Using Definition 1.3 and the relations (1), (2) and (5), we obtain:∑
Crh(2r) =

∑
Cr

{
h(2r)

(2r)p
· (2r)p

}
< Q

∑
Cr

(2r)p ≤ 3 · 2
p
2 ·Q,

where Q > 0 and r ∈
(
0, 12
)
, small enough.

Then H ′h(Γ(f)) < +∞ and by (1), Hh(Γ(f)) < +∞.
If M 6= 1, then∑

Cr

h(2r) ≤ 3 · 2
p
2 ·Q ·M ⇒ H ′h(Γ(f)) < +∞⇒ Hh(Γ(f)) < +∞.

If p ≥ 1 and δ > 1, then (ci − ci−1)p+δ−1 < ci − ci−1 and the proof is
analogous.

Remark. In the hypotheses of the previous theorem, if P (t) = tp, T (t) =
−t, then P ′(t) + P (t)T ′(t) = tp−1(p− t), which is not always positive, so the
case treated differs from that studied in [3].

Theorem 2.2 If f : [0, 1]→ R is a δ-class Lipschitz function, δ > 0 and h
is a measure function such as h(t) ∼ ettp , p ≥ 2, then Hh(Γ(f)) = 0.

The assertion remains true if δ ≥ 1 and p > 1.

Proof. Denoting by N ′β(Γ(f)) the number of β - mesh squares that cover Γ(f)
and by Nβ(Γ(f)) the smallest number of discs of diameters at most β that
cover Γ(f), it results that [1]:

Nβ(Γ(f)) ≤ N ′β√
2

(Γ(f)) <
3

β
+M ′βδ−2, (6)

with M ′ = M/
√

2
δ−2

.
By hypotheses, Γ(f) is a compact set. Therefore, if β > 0, for every cover

of Γ(f) with open discs Ui, i ∈ N∗, with diameters d(Ui) ≤ β, there is a finite
number of discs, nβ , that covers Γ(f).

H ′h(Γ(f)) = lim
β→0

inf

{∑
i

h(d(Ui)) : E ⊆
⋃
i

Ui : 0 < d(Ui)) ≤ β

}
=

= lim
β→0

inf

{ nβ∑
i=1

h(d(Ui))

}
≤ lim
β→0

inf {h(β)nβ} ⇒

H ′h(Γ(f)) ≤ lim
β→0
{Nβ(Γ(f))h(β)} = lim

β→0

{
h(β)

βpeβ
·Nβ(Γ(f))βpeβ

}
⇒
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H ′h(Γ(f)) ≤ lim
β→0
{Nβ(Γ(f))h(β)} = lim

β→0

{
h(β)

βpeβ
·N ′β√

2

(Γ(f))βpeβ
}
.

Since h(t) ∼ ettp, there is Q > 0 such as h(t) < Qettp. By (1) and the
hypothesis concerning p and δ, it result that:

H ′h(Γ(f)) ≤ Q lim
β→0

eβ · lim
β→0

{
M ′βp+δ−2 + 3βp−1

}
= 0.

Using the remark from Introduction, we obtain:

H ′h(Γ(f)) = 0⇒ Hh(Γ(f)) = 0.

Theorem 2.3 Let δ ≥ 1 and f : [0, 1] → R be a δ− class Lipschitz
function. Suppose that h is a measure function such that: h(t) ∼ P (t)eT (t), t ≥
0, where P and T are the polynomials:

P (t) =

p∑
j=1

ajt
j , p ≥ 1, a1 6= 0, T (t) =

m∑
j=0

bjt
j ,

with positive coefficients. Then 0 < Hh(Γ(f)) <∞.
Proof. In [2] it was proved that in the hypotheses of the theorem,

H ′h(Γ(f)) <∞. Using the theorem 1 [6], we obtain that H ′h(Γ(f)) > 0.
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