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Abstract

A Riemann restricted version of the details connected with Lax’s
genuine nonlinearity / linear degeneracy ([3]) is considered. An exam-
ple regarding the interface between weak quasilinearity and linearity is
included. A case is presented for which the weak quasilinearity degen-
erates into a strong quasilinearity.

Introduction. A quasilinearity hierarchy

We consider the one-dimensional strictly hyperbolic system
ou Ju
== — =0 1
L+ a(u) 2 =0, 1)

i i
and let R(u), L(u), and \;(u), of indices i = 1, ..., n, be, respectively, the right
eigenvectors, the left eigenvectors, and the eigenvalues of the matrix a(u).

TERMINOLOGY 1 ([3]). For a strictly hyperbolic system (1) we say that an
index i is genuinely nonlinear in R C H (H is the hodograph space) if for it

i

R(u)-grad,\i(u) #0, weETR (2)
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and it is linearly degenerated in R C H if for it
i

R(u) - grad, \i(u) =0, uweR (3)

TERMINOLOGY 2. The quasilinearity associated to (1) is said to be strong
if all the indices associated to (1) are genuinely nonlinear, medium if only a
part of the indices associated to (1) are geniunely nonlinear [the other being
linearly degenerate], and weak if all the indices associated to (1) are linearly
degenerate.

Riemann Invariants

Let us consider the (n — 1)-dimensional hypersurface
vg(u) = constant = vy (u*) (4)

through u* € R at the points of which the normal direction is given by the
k

left eigenvector L (u):

ov k
8_15 =op(u)Ly(u)  1<i<n (5)

It results from (5) that the reality of a characteristic hypersurface (4) de-
pends on the integrable character of the Pfaff form

n ok
Z L; (w)duy. (6)
=1

In terms of (6), the geometrical restrictions mentioned here above appear to be
integrability restrictions. A hypersurface (4), (5) is called a Riemann invariant
of (1).

We use (5) to compute for each k:

k ou ou Ovg  Ouy ou
an(@L) [ +atw) G| = 35 T atanwL g
8vk - 8vk
= — — 1<k<
ot + Ak (v) oz k<n
and notice that the Riemann invariants vi,...,v, satisfy a diagonal system
a'Uk — avk _
—r - = < k <n; =
5 + A (v) 5 0, 1<k<n; X(v)=Au()] (7)
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associated to (1). In fact, a Riemann invariant vy is constant, cf. (7), on each
characteristic line of index k. In (7) we used, in order to define Az, the non-
singular transformation character of the connection between v and u around
each point of R.

Riemann restricted genuine nonlinearity
/ linear degeneracy

We also compute from (7)

8>\z - " 8& 8vk - " k (ﬁz
D, = ; Dor Bu; ;ak(u)Lj (u) Don
i 2 i " k I\ O\
. ; = L = _’L
R grad, M) = 32 R0 3 en(wL () 5on =Tl 5

and respectively transcribe the restrictions of genuinely nonlinearity / linear
degeneracy of an index i [see (2)/(3)] by

gj)\: #0, vinR (8)
or _
gj}‘j =0, wvinR. 9)

Some remarks

At this point we shall use (8), (9) in order to characterize the quasilinearity
hierarchy (Terminology 2). A complete system of Riemann invariants always
exists as n = 2 and we notice that a representative and most suggestive char-
acterization of the mentioned hierarchy can be done for n = 2. For n = 2, a
strong quasilinearity means

0\ 0o . =

Do 0, Doy #0 inR

a medium quasilinearity requires

28 Mg _ O _ . OX -
61}1 ’ (9’U2 =0 or 8’1)1 :07 61}2 7& 0 R
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and a weak quasilinearity has the signification

o\ O =
8—1)1:07 8—”02:0 in R. (10)

A nontrivial form of (10) is complementarily characterized by

2N s o

As (10) and (11) hold we set

T = )\2(’()1), s = )\1(’()2)
in order to transform the corresponding system (7) into

or or Js 0s

Then, we calculate from (12)

Or ds  Or Os or Os
%or 0wt = Vawan (13
and 5 9 P 9 o 9
r r r S 5 5
a5 H =g 19

If we weaken the restriction (11), allowing for example that

28 2% .=
—_— = t —

90 0 {ye 90 # 0] in R,
then (13) takes the form

or or 0s 0s
— 4+ h— 0, E —+ 7"% =

T pr 0, constant h

which reduces to a linear equation:

0s 0s

— — ht)— = 0.

gr Tl Mgy

It appears that the restrictions (10) and (11) characterize the lowest level of
nonlinearity in the weak quasilinearity connected with n = 2.
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We finally notice that a solution of (12) for which r = s corresponds to a
degeneration of the weakly quasilinear system (12). In this degeneration the
two equations (12) become coincident in the genuinely nonlinear equation

or or

The mentioned degeneration implies a replacement of a n = 2 linear degener-
acy by a n = 1 genuine nonlinearity.
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