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ON THE ORDER OF APPROXIMATION OF
FUNCTIONS BY THE BIDIMENSIONAL
OPERATORS FAVARD-SZASZ-MIRAKYAN

Ioana Tascu and Anca Buie

Abstract

We will present an approximation result concerning the order of ap-
proximation of bivariate function by means of the bidimensional opera-
tor of Favard-Szasz-Mirakyan.

1 Introduction

Let X be the interval [0, +00) and R¥ the space of real functions defined on
X. The Favard-Szasz-Mirakyan operator M,, defined on R¥X is given by

oo

mx k
(@) = e Sy (1), (1)

m
k=0

Consider a bivariate function defined an I = [0, +00) X [0, +00).
The parametric extensions for the operators (1.1) are given by

k
(M) ) =Y g (K ) (12)

0o
k=0

(n]y!)jf (x %) . (1.3)

Since M,, is a positive linear operator, it follows that its parametric ex-
tensions ;M,,, M, are also positive and linear operators.

(yMpf) (z,y) =™ Z
j=0
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Proposition 1.1 The parametric extension oMy, yMy satisfy the relation

Their product is the bidimensional operator M, , which, for any function
f € R, gives the approzimant

00 0 k j .
My (f) (wy) =€ ™0™y N (WZ) () f (E i) : (1.4)

! m’'n
k=0 j=0 J

Properties of the bidimensional operator of Mirakyan were studied in [1],
[2], [3], [4]. Next, we will present some of them.

Theorem 1.1 The bidimensional operator of Favard-Szdsz-Mirakyan has the
following properties:

(i) It is linear and positive.

(1) My (€0,0) (z,y) =1;
M (e10) (z,y) = x;
M (6071) (z,y) =y;

T
Mm,n (62;0) (x,y) = (E2 + E;

Y
Mm n ) = y? -
n(eo2) (y) =y* + —

(i) If @ > 0, b > 0 and f € C([0,a] x[0,b]), then the sequence
{ Mo ()} (nmyen= s @ uniformly convergent to f on [0,a] x [0,b].

(iv) If a>0,b>0 and f € C([0,a] x [0,b]), then we have the estimation

5 (@)~ Mo (1) (2] < 4 <\/% \@ ,

where by w we denote the first modulus of smoothness.

2 Main results
Lemma 2.1 If§ >0 and a > 0, then

~ —ma (ma)" [k ?
mlgnoo me Z X i z|] =0.

|%—x|25
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Proof. By (1.4) we have the next inequality

me” "™ Z (rr;x')k (E — x>2 < 5% M, ((m - -)4;x,y) . (2.1)

m
E_zl>6

m

A simple computation yields

2 3
5 o x x .
Moy (6°) (x,y) = ﬁ+7m+65+$,
2
4 _ 7z z 3

These equalities and (i), (ii) from Theorem 1.1. imply:

1
M n ((ff -, y) = —3 (3ma® +2). (2.2)
By (2.1) and (2.2), we have

E_z|>6

m

The proof of the lemma is complete.

Theorem 2.1 Consider a > 0, b > 0, (v,y) € [0,a] x [0,b] and
feC([0,a] x[0,b]). Assume that

(i) the function f has the second partial derivatives;
(i) the function f has the mizt partial derivatives in (x,vy).

Then

lim min{m,n} [Mun. (f) (z,y) — f (z,9)] <

m,n— o0

2 2

S0

~
~

2 (fE,y)+ 2 (xvy)

|8
N <
Q

Q
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The equality holds when m = n.

Proof. Using the corresponding Taylor series, we obtain

Flst) = Flay+ [<s—x>ﬁ(x,w(t—y)ﬁ(x,y)}

1! or oy
0? 0?
g | T @+ = - 05 )
21 02

T PR PR ot B S 8—y2<x,y>}

Oyox
+ (s—2) mls—2)+(s—a)(t—y) pa(s —x,t —y)
+ -y us(t—y), (2.3)
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where the mappings 1, e, 3 are bounded and

Jimy piy (h) =0, pig (ha, he) =0, lim g (h) = 0.

(ma)* (ny)’

I )
In (2.3), we choose s = —, t = z and multiply by we get
n

m k! gt
(M) (9) = £ (2,9) = 2L (2) M (= 2)52,9)
+ 2 0) Mo (= )52, + 3 5 (0 Mo (¢ =2 2.0)
N %aigy (2,9) My (- = 2) (+ — ) 12,9)
%aa:;; (@,9) My (- — 2) (x —y) 12, 9)

k=0 j—0 7!
J 2
+e " (nai) (% - x) 3 (% - a:) (2.5)
Jj=0 J
Since

Mmm ((—x),x,y) =0

Mm,n ((* - y) 3 L, y) 0

Mm;’ﬂ ((—l‘) (*_y),xvy) =0
2 _ T
Mm,n ( —J?) 7may> - m

Mmm ((* - y)2 3 Ly y)
the relation (2.4) is equivalent to the following

0° 02

(2.6)

Sle

Mm,n (f) (xvy) - f (xvy) =
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Now, by multiplying (2.6) by min{m,n}, and crossing to limit with respect
to m,n we obtain

lim min{m,n} Mpn ., (f) (z,y) — f(z,y) <

x O%f y 0% f . .
<z 4221 + lim m R . (2.
< 59 (z,9) 2 0y? (z,y) m,lrlz in {m,n}( mmf) (z,y). (2.7)

We claim that
lim min{m,n} (Rm,nf) (z,y) = 0.

m,n— oo

Indeed, let € > 0. Since }Lif%ﬂl (h) = 0, there exists ¢’ > 0 such that, for any
h, with |h| < §’, we have |u1 (h)| < . From %ir%,ug (k) = 0, we obtain that

there exist an §” > 0 such that, for any k with |k| < §”, we have ps (k) < e.
Considering § = max {d’,6"}, for every h,k with |h| < § and |k| < §, we
have
) <e and | (k)] <e.

Let us use the notations

L = {keN;|£—z| <6},
L, = {kEN;‘%—aﬂzé},
Bo= {jeNili-y <3},
B = {ieN;|E -y =4}

Since the maps u1, p2 and ps are bounded, we can write

|(Rnnf) ()| <e7™ (ﬂ;j)’“ (ﬁ - x)z’

m
kel

k 2
o mx k
) e S5 U (£ o) sup al) M (=l s <ol 0)

kel .
(L) (3

|
JEJ2 J:
(k )
Hi| —— X
m

For k € I and j € J;, we have < ¢ and
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Moreover, Mp, », (|- — «| |* — y| ; z,y) = 0. Therefore (2.8) becomes

|(Runnf) (2, y)| <ee™ > (ma)"* ( k x>2

k! m
kel

+(sup|u1|)e—mz(n;:;)k (k x>2

kels

by (’Zi,)j <% _ x>2 + (uppal) e 3 (”?)j (i - x>2

jE€J1

kel

k k 2
< 65267mm Z (TTZI'J) + (sup |M1|) e~ Mm% Z (mx) ( k )

+ e6%e _”yz + (sup |us|) e ”yz

(1
. . n
Jj€h jelz

k
< 2:6° 4 (sup ) e ™Y (ma)

kEIz

+ (oup aly ey L (4 )

JEl2

Multiplying the previous inequality with min{m,n}, we obtain
min {m, n} ‘ (R f)(z, y)‘ < 2¢6% min {m,n}

+ (sup ) i (.} e~ 3 () (& x)

k! m
kels

j 2
+ (sup el min (e 3 (——y> . (2.9)

n
JjEI>
But

m
kels

min {m,n}e """ (W;f!)k <£ _ x>2 < me—m= Z (ma)" <k: >2

and

win ) S (L) e 3 (1)
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Now, by using the Lemma 2.1, we obtain

lim min{m,n}e ™" Z (ma)" Ll -z ’ =0
m,n— o0 ’ k! m

.. x|25

m

and

m,n— o0 jl

F-ylze

lim min{m,n}e ™ 3 (n?’)j (% - y>2 = 0.

So, there exist mg,ng € N such that for every m,n € N, with m > mg and
n > ng, we have

min {m,n}e”"" Z (ma)" (E —a:) < Eé
’ R up )

m

and

minmat e $ O (1) o]

J_—y|>5 j! Sup|M3|) .

Then, according to (2.13), we can conclude that there exist mg,ng € N
such that for every m,n € N, with m > mg and n > ng, the next inequality
holds

min {m, n} | (Rm,nf)(z,y)| < 2¢ (6> min {m,n} +1). (2.10)

This is equivalent with

lim  min{m,n} (Rmnf)(z,y) =0.

m,n— oo
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