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Abstract

In this paper we will compute the main parameters of the parameteri-
zed codes arising from cycles. In the case of odd cycles the corresponding
codes are the evaluation codes associated to the projective torus and the
results are well known. In the case of even cycles we will compute the
length and the dimension of the corresponding codes and also we will
find lower and upper bounds for the minimum distance of this kind of
codes. In many cases our upper bound is sharper than the Singleton
bound.

1 Introduction

Coding theory is a branch of mathematics that is related to other disciplines,
like information theory, computer science, cryptography, graph theory and
others. It was born in the middle of the last century with the publication of
the work of C.E. Shannon, [14]. In this paper we develop some interesting
applications of several tools of commutative algebra and algebraic geometry
in order to describe the main parameters of some particular evaluation codes
arising from cycles. In fact the bounds for the minimum distance that we
find in the subsection 3.2.3 are good enough (for example, our upper bound
is sharper than the Singleton bound in many cases). It is worth pointing out
that the core of this work is the relation between the parameters of these codes
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(length, dimension, minimum distance) and some invariants of Ix (degree,
Hilbert function, regularity).

Parameterized codes were introduced in [11]. In that paper the authors
computed the length of the parameterized codes associated to any connected
simple graph (Corollary 3.8). Unfortunately this is the only parameter that
has been found in the general case (for any simple graph). The other two
parameters (dimension and minimum distance) must be studied in particular
cases. For example, the main parameters of the evaluation codes arising from
complete bipartite graphs were described in [5]. We use these approximations
in order to study a case that, in spite of the simplicity of the graphs (they are
cycles), is very hard.

We start with some necessary definitions.

Let K = F, be a finite field with ¢ elements and let Z*,..., Z" be a finite
set of monomials. As usual if v; = (v;1,...,v4,) € N, then we set

ZV = ZV ..z =1,

where Zy,...,7Z, are the indeterminates of a ring of polynomials with coeffi-
cients in K. Consider the following set parameterized by these monomials

X = {[(IEY“ ,..Izhl’ o ,lejsl ,,,x:)lsn)] c IP’371| x; € K* for all i},

where K* = K\ {0} and P*~! is a projective space over the field K. Following
[12] we call X an algebraic toric set parameterized by Z",..., Z%. The set
X is a multiplicative group under componentwise multiplication.

Let S = K[Th,...,Ts] = &3 ,Sa be a polynomial ring over the field K
with the standard grading, let [P1],..., [P x|] be the points of X, and let
fo(Ty,...,T,) = T{. The evaluation map

eva: Sq= K[, ..., Tsa— KX, fos (f(Pl) f(P|x))

fo(P1) 7 fo(Px))

defines a linear map of K-vector spaces. The image of evy, denoted by Cx (d),
defines a linear code. Following [11] we call Cx(d) a parameterized code of
order d. As usual by a linear code we mean a linear subspace of K X!

The definition of C'x(d) can be extended to any finite subset X C P*~! of
a projective space over a field K. Indeed if we choose a degree d > 1, for each
i there is f; € Sg such that f;(P;) # 0 and we can define Cx (d) as the image
of the evaluation map given by

eVd5Sd:K[Tl,...7Tg]d—>K‘XI, fH(f(Pl) f(P|X\) ) 2)

AP) 7 fix(Px)
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In this generality—the resulting linear code—C'x (d) is called an evaluation
code associated to X [4]. Tt is also called a projective Reed-Muller code over the
set X [3, 7]. Some families of evaluation codes have been studied extensively,
including several variations of Reed-Muller codes [2, 3, 4, 5, 7, 15]. In this
paper we will only deal with parameterized codes over finite fields.

The dimension and length of Cx(d) are given by dimg Cx(d) and |X]|
respectively. The dimension and length are two of the basic parameters of a
linear code. A third basic parameter is the minimum distance which is given
by

0x(d) = min{|lv]|: 0 #v € Cx(d)},

where ||v|| is the number of non-zero entries of v. The basic parameters of
Cx(d) are related by the Singleton bound for the minimum distance

The parameters of evaluation codes over finite fields have been computed
in several cases. If X = P!, the parameters of Cx(d) are described in
[15, Theorem 1]. If X is the image of the affine space A*~! under the map
As71 — Pl g [(1,2)], the parameters of Cx(d) are described in [2,
Theorem 2.6.2]. In this paper we examine the case when X is an algebraic
toric set parameterized by Z125, ZoZ3, ..., Zpn 120, ZnZy.

The vanishing ideal of X, denoted by Ix, is the ideal of S generated by
the homogeneous polynomials of S that vanish on X.

For all unexplained terminology and additional information we refer to [1,
16] (for the theory of polynomial ideals and Hilbert functions), and [10, 17, 18]
(for the theory of error-correcting codes and algebraic geometric codes).

2 Preliminaries

We continue using the notation and definitions given in the introduction. In
this section we introduce the basic algebraic invariants of S/Ix and their
connection with the basic parameters of parameterized linear codes. Then we
present some of the results that will be needed later.

Recall that the projective space of dimension s — 1 over K, denoted by
P51 is the quotient space

(E°\{0})/ ~,

where two points «, 8 in K°\ {0} are equivalent if « = A\g for some A € K. We
denote the equivalence class of a by [a]. Let X C P*~! be an algebraic toric
set parameterized by Z*1, ..., Z"% and let Cx(d) be a parameterized code of
order d. The kernel of the evaluation map evy, defined in Eq. (1), is precisely
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Ix(d) the degree d piece of Ix. Therefore there is an isomorphism of K-vector
spaces

Sd/Ix(d) ~ Cx(d)

Two of the basic parameters of Cx(d) can be expressed using Hilbert
functions of standard graded algebras [16], as we now explain. Recall that
the Hilbert function of S/Ix is given by

Hx(d) = dimK (S/Ix)d = dimK Sd/Ix(d) = dimK Cx(d)

The polynomial hx (t) = Zi:ol cit’ € Z[t] of degree k — 1 = dim(S/Ix) —
1 such that hx(d) = Hx(d) for d > 0 is called the Hilbert polynomial of
S/Ix. The integer cx_1(k — 1)!, denoted by deg(S/Ix), is called the degree
or multiplicity of S/Ix. In our situation hx(t) is a non-zero constant because
S/Ix has dimension 1. Furthermore hx(d) = |X| for d > |X| — 1, see [9,
Lecture 13]. This means that | X| equals the degree of S/Ix. Thus Hx (d) and
deg(S/Ix) equal the dimension and the length of Cx(d) respectively. There
are algebraic methods, based on elimination theory and Groébner bases, to
compute the dimension and the length of Cx (d) [11].

The index of regularity of S/Ix, denoted by reg(S/Ix), is the least integer
p > 0 such that hx(d) = Hx(d) for d > p. The degree and the regularity
index can be read off the Hilbert series as we now explain. The Hilbert series
of S/Ix can be written as

> N . . ho+hit 4+ bt
Fx(t) =Y Hx(i)t' = dimg(S/Ix)it' = — 11_t 7
i=0 =0

where hog,...,h, are positive integers. Indeed h; = dimg(S/(Ix,Ts)); for
0 <i<rand dimg(S/(Ix,Ts)); = 0 for i > r. This follows from the fact
that Ix is a Cohen-Macaulay lattice ideal [11] and by observing that {7} is
a regular system of parameters for S/Ix (see [16]). The number r equals the
regularity index of S/Ix and the degree of S/Ix equals hg+ - -+ h, (see [16]
or [19, Corollary 4.1.12]).

3 Parameterized codes arising from cycles

From now on we will use s = n in the definitions given in the introduction. In
our case the number of monomials that parameterize an algebraic toric set is
the same that the number of variables in the corresponding polynomial ring.
The toric set parameterized by the edges of a cycle C,, is given by

X = {l(ara2,az2a3, ... ,an_10n,an01)] € P" g, e K*foralli=1,.. . nlt,

3)
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and when we say a projective torus of order n — 1 we mean the toric set
T,_1 = {[(a1,...,a,)] €P" ' :a; € K* forall i =1,...,n}. (4)

In the next section we will analyze the case where n is an odd number.

3.1 0Odd cycles

We will take n = 2k+1. It is immediate that the set X that appears in the Eq.
(3) becomes To and in this case the parameterized codes Cx(d) are called
generalized Reed-Solomon codes and their main parameters are well known

([6], [13]).

Theorem 3.1. The main characteristics of the parameterized codes arising
from the edges of an odd cycle Co41 are the following:

o Length: |X| = (q—1)%.
e Vanishing ideal: Ix = ({T¢~" — T3~ 2641,

(1_tq71)2k

o Hilbert series: Fx(t) = NED L

o Index of reqularity: reg (S/Ix) = 2k(q — 2).

e Dimension: Hx(d) = (Qk;d) + Z?ﬁl(—l)i(i]") (2’“;7‘1;;@51)).

o Minimum distance:

[ (g1 —1—0) if d<2k(¢—2)—1,
5X(d)_{ 1 if d>2k(q—2),

where m and £ are the unique integers such that m >0, 1 < /¢ < q—2
and d =m(q—2) + L.

3.2 Even cycles

In this case we will take n = 2k. The toric set X is given by Eq. (3).
In the following sections we will describe the length and dimension of the
parameterized codes arising from even cycles. Finally, we will find lower and
upper bounds for the minimum distance of these codes.
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3.2.1 Length

In the next theorem we will compute the first parameter of the parameterized
codes associated to even cycles.

Theorem 3.2. The length of the parameterized codes arising from the edges
of an even cycle Cyy, is given by:

X[ = (¢ —1)*2 ()
Proof. Let ¢ be the following map:

Q X — T}cfl,
o([(a1a2,azas, . .., aza1)]) = [(a1a2, azaq, . . ., a2k—1a2;)].

We note that this map just projects the original vector on its odd compo-
nents. It is easy to see that ¢ is an homomorphism between the multiplicative
groups X and Tj_;. In fact if we take [(a1,as,...,a2t-1)] € Tr—1 we define
bgi =1 for all i = 1,...,k and bgi_l = a92i—1 for all i = 17...,k‘. Then the
point [(blbg, bobs, ..., bgkbl)] = [(al, a3,a3,...,02k—1,02k—1, al)] € X and its
image under ¢ is [(a1,as,...,asx—1)]. Therefore ¢ is a surjective map and
thus X /Ker ¢ is isomorphic to Ty_1. But

Ker p = {[(1,azas3,1,a4as,1,...,1,asxa1)] : a; € K* for all i},

and then |Kery| = (¢ — 1)¥=!. Therefore |X| = |Ty_1| - |Kerg| = (¢ —
1)2k72. n

Remark 3.3. The result given in Eq. (5) is an easy consequence of [11,
Corollary 3.8] because even cycles are bipartite graphs. We decided to prove
it with the help of the map ¢ because it plays a very important role in the
development of this work.

3.2.2 Dimension

In this section we will use S = K[T1,...,Tox] and R = K|[ty,t3,...,tak—1]
as the polynomial rings in the corresponding variables. Also Iy will be the
vanishing ideal of the set X and It, , the corresponding vanishing ideal of the
projective torus Tj_1. Let « be the map: a: S — R, a(T2;—1) = to;—1 for all
1= 1, .. .k‘, &(Tgi) = t2i+1 for all 1 = 1, .. .,k‘ — 1 and O[(Tgk) = 1. It means
that

a:S =R Y a@T{ Ty - Tgk) = agty T2ty

@ (i)
(6)
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It is immediate that « is a ring epimorphism and in fact we have the next
result.

Lemma 3.4. o(Ix) = Ir,_,.

Proof. Let f be an homogeneous polynomial in the ring S. Then

a(f) = f(ti,ts,t3, ... tag—1,tok—1,t1).

If [(a1,as,...,a2k—1)] € Ti—1 then, whenever f € Iy,
flar,a3,a3,. .. a2,-1,a26-1,a1) =0
because [(ai,as,as,...,a2k-1,a2;—1,a1)] € X. Therefore
a(f)(ar,as,...,a2k—1) = f(a1,as,as,...,as—1,a26-1,a1) = 0.

Then «(f) € Ir,_,. It proves that a(Ix) C I, _,.

By the other hand, we know that (see [6]) Ir,, , = ({T7 ' =727 "'}2£,) and
I, , = ({t&', —t7'}k_,). Moreover we know that X C Ty;_; and it means
that Ir,, , C Ix. Then t& ' —t7 ' = (T4 = T8 € a(Ir,,_,) C a(Ix).
Therefore I, , C a(lx). O

From now on we will use the toric set
Y :={[(a1,as3,as3,...,a25_1,a28_1,01)] € Top_1 :a; € K* for all i}. (7)
Lemma 3.5. The setY defined in (7) is a complete intersection [3], in fact,
Iy = (Ty = Top, {Toi — Toia Yoo TSy — T HE)). (8)

Proof. We will use the lexicographic ordering Ty > 15 > --- > Tp,. Let
f € Iy. By using the division algorithm, f can be written as

f=HT—To)+ fs(To—T5)+ fs(Tu —T5) +- - -+ for—1(Tog—2 — Tog—1) + 1,

where f;, r € S for all i, and r is a K —linear combination of monomials none
of which is divisible by any of T1,T5, Ty, ..., Tok—2. Then r(T1,...,Tog) =
T(Tg, T57 . ,Tgk_l, Tgk). Let [(a3, as,...,aA95—1, G/Q]C)] S Tk—l- Thus

[(agk,as,as,...,a25—1, G2k—1,a2k)] €Y
and
0= f(azk,a3,a3, .- ';a2k71aa2k71702k) = 7’(613,@5, .- ',021@71,@%)

Then r € Iy, _,. Therefore (see [6]) r € ({Tquj_ll — T4k and
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Iy C (Tl — T, {T2i - T2¢+1}i':117 {ng’:—ll - T2qk71 §;11)~
The inclusion D is clear and the claim follows. O
Lemma 3.6. The vanishing ideal of the toric set' Y is given by
Iy = Ix + Kera. (9)

Proof. The inclusion Iy C Ix + ker « follows from Lemma 3.5 because T —
To, € Kera, {T; — Toi1}i) C Kera and {73, — T4 "Yoo' € Ix. Let

[(a1,as,a3,...,62k-1,02k—-1,01)] € Y and f € Ix, g € Kera. Then, because
[(a1,as,a3,...,62k-1,02k—1,01)] € X, we get
flai,a3,a3,...,a2,-1,a2x—1,a1) = 0.

Let g(Th, ..., Tor) = Y5y by T - - Ta3". Thus
6g)(E1, Ly o) = Y bt bl gzt
(4)
and due to the fact that a(g) = 0 we conclude that

= — i1+i2k G240 t2g—2+i2k—1
0=ca(g)(a1,as,...,as,—1) = E bpyaiiFizk qiztis . iz ’
(4)

and of course g(as,as,as,...,a2k—1,a25—1,a1) = 0.
Therefore f + g € Iy and the equality (9) follows. O

Remark 3.7. We note that Y C X C Tox_1 and then I, , C Ix C Iy.
Actually we have that

Ix +Kera=1Iy = I, , +Kera.

In order to compute the dimension of the parameterized codes over an even
cycle we need to introduce the map a.

a:S8/Ix = R/It,_,, a(f+Ix)=of)+Ir,_,. (10)
This is a ring epimorphism and in fact we have the following result.
Lemma 3.8. Kera = Iy /Ix.

Proof. Let f + Ix € Iy /Ix. Thus (by Lemma 3.6) f = g + h with g € Ix,
h € Kera. Then a(f) = a(g) + a(h) = a(g) € a(Ix) = It,_, (by Lemma
3.4). Therefore f + Ix € Kera.

By the other hand, let f+ Ix € Ker@. Then a(f) € It,_, = a(Ix). Then
there exists g € Ix so that a(f) = a(g). Thus f—g € Kera, f € Ix+Kera =
Iy and the result is completely proved. O
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Now, we are able to give the main result of this section.

Theorem 3.9. For alld > 0 the dimension of the parameterized codes arising
from the edges of an even cycle Coy, is given by

HX(d> = Ha(d) +HTk—1(d)? (11)
where Hg is the Hilbert function of Iy /Ix, i.e., Hz(d) = dimg Iy (d)/Ix(d).

Proof. Let d > 0. Because the map @ is graded, it induces the surjective
linear transformation @(d) : Sq/Ix(d) — Rgq/It,_,(d), f+ Ix(d) = a(f) +
I’H‘k71 (d) Then dimg Sd/IX (d) = dimg Ker (a) (d) + dimg Rd/I']]‘k71 (d) But,
by Lemma 3.8, dimg Ker (@)(d) = dimg Iy (d)/Ix(d) and the Eq. (11) follows
immediately. O

Remark 3.10. We note that

H’ﬂ‘k_l(d) = Hx(d) — Ha(d) = dimK Sd — dimK Ix(d) — dimK Iy(d) +
dimK Ix(d) = dimK Sd/.[y(d) = Hy(d)

In the following corollary and the example given in section 4, we will
use (see Section 2) rx := reg(S/Ix), rr,_, = reg(R/Ir,_,) and rg =
reg (Iy /Ix).

Corollary 3.11. With the notation used above, the indexr of reqularity of
S/Ix, where X is the toric set parameterized by the edges of an even cycle
Cor, is given by

rx = max{rg,r1, .} (12)

Proof. In order to prove Eq. (12) it suffices to show that the function Hz(d)
is non decreasing (see Eq. (11)). We define the map A : Iy (d)/Ix(d) —
Iy(d+ 1)/Ix(d+ 1), A(f+])((d)) = T1f+Ix(d+ 1) If f+Ix(d) € Ker A
then T1 f € Ix(d+1). It means that (T3 f)(a1az,azas, ..., askar) = 0 for all
[(a1a2,a2as,...,as;a1)] € X. Thus

araz f(ayaz, azas, . .., azxa1) =0,
but then f(ajas,asas,...,asra1) = 0 for all [(ajas, asas, ..., askar)] € X and

Ker A = Ix(d). Therefore dimg Iy (d)/Ix(d) < dimg Iy(d + 1)/Ix(d+ 1)
and thus Hz(d) < Hgz(d + 1) for all d > 0. O
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3.2.3 Minimum distance
In this section we will use the following notation: If ¢ is the map defined
in the proof of theorem 3.2 and M = Ker¢ = {[R1],...,[Rj,_,|]} we know

that X = Ug’“{llM - [P;] (disjoint union of the corresponding cosets) and
|M| = (¢ - D" "
In the same way let

Y Top—1 — X, Y([(a1,a2,...,a2)]) = [(a102, aza3, . .., azray)]. (13)
The map 1 is a group epimorphism and
Ker (v) ={[(1,a1,1,a1,...,1,a1)] 1 a1 € K*}.

Therefore if N := Ker (¢), [N| =¢ — 1 and Tox_1 = UL):(llN - [Qq] (disjoint
union of the corresponding cosets). We will use

N ={[U1],...,[Ug=1]}.

Theorem 3.12. If §x(d) is the minimum distance of the parameterized code
of order d arising from the edges of an even cycle Cy then

01y, (2d)
q—1

<ox(d) < (¢ =1 or,,(d), (14)

where Ot,, _, (2d) is the minimum distance of the parameterized code of order 2d
associated to the projective torus Tor—1 and dt,_, (d) is the minimum distance
of the parameterized code of order d arising from the projective torus Tg_1.

Proof. Let A = (G(Q1),...,G(Qr,_,|)) € Cr,_,(d) a codeword with min-
imum weight where g(t1,ts,...,tk—1) = >0 a@yti s - t;zk"_’ll € Ry and
G = g/go with go(tl,tg,...7t2k,1) = ttli If G(Qi) 7é 0 we take M - [Pz] =
0 1([Q:]). Therefore if [Q;] = [(b1,bs3,...,bar_1)] then, due to the fact that
o([R;] - [P]) = [Qi], we obtaip that [Rj] “[Pi] = [(b1,*,b3,%,...,bag—1,%)].
Let f(Ti,...,Tox) = Yy @il T3 cTo € Sy We will take F = f/ fo
where fo(T4,...,Tox) = T{. Thus F(R; - P;) = F(b1,*,b3,*,...,bog_1,%) =
G(Q;) #0 for all j =1,...,|M]|. Moreover, if we define the codeword

N = (F(RiPy),...,F(RjpPr), ..o F(RiPrry_y))s - F(Ria Prry, 1))

we have that A’ € Cx(d) and if w(A’) means the Hamming weight of the
codeword A’ then w(A") = |M| - w(A) = |M] - ét,_, (d) and therefore

6X(d> < |M| ’ 6Tk—1(d) = (q - 1)k_1 : 6Tk—1(d)' (15)
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On the other hand let @ = (H(P1),...,H(Px|)) € Cx(d) a codeword
with minimum weight where h(Th,...,To) = Z(i) b(i)lelTsz - TQJE’“ € Sy
and H = h/hg where ho(T1,...,Tor) = T8 If H(P;) # 0 then let N - [Q;] =
Y~ H([P]) and thus ¢([U;] - [Q;]) = [P] for all j = 1,...,q — 1. Moreover if
[P] = [(a1a2,azas, ..., az;a1)] then we can take [Q;] = [(a1,a2,...,a2;)] and
[U]} = [(1, Cj, 1,Cj, ey 1, Cj)]. Let

UZy,. .., Zo) = W21 2o, 22 Zs, .. ., ZopZh) € K[Z1Zs, ..., ZopZi]a
and L = 6/60 where 60(21, ceey ng) = (leg)d. Then

L(U; - Qi) = L(a1, cjaz, a3, cjay, . .., op—1, Cjaz,) =

H(cjalag,cjagag, . ,cjagkal) = H(G,lag, az2as, . . . ,agkal) = H(Pl) 75 0
forall j =1,...,q— 1. Thus if we take the codeword
Q' = (LU1Q1), .-, LUg=1@Q1), - - -, LU1Qx))s - - -, L(Ug—1Q)x1))

we have that Q' € Cr,,_,(2d) and w(Q¥) = (¢ —1) - w() = (¢ — 1) - 6x(d).
Then dr,,_,(2d) < (¢ —1) - 6x(d). Therefore

6T2k—1 (2d)
> == 7
ox(d) > 1 (16)
and the inequalities (14) follow from (15) and (16). O

4 An Example

We will consider the cycle Cg (see Fig. 1) over the finite field K = Z5. In this
case the toric set X defined in Eq. (3) becomes

X = {[(a1a2, asas, azay, asas, asag, agar)] € P° : a; € K* for all i}.

The main parameters of the parameterized code Cx(d) arising from the
edges of the cycle Cg appear below.

e Length: |X| = (¢ —1)* = 256.

e Dimension: By using Macaulay2 [8] we obtain the Table 1. There we
compute the three different Hilbert functions which appear in Theorem
3.9. Also we note that rx = rr, = rz = 6.
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a1 a2

ag as

ht

as Gy

Figure 1: The cycle Cg

Table 1: Comparison of the different Hilbert fuctions involved in Theorem 3.9.

[ Hx(@ [ Hry(d) [ Hald)
0 1 1 0
1 6 3 3
2 21 6 15
3 55 10 45
4 115 13 102
5 192 15 177
6 256 16 240

Table 2: Bounds for the minimum distance of the parameterized codes arising
from the Cycle Cg.

d ld Uq mgq
1| 128 || 192 || 249
2| 48 128 || 236
3 16 64 || 202
4 8 48 142
5 3 32 65

6 1 16 1
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e Minimum distance: By using the formula to obtain the minimum
distance of the parameterized codes arising from the projective torus
given in [13, Theorem 3.4] we obtain the Table 2. There we can compare
the upper bound for the minimum distance of the parameterized codes
over the cycle Cg obtained in this work against the Singleton bound. It
shows that for 1 < d < 5 our upper bound is sharper than the Singleton
bound. Also we compute de lower bound for the studied cases. We will

use lg = (STST(M) (lower bound), ug = (4)% - 61, (d) (upper bound) and mg4

means the Singleton bound.
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