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Abstract

We prove the finite generation of the monoid of effective divisor
classes on a smooth projective rational surface X endowed with an an-
ticanonical divisor such that all its irreducible components are of mul-
tiplicity one except one which has multiplicity two. In almost all cases,
the self-intersection of a canonical divisor KX on X is strictly negative,
hence −KX is neither ample nor numerically effective. In particular,
X is not a Del Pezzo surface. Furthermore, it is shown that the first
cohomology group of a numerically effective divisor vanishes; as a con-
sequence, we determine the dimension of the complete linear system
associated to any given divisor on X.

1 Introduction

The aim of this work is to give an explicit construction of some smooth projec-
tive rational surfaces X for which the monoid M(X) of effective divisor classes
modulo numerical equivalence is finitely generated and such that the complete
linear system |−KX | of an anticanonical divisor −KX of X contains only one
element. Moreover, the first cohomology group of the invertible sheaf associ-
ated to any numerically effective divisor on X vanishes. The ground field is
assumed to be algebraically closed of arbitrary characteristic.
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A classical and very well studied class of rational surfaces is the one of Del
Pezzo surfaces and standard examples are the ones provided by smooth cubic
surfaces in the three dimensional projective space. Recall that the smooth
projective surface Z is a Del Pezzo if one of its anticanonical divisor −KZ

is ample, that is, the self-intersection of KZ is greater than zero and the
intersection number of KZ with any nonzero effective divisor is less than zero.
In particular, a Del Pezzo surface is nothing than either P1×P1 or a blowing up
the projective plane P2 at r points in general position with r less than or equal
to eight. It is worth to remind that the set of curves of strictly negative self-
intersection on a Del Pezzo surface Z, not equal to P1×P1 and P2, is reduced
to the finite set of smooth projective rational curves of self-intersection equals
−1 (these curves are usually called (−1)-curves) and generate the monoid of
effective divisor classes on Z modulo numerical equivalence, whereas the set
of curves of strictly negative self-intersection on P1 × P1 or on P2 is empty.
See the work by Brian Harbourne in [12] for a generalization of the notion of
Del Pezzo surfaces.

From the work of Masayoshi Nagata (see [24, Theorem 4a, p. 283]), it is
obvious that if P1, . . . , Pr are points in the projective plane with r greater than
eight, one should specialize these points in order to ensure the finite generation
of the monoid of effective divisor classes on the surface Z obtained by blowing
up the projective plane at P1, . . . , Pr. The case where r is less than ten is
studied in [25], [23], [15], [17], [18] and [19]. Some cases where r is greater
than nine have been studied in [10], [11], [14], [2], [5], [6], [7], [8], [9] and [21].

In ([22, Theorem (1.1), p. 271]), Eduard Looijenga studied smooth pro-
jective rational surfaces S having an anticanonical divisor −KS of certain
assigned type, but not allowing that some irreducible components of −KS to
be multiple.

We are interested in providing rational surfaces X with an anticanoni-
cal divisor −KX having two irreducible components one of which is of mul-
tipilicity two. The smooth projective rational surface X = X(p,q), where
p and q are nonnegative integers, that we will deal with is constructed as
follows. Take two distinct lines L1 and L2 in the projective plane P2 and
consider p points PL1

1 , . . . , PL1
p of L1 and q points PL2

1 , . . . , PL2
q of the de-

generate conic 2L2 such that the point of L1 and L2 does not belong to the
set {PL1

1 , . . . , PL1
p , PL2

1 , . . . , PL2
q }. We allow PL1

i (respectively PL2
i ) to be in-

finitely near PL1
j (respectively PL2

j ) if i is greater than j. The surface X(p,q)

is nothing than the blow up the projective plane along its closed subscheme
{PL1

1 , . . . , PL1
p , 2PL2

1 , . . . , 2PL2
q }.

From the classical Bézout Theorem (see Lemma 2.5 below), it follows that
for almost all p and q, the complete anticanonical linear system | −KX(p,q)

| is
nonempty but with only one element.
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The following result asserts the finite generation of M(X(p,q)) for arbitrary
nonnegative integers p and q.

Theorem 1.1. With notation as above, the monoid M(X(p,q)) of effective
divisor classes on X(p,q) modulo numerical equivalence is finitely generated.

As a consequence, the following result holds:

Corollary 1.2. With notation as above, the monoid of effective divisor classes
modulo numerical equivalence M(X(p,q)) on X(p,q) is finitely generated by the
set of smooth rational curves of strictly negative self-intersection.

As another consequence, the following known result is recovered, see [14,
Lemma 3.1.1.]:

Corollary 1.3. The monoid of effective divisor classes on the surface obtained
by the blow up the projective plane either at all collinear points or at the points
of a degenerate conic whose support is a line is finitely generated.

The following lemma determine the numerically effective divisors which
are orthogonal to KX(p,q)

, its proof is postponed to Section 3. We recall that
a divisor on X(p,q) is numerically effective if it meets every integral curve on
X(p,q) nonnegatively.

Lemma 1.4. With the same notation as above, there is not nonzero nu-
merically effective divisor D on X(p,q), satisfying the equality KX(p,q)

.D = 0,
KX(p,q)

being a canonical divisor on X(p,q).

Recall that for a divisor C on a smooth projective surface Y defined over
a ground field k, and for every integer i (i = 0, 1, 2), hi(Y,OY (C)) denotes the
dimension over k of the i−th cohomology group Hi(Y,OY (C)) of the natural
sheaf OY (C) associated to the divisor C. Here we study the vanishing problem
of the first cohomology group of an arbitrary numerically effective divisor.

Theorem 1.5. With the same notation as above, if D is a numerically effec-
tive divisor on X(p,q), then

h1(X(p,q), OX(p,q)
(D)) = 0,

OX(p,q)
(D) being an invertible sheaf associated to the divisor D.

Proof. : Apply [13, Theorem III.1, p. 1197] and the above Lemma 1.7.

A straightforward consequence of Theorem 1.5 gives the dimension of the
complete linear system of any numerically effective divisor on X(p,q).
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Corollary 1.6. With notation as above. Let D be a numerically effective
divisor on X(p,q) with pq − p− q ≤ 0. Then

h0(X(p,q), OX(p,q)
(D))− 1 =

1

2
(D2 −D.KX(p,q)

),

OX(p,q)
(D) being an invertible sheaf associated to the divisor D, and KX(p,q)

being a canonical divisor on X(p,q).

Proof. : Apply Theorem 1.5 and the below Lemmas 2.1 and 2.3.

Corollary 1.7. With notation of as above. Let D be a given divisor on X(p,q).
Then h0(X(p,q), OX(p,q)

(D)) is either equal to zero, to one or to

1 +
1

2
(M2 −M.KX(p,q)

),

where OX(p,q)
(D) is an invertible sheaf associated to the divisor D, M is the

mobile part of the complete linear system |D| and KX(p,q)
is a canonical divisor

on X(p,q).

Proof. : Apply Corollary 1.6 to the numerically effective divisor M .

Remark 1.8. Points in the projective plane with the property that the surface
obtained by blowing up these points satisfies the conclusion of Theorem 1.5 for
every numerically effective divisor are called good points. See the works by
Brian Harbourne in [11] and [12].

2 Background on Rational Surfaces

Let Z be a smooth projective rational surface defined over an algebraically
closed field of arbitrary characteristic. A canonical divisor on Z, respectively
the Néron-Severi group NS(Z) of Z will be denoted by KX and NS(X) re-
spectively. There is an intersection form on NS(X) induced by the intersection
of divisors on Z, it will be denoted by a dot, that is, for x and y in NS(Z),
x.y is the intersection number of x and y (see [16] and [1]).

The following result known as the Riemann-Roch theorem for smooth pro-
jective rational surfaces is stated using the Serre duality.

Lemma 2.1. Let D be a divisor on a smooth projective rational surface Z
having an algebraically closed field of arbitrary characteristic as a ground field.
Then the following equality holds:

h0(Z,OZ(D))− h1(Z,OZ(D)) + h0(Z,OZ(KZ −D)) = 1 +
1

2
(D2 −D.KZ).

OZ(D) being an invertible sheaf associated to the divisor D.
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Here we recall some standard results, see [13] and [16]. A divisor class x
modulo numerical equivalence on a smooth projective rational surface Z is
effective respectively numerically effective, nef in short, if an element of x is
an effective, respectively numerically effective, divisor on Z. Here a divisor D
on Z is nef if D.C ≥ 0 for every integral curve C on Z. Now, we start with
some properties which follow from a successive iterations of blowing up closed
points of a smooth projective rational surface.

Lemma 2.2. Let π? : NS(X)→ NS(Y ) be the natural group homomorphism
on Néron-Severi groups induced by a given birational morphism π : Y → X
of smooth projective rational surfaces. Then π? is an injective intersection-
form preserving map of free abelian groups of finite rank. Furthermore, it
preserves the dimensions of cohomology groups, the effective divisor classes
and the numerically effective divisor classes.

Proof. : See [13, Lemma II.1, p. 1193].

Lemma 2.3. Let x be an element of the Néron-Severi group NS(X) of a
smooth projective rational surface X. The effectiveness or the the nefness of
x implies the noneffectiveness of kX − x, where kX denotes the element of
Pic(X) which contains a canonical divisor on X. Moreover, the nefness of x
implies also that the self-intersection of x is greater than or equal to zero.

Proof. : See [13, Lemma II.2, p.1193].

The following result is also needed. We recall that a (−1)-curve, respec-
tively a (−2)-curve, is a smooth rational curve of self-intersection −1, respec-
tively −2.

Lemma 2.4. The monoid of effective divisor classes modulo algebraic equiva-
lence on a smooth projective rational surface X having an effective anticanon-
ical divisor is finitely generated if and only if X has only a finite number of
(−1)-curves and only a finite number of (−2)-curves.

Proof. : See [20, Corollary 4.2, p. 109].

Finally, we recall the classical Bézout Theorem:

Lemma 2.5. Two projective plane curves of degree µ and ν defined over an
algebraically closed ground field intersect in exactly µν points, unless the curves
have a common component.
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3 Proof of Theorem 1.1 and Lemma 1.7

In this section, we give a proof of the result stated in Theorem 1.1 of section
one. To do so, we need to give explicitly the lattice structure of NS(X(p,q)).
Firstly, the integral basis

(E0;−EL1
1 , . . . ,−EL1

p ;−EL2
1 , . . . ,−EL2

q ),

is defined by:

• E0 is the class of a line on the projective plane which do not pass through
any of the assigned points PL1

1 , . . . , PL1
p ;PL2

1 , . . . , PL2
q in consideration,

• EL1
i is the class of the exceptional divisor corresponding to the i−th point

blown-up PL1
i for every i = 1, . . . , p,

• EL2
j is the class of the exceptional divisor corresponding to the j−th point

blown-up PL2
j for every j = 1, . . . , q.

The class of a divisor on X(p,q) will be represented by the (1 + p+ q)-tuple

(a; bL1
1 , . . . , bL1

p ; bL2
1 , . . . , bL2

q )

Secondly, the intersection form on NS(X(p,q)) is given by:

• E2
0 = 1 = −(EL1

i )2 = −(EL2
j )2 for every i = 1, . . . , p, and j = 1, ..., q;

• EL1
i .EL1

i′ = 0 for every i, i′ = 1, . . . , p, with i 6= i′;

• EL2
j .EL2

j′ = 0 for every j, j′ = 1, . . . , q, with j 6= j′;

• EL1
i .EL2

j = 0 for every i = 1, ..., p, j = 1, . . . , q;

• E0.E
L1
i = E0.E

L2
j = 0 for every i = 1, ..., p, j = 1, . . . , q.

Remark 3.1. we observe that if the class (a; bL1
1 , . . . , bL1

p ; bL2
1 , . . . , bL2

q ) is ef-
fective, then it represents the class of a projective plane curve of degree a and
having at least multiplicity bL1

1 , ..., bL1
p (respectively, bL2

1 , ..., bL2
q ) at the points

PL1
1 , ..., PL1

p (respectively PL2
1 , ..., PL2

q ). Also we note by assumption that the

classes E0,E
L1
i ,EL2

j need not to be all the classes of smooth rational curves on
X(p,q).
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From Lemma 2.4, we need to prove that the set of (−1) and the set of
(−2)-curves are both finite. To do so we first show that the set of (−2)-curves
is finite. So let N be a general (−2)-curve on X(p,q). Let π be the natural

projection fromX(p,q) to P2 and let (a; bL1
1 , ..., bL1

p ; bL2
1 , ..., bL2

q ) be the (1+p+q)-
tuple representing the class of N in the Néron-Severi group NS(X(p,q)) relative

to the integral basis (E0;−EL1
1 , . . . ,−EL1

p ;−EL2
1 , . . . ,−EL2

q ). Since N2 = −2, it
follows that the degree a is larger than one. From the two equalities N2 = −2
and N.KX(p,q)

= 0, one may obtain the two following equalities:

(bL1
1 )2 + . . .+ (bL1

p )2 + (bL2
1 )2 + · · ·+ (bL2

q )2 = a2 + 2, (1)

and

(a− bL1
1 − · · · − bL1

p ) + 2(a− bL2
1 + · · · − bL2

q ) = 0. (2)

Hence one may get.

a− bL1
1 − · · · − bL1

p = 0, (3)

and

a− bL2
1 + · · · − bL2

q = 0 (4)

Now consider the new scalars (αL1
i )i∈{1,...,p} and (αL2

j )j∈{1,...,q} defined by:

αL1
i = bL1

i −
(
a

p

)
, for every i = 1, . . . , p, (5)

and

αL2
j = bL2

j −
(
a

q

)
, for every j = 1, . . . , q. (6)

Then it follows from equations 3, 4, 15 and 16 that:

αL1
1 + · · ·+ αL1

p = 0, (7)

and

αL2
1 + · · ·+ αL2

p = 0. (8)

The last two equalities in turn with the equation (1) give the following
equality:
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(αL1
1 )2 + . . .+ (αL1

p )2 + (αL2
1 )2 + · · ·+ (αL2

q )2 = 2 + a2−
(
a2

p

)
−
(
a2

p

)
. (9)

It therefore implies by assumption that a is bounded.
Now we proceed to prove that the set of (−1)-curves on X(p,q) is finite.

Indeed, let E be a general (−1)-curve on X(p,q) and let

(a; bL1
1 , . . . , bL1

p ; bL2
1 , . . . , bL2

q ) be the (1+p+q)-tuple representing the class of E
in the Néron-Severi group NS(X(p,q)) relative to the integral basis

(E0;−EL1
1 , . . . ,−EL1

p ;−EL2
1 , . . . ,−EL2

q ). Since E is general, it follows that
the degree a is greater than one. From the two equalities E2 = −1 and
E.KS(p,q)

= −1, one may obtain the followings:

(bL1
1 )2 + . . .+ (bL1

p )2 + (bL2
1 )2 + . . .+ (bL2

q )2 = a2 + 1, (10)

and

(a− bL1
1 − · · · − bL1

p − 1) + 2(a− bL2
1 − · · · − bL2

q ) = 0, (11)

Hence the only following case occurs:

(bL1
1 )2 + . . .+ (bL1

p )2 + (bL2
1 )2 + . . .+ (bL2

q )2 = a2 + 1, (12)

and

(a− bL1
1 − · · · − bL1

p ) = 1, (13)

and

(a− bL2
1 − · · · − bL2

q ) = 0, (14)

Now consider the new scalars (βL1
i )i∈{1,...,p} and (βL2

j )j∈{1,...,q} defined by:

βL1
i = bL1

i −
(
a− 1

p

)
, for every i = 1, . . . , p, (15)

and

βL2
j = bL2

j −
(
a

q

)
, for every j = 1, . . . , q. (16)

Hence the equation (10) gives rise to the following equality:
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(βL1
1 )2 + . . .+ (βL1

p )2 + (βL2
1 )2 + · · ·+ (βL2

q )2 = 1 + a2−
(

(a− 1)2

p

)
−
(
a2

p

)
.

(17)
Consequently, by assumption a is bounded and we are done.

Proof of Lemma 1.7.
Let D be a numerically effective divisor on X(p,q) such that D.KX(p,q)

= 0.
We would like to prove that D is the zero divisor. For let
(a; bL1

1 , . . . , bL1
p ; bL2

1 , . . . , bL2
q ) be the (1 + p + q)-tuple representing the class

of D in the Néron-Severi group NS(X(p,q)) relative to the integral basis

(E0;−EL1
1 , . . . ,−EL1

p ;−EL2
1 , . . . ,−EL2

q ).
Let us prove that a vanishes. Since D.KX(p,q)

= 0, one may obtain the
following equality.

(a− bL1
1 − · · · − bL1

p ) + 2(a− bL2
1 − · · · − bL2

q ) = 0. (18)

It follows that the following two equalities hold.

a− bL1
1 − · · · − bL1

p = 0. (19)

and

a− bL2
1 − · · · − bL2

q = 0. (20)

It follows by assumption and the fact that D2 ≥ 0 that a vanishes. Con-
sequently, D equals the zero divisor and we are done.
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