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Approximate Cycles of the Second Kind in
Hilbert space for a Generalized

Barbashin-Ezeilo Problem

A. U. Afuwape., M. Y. Balla, Xavier Udo-utun

Abstract

In this work we show that the Volterra integral operator defined on
the space of absolutely stable functions induces an asymptotically pseu-
docontractive operator. We, then, show that Afuwape’s [1] generaliza-
tion of the Barbashin-Ezeilo problem is solvable in a Banach space (but
not in Hilbert space L2[0,∞)). However applying Osilike-Akuchu[10]
theorem and recent results (in Hilbert space) of Igbokwe and Udo-
utun[8] we formulate conditions for finding approximate cycles of the
second kind (in the Hilbert space W 2,2

0 [0,∞)) to this problem given in
the form x′′′ + ax′′ + g(x′) + φ(x) = 0.

1 Introduction

In 2006 using the ideas of nonlocal reduction method, Afuwape[1] generalized
and modified the Barbashin-Ezeilo problem by asking: When will a general
third-order equation of the form

x′′′ + αx′′ + g(x′) + φ(x) = 0 (1.1)

have a cycle of the second kind where α is an arbitrary constant g(y) a con-
tinuous bounded function and φ(x) is a 2π-periodic odd function having zeros
0, x0 in [0, 2π) and at any point x [0, 2π) satisfies

φ2(x) + [φ′(x)]2 ̸= 0. (1.2)
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Transforming (1.1) as 
dz

dt
= Az + bφ(σ)

dσ

dt
= c∗z

(1.3)

where A =

(
−α −β
1 0

)
; b =

(
1
0

)
; c =

(
0
1

)
and φ(σ) = [ĝ(σ̇) + φ(σ)],

g(y) = βy + ĝ(y), with 0 ≤ ĝ(y) ≤ µ, the following theorem was proved:

Theorem 1.1. (Afuwape[1])
Suppose there exists positive numbers β and µ such that β ≤ g(y) ≤ µ + β,
with α2 > 4β and µ < λ1(λ

2
1 − αλ1 + β) for some constant parameter λ1.

Suppose also that for some λ2 > 0,

α−
√
α2 − 4β < 2λ2 < α+

√
α2 − 4β (1.4)

and φ′(0) > αβ. Then (1.1) is Bakaev-stable and has a nontrivial periodic
solution in every strip Π = {[2kπ, x0 + 2kπ); kZ}.

In this paper our objective is to transform the system (1.3) into equivalent
Volterra integral equation form and and verify that the resulting operator is
an asymptotically pseudocontractive map. This will enable us to apply the
Osilike-Akuchu Theorem in [10] and the results of Igbokwe and Udo-utun
Theorem in [8] to show that the resulting feedback problem (1.1) has a fixed
point in Banach space for all α (and in Hilbert space for α > 0).

2 Preliminaries

Definition 2.1. The solution (x(t), σ(t)) of (1.1) is said to be circular if there

exists a number ϵ > 0, and a time t̃ ≥ 0 such that dσ(t)
dt ≥ ϵ for all t ≥ t̃.

Definition 2.2. The solution (x(t), σ(t)) of (1.1) is said to be cycle of the
second kind if there exists an integer j ̸= 0, and a moment t̃ > 0 such that for
all x(t̃) = 0, σ(t̃) − σ(0) = jτ where φ(σ + τ) = φ(σ).

Let C0 denote the space of absolutely stable solutions σ(t) of the one-
dimensional feedback system

σ(t) = ηΦ(t) +

∫ t

0

Φ(t− s)g(σ(s))ds

then each element σ C0 satisfies limt→∞ σ(t) = 0.
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It has been shown by Corduneanu[3, 4] and Holtzman[7] that C0 ⊆ L2[0,∞)
which is a Hilbert space.

We shall show that the operator (Au)(t) =
∫ t

0
Φ(t − s)u(s)ds is compact

by applying Arzela-Ascoli theorem for suitable functions defined on [0, η) and
that if A is self- adjoint then the operator T : C0 −→ C0 given by

(Tσ)(t) = ηΦ(t) +

∫ t

0

Φ(t− s)g(σ(s))ds = ηΦ(t) + (A(gσ))(t)

has a fixed point if some conditions given below are satisfied. Here, g is an
odd function satisfying the sector condition

0 ≤ g(ξ1)− g(ξ2)

ξ1 − ξ2
≤ k, (ξ1 ̸= ξ2), k > 0 (2.1)

for all ξ1, ξ2 [0, η].
Let E be an arbitrary real Banach space and let J denote normalized

duality mapping from E into 2E
∗
given by

J(x) = {f E∗ : ⟨x, f⟩ = ∥x∥2; ∥x∥2 = ∥f∥2}

where E∗ denotes the dual space of E and ⟨, ⟩ denotes the generalized duality
pairing. If E∗ is strictly convex, then J is single-valued. In the sequel, we
shall denote single-valued duality mappings by j. In Hilbert spaces, j is the
identity.

Let us give some basic definition and remarks that will be used in this
work.

Definition 2.3. In Hilbert spaces H, a self-mapping T of a nonempty subset
K of H is asymptotically pseudocontractive if it satisfies

∥Tnx− Tny∥ ≤ an∥x− y∥2 + ∥x− y − (Tnx− Tny)∥2 (2.2)

for all x, y K and for some sequence {an} ⊆ [0,∞) such that limn→∞ an =
1.

We remark that the class of asymptotically pseudocontractive mappings
contains the important class of asymptotically nonexpansive mappings (that is
mappings T : K −→ K such that

∥Tnx− Tny∥ ≤ an∥x− y∥ ∀x, y K (2.3)

for all x, y K and for some sequence {an} ⊆ [0,∞) such that limn→∞ an =
1).
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Definition 2.4. T is called asymptotically quasi-nonexpansive if F (T ) = {x
K : Tx = x} ̸= ∅ and (2.3) is satisfied ∀ x K and y F (T ).

Definition 2.5. If there exists L > 0 such that ∥Tnx− Tny∥ ≤ L∥x− y∥ for
all n ≥ 1 and for all x, y K, then T is called uniformly Lipschitzian.

Let H be a Hilbert space, ρ, ρ̄ H be such that ρ̄ = g(ρ) (where g is a

continuous function satisfying 0 ≤ g(ξ1)−g(ξ2)
ξ1−ξ2

≤ k, k > 0) and T : H −→ H
be given by

Tρ(t) = ηΦ(t) +

∫ t

0

Φ(t− s)g(ρ(s))ds (2.4)

= ηΦ(t) +

∫ t

0

Φ(t− s)ρ̄(s)ds.

3 Main Results

Our main result shall be the following theorem

Theorem 3.1. Let α > 0; and p1, p2 = −α
2 ∓

√
α2

4 − β; then a cycle of

second kind of the generalized Barbashin-Ezeilo problem (1.1) is the limit in
some Hilbert space of the iterative process

xn = αnxn−1 + (1− αn)T
kyn

yn = βnxn−1 + (1− βn)T
kxn

}
, n ≥ 1 (3.1)

where n = k ≥ 1, T is L−Lipschitzian operator given by

(Tσ)(t) = −p1

∫ t

0

∫ s

0

ep1(t−ξ)[ĝ(σ̇(ξ)) + φ(σ(ξ))]dξds (3.2)

and αn, βn satisfy the conditions

(i)
∑∞

n=1(1− αn) = ∞ (ii)
∑∞

n=1(1− αn)
2 < ∞

(iii)
∑∞

n=1(1− βn) < ∞ (iv) (1− βn)(1− αn)L
2 < 1.

Before proving this main result we shall, first, establish the existence and
validity of the operator T.

Proposition 3.1. Let the operator A(g(σ))(t) =
∫ t

0
Φ(t− s)g(σ(s))ds be self-

adjoint with eigenfunctions g(σj) C0 (whenever σj C0) corresponding to
eigenvalues λj (j ≥ 1). The operator T has at least one fixed point if kn∥A∥
≤ (1 + νn) for some sequence {νn}.
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PROOF
Any bounded sequence of functions {σn} ⊆ C0 is equibounded and equicon-
tinuous on [0, η) and by Arzela-Ascoli theorem such sequences are relatively
compact. Now, A being a bounded linear operator is continuous so it maps
relatively compact sets into relatively compact sets, therefore we infer that A
is a compact operator so T maps every closed convex set K into itself. Further,

∥Tσi − Tσj∥ =

∥∥∥∥∫ t

0

Φ(t− s) (g(σi(s))− g(σj(s))) ds

∥∥∥∥
= ∥A (g(σi)− g(σj)) ∥ = ∥λig(σi) − λjg(σj)∥
≤ max{|λi|, |λj |}∥k(σi − σj)∥
= kmax{|λi|, |λj |}∥σi − σj∥. (3.3)

Therefore

∥Tnσi − Tnσj∥ ≤ kn max{|λi|, |λj |}∥σi − σj∥ (3.4)

verifying that T is an asymptotically nonexpansive map if there exists a se-
quence {νn} with νn −→ 0 such that kn max{|λi|, |λj |} ≤ (1 + νn) since (3.4)
yields ∥Tnσi − Tnσj∥ ≤ an∥σi − σj∥ (where an = (1 + νn)).

Inequality (3.4) follows from condition (2.1) and since A is a compact
operator (3.4) becomes

∥Tnσi − Tnσj∥ ≤ kn∥A∥∥σi − σj∥. (3.5)

then applying the results of [10], we conclude that the modified implicit process

xn = αnxn−1 + (1− αn)T
k
i xn, n ≥ 1

as given by Sun[12] converges to the fixed point of (2.4).

Theorem 3.2. Let the operator A(g(σ))(t) =
∫ t

0
Φ(t − s)g(σ(s))ds be self-

adjoint with eigenfunctions g(σj) C0 (whenever σj C0) corresponding to
eigenvalues λj (j ≥ 1). Then the averaging composite implicit iteration process
(3.1)

σn+1 = αnσn + (1− αn)T
lρn+1

ρn+1 = βnσn + (1− βn)T
k
i σn+1

}
n ≥ 1

converges to at least one fixed point of (2.4) provided kn∥A∥ ≤ (1 + νn) for
some sequence {νn} satisfying νn −→ 0 as n −→ ∞.
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PROOF
The argument is the same as in the proof of Proposition 3.1 so we only need
to prove that T is asymptotically pseudocontractive.

⟨Tσi − Tσj , j(σi − σj⟩ = ⟨A(g(σi)− g(σj), j(σi)− σj⟩
= ⟨λig(σi) − λjg(σj), j(σi − σj)⟩
≤ max{|λi|, |λj |}⟨k(σi − σj), j(σi − σj)⟩
= kmax{|λi|, |λj |}∥σi − σj∥2.

Therefore, iteratively, we have

⟨Tnσi − Tnσj , j(σi − σj⟩ ≤ kn max{|λi|, |λj |}∥σi − σj∥2.

This implies that T is asymptotically pseudocontractive, and thus we can
apply the results of [8] and [9]. This is the desired result.

4 PROOF OF THEOREM 3.1

We now give the proof of Theorem 3.1 by rewriting (1.1) as
ẋ1 = −αx1 − βx2 − ĝ(σ̇)− φ(σ)

ẋ2 = x1

σ̇ = x2

This clearly implies that x1 = σ̈, x2 = σ̇ and −[ĝ(σ̇) + φ(σ)] = ẋ1 + αx1

+ βx2.
Observing that a fundamental matrix solution X is given by

X(t) =

(
ep1t ep2t

p1e
p1t p2e

p2t

)
,

it follows that that the desired cycle of the second kind is given by

σ(t) = −p1

∫ t

0

∫ s

0

ep1(s−ξ)[ĝ(σ̇(ξ)) + φ(σ(ξ))]dξds (4.1)

where

p1 = −α

2
−
√

α2

4
− β

p2 = −α

2
+

√
α2

4
− β
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But the output σ̇(t) is given by

σ̇(t) = −p1

∫ t

0

ep1(t−s)[ĝ(σ(s)) + φ(σ(s))]ds (4.2)

which yields

σ̇(t) = p1[σ̈(t) + ασ̇(t) + βσ(t)]− p1[σ̈(0) + ασ̇(0) + βσ(0)]ep1t

−p21

∫ t

0

ep1(t−s)[σ̈(s) + ασ̇(s) + βσ(s)]ds.

This gives

βσ(t) = −σ̈(t) +
1− αp1

p1
σ̇(t) + [σ̈(0) + ασ̇(0) + βσ(0)]ep1t

+p1

∫ t

0

ep1(t−s)[σ̈(s) + ασ̇(s) + βσ(s)]ds

σ(t) =
p1
β

∫ t

0

ep1(t−s)[σ̈(s) + ασ̇(s) + βσ(s)]ds+
1

β
[σ̈(0) + ασ̇(0) + βσ(0)]ep1t

− 1

β
σ̈(t) +

1− αp1
βp1

σ̇(t)

= p1

∫ t

0

ep1(t−s)σ(s)ds+

[
−σ̈(0) + (α− 1)σ̇(0)

p1(p1 − α) + β
+ σ(0)

]
ep1t

− 1

p1(p1 − α) + β
σ̈(t) +

(1− α)p1 + 1

p1(p1 − α) + β
σ̇(t) (4.3)

So analysis of the nonlinear operator (4.1) is equivalent to analysis of the
simpler nonlinear operator

(Tσ)(t) = p1

∫ t

0

ep1(t−s)σ(s)ds+

[
−σ̈(0) + (α− 1)σ̇(0)

p1(p1 − α) + β
+ σ(0)

]
ep1t

− 1

p1(p1 − α) + β
σ̈(t) +

(1− α)p1 + 1

p1(p1 − α) + β
σ̇(t)

which anchors on the behavior of the linear operator (where σ is a fixed point
of T .)

(Aσ)(t) = p1

∫ t

0

ep1(t−s)σ(s)ds− 1

p1(p1 − α) + β
σ̈(t) +

(1− α)p1 + 1

p1(p1 − α) + β
σ̇(t).

We observe that (3.2) implies σ(0) = 0 while (4.2) gives σ̇(0) = 0 and so
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(4.3) becomes

(Tσ)(t) = p1

∫ t

0

ep1(t−s)σ(s)ds− 1

p1(p1 − α) + β
σ̈(t)

+
(1− α)p1 + 1

p1(p1 − α) + β
σ̇(t) (4.4)

therefore the operator T is equivalent to A.

Using condition (1.4) we observe that α − 3α
2 −

√
α2

2 − β < λ2. That is

p1 < λ2.
Now, for α > 0 the operator T = A is defined on the Sobolev space

W
(2,2)
0 [0,∞) which is a Hilbert space in L2[0,∞)−space. In this case we

can apply Theorem 3.2 to the operator T choosing the iterates from C∞
0 [0,∞)

where σn(t) are defined by (3.1).
Clearly, since σ0 = σ(0) = 0, we have from (3.1) and (4.4) that

y1 = (1− β1)[p1

∫ t

0

ep1(t−s)σ1(s)ds−
1

p1(p1 − α) + β
σ̈1(t)

+
(1− α)p1 + 1

p1(p1 − α) + β
σ̇1(t)]

σ1 = (1− α1)Ty1

= (1− α1)(1− β1)

[
p1

∫ t

0

ep1(t−s)σ1(s)ds−
1

p1(p1 − α) + β
σ̈1(t)

+
(1− α)p1 + 1

p1(p1 − α) + β
σ̇1(t)

]
(4.5)

σn+1(t) = αn+1σn(t) + (1− αn+1)

{
βn+1

[
p1

∫ t

0

ep1(t−s)σn(s)ds−

− 1

p1(p1 − α) + β
σ̈n(t)

+
(1− α)p1 + 1

p1(p1 − α) + β
σ̇n(t)] + (1− βn+1)

[
p1

∫ t

0

ep1(t−s)σn+1(s)ds

− 1

p1(p1 − α) + β
σ̈n+1(t) +

(1− α)p1 + 1

p1(p1 − α) + β
σ̇n+1(t)

]}
. (4.6)

So when α > 0, the equation (3.2) and (1.4) ensures that σ = Tσ is asymp-
totically stable for p1 < 0. This gives the required iterates to be asymptotically
stable.

We shall complete the proof by showing that each iterate σn is a cycle of
the second kind. This is obvious since from equation (4.5) if σ1 chosen as a
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cycle of the the second kind then σn in (4.4) are cycles of the second kind for
all n N. This concludes the proof of theorem 3.1.

Remark 4.1. For α < 0 we have p1 > 0 then, the solutions are bounded
cycles and the iterates σn are required to be bounded only but not asymptotically
stable. This means that the problem is not solvable in Hilbert space since the
iterates are not square integrable on [0,∞). Here we apply Proposition 3.1 and
results from [10] to obtain some fixed point.
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