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An iterative method for finding common
solutions of system of equilibrium problems
and fixed point problems in Hilbert spaces

Qiao-Li Dong, Yonghong Yao

Abstract

In this paper, we introduce an iterative algorithm for finding a com-
mon element of the set of solutions of a system of equilibrium problems
and of the set of fixed points of a nonexpansive mapping in a Hilbert
space. We prove the strong convergence of the proposed iterative al-
gorithm to the unique solution of a variational inequality, which is the
optimality condition for a minimization problem. Our results extend
and generalize related work.

1 Introduction

Let C be a closed convex subset of a Hilbert space H. Then, a mapping 1" of
C into itself is called nonexpansive if [|Tx — Ty|| < ||z — y||, for all z,y € C.
We denote by F(T) the set of fixed points of T'.

Let C be a nonempty closed convex subset of H, I be an arbitrary index
set, and {Fy}rer be a countable family of bifunctions from C' x C to R.
Combettes and Hirstoaga [5] considered the following system of equilibrium
problems:

Finding z € C such that Fi(x,y) >0, Vkel, VyeC. (1.1)

The formulation (1.1) covers, as special cases, monotone inclusion problems,
saddle point problems, minimization problems, optimization problems, varia-
tional inequality problems, Nash equilibria in noncooperative games and vari-
ous forms of feasibility problems (see [5, 2, 6] and the references therein). If T’
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is a singleton, then problem (1.1) becomes the following equilibrium problem:
Finding z € C such that F(z,y) >0, VyeC. (1.2)

The set of solutions of (1.2) is denoted by EP(F'). It is shown [5] that under
suitable hypotheses on F' (to be stated precisely in Section 2), the mapping
T : H — C defined by

TTF(x):{zeC:F(z,y)—i—%(y—z,z—x}20, VyEC}

is single-valued and firmly nonexpansive and satisfies F(T}") = EP(F).
Let {T;}X, be a finite family of nonexpansive mappings with NN, F(T;) #
(), Atsushiba and Takahashi [1], and Yao [14] defined the mapping W, as
follows:
Un,l - /\n,lTl + (1 - )\n,l)Ia
Un,2 = )\n,ZTQUn,l + (]- - A71,,2)17
: (1.3)

U N1 =, No1TN-1Up n—o + (1 — Ay nvo1),
Wn =Unp,N = )\n,NTNUn,N—l + (1 - )\n,N)I~

Recently, the mapping W,, has been intensively studied and applied to develop
various iterative algorithms for finding common solutions of fixed points of a
finite family of nonexpansive mappings and of other problems (see [1, 4, 10, 14,
15]). Since, for {F}}I_, satisfying suitable hypotheses, mappings {TTFk 'fn}{cv:u
n > 0, are nonexpansive, inspiring by Atsushiba and Takahashi [1], and Yao
[14], we define the new mapping W, as follows:

Un,l = )\n,leEn + (1 - /\7L,1)I7
Un,2 = )\n,2T»,‘};2" Un,l + (1 - )\n,2)I7

Unvo1 = A1 T 3 Unves + (1= Ay 1),
Wo i=Unv = A NTEY, Un vy + (1= M)

Such a mapping W, is called the W,-mapping generated by {TrFk’T‘"}gzl and
{Ank 1. Nonexpansivity of Tf;’jn yields the nonexpansivity of W,,.

For system of equilibrium problems {F}}1_,, Saeidi [10] proposed the fol-
lowing scheme with respect to a semigroup {T'(¢),t € S} of nonexpansive
mappings and a finite family of nonexpansive mappings {T;}M :

Tni1 = enVf (@n)+Brn+((1=B) =€y AT ()W TEY . T2 T 2, (1.5)
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where T'(u,,) € {T'(t),t € S} and W, is generated by 11, ..., T and Ay 1,. .., Ay p-

He proved that under some hypotheses, both sequences {z,} and {TTI‘; - N
converge strongly to a point * € F = F({T(t),t € S}) N (NMX,F(T3)) N
("X EP(F};)) which is the unique solution of the variational inequality

(A—vf)z*,z—2") >0 Vx€PF.

Very recently, Peng and Yao [9] introduced the following scheme for system
of equilibrium problems {Fk},]cvzl, the monotone mapping A and an infinite
family of nonexpansive mappings {5;}5°;:

r1=x€C

un =TI TR T TH 1,

Yn = PC(un - )\nAun)a

Tn+1 = an.f(Snxn) + /Bn'rn + 'YTLSTLPC(UTL - )‘nAyn)v

and showed that sequences {z,}, {u,} and {y,} converge strongly to the same
point w € Q= (N, S8;) NVI(C, A) N (NY_, EP(F})) where w = Pq f(w).

In this paper, motivated by Yao [14], Saeidi [10] and Peng and Yao [9], we
introduce the following iterative algorithm for finding a common element of
the set of solutions of a system of equilibrium problems {F},}Y_, and of the
set of fixed points of a nonexpansive mapping S:

Tnt1 = enVf(xn) + Bxn + (1 — B) — €, A)SWyx,

where W, is defined by (1.4). We prove that under certain appropriate as-
sumptions on parameters, the sequences {z,} and {W,z,} converge strongly
toz € Q = F(S) N (N}L,EP(F)) which is the unique solution of the varia-
tional inequality

(A=~f)x*,z—2*)y >0 Vrel (1.6)
We extend and generalize results of Saeidi [10] and Peng and Yao [9] from
TEN TEN-' TF: TFi o general W, mapping defined by (1.4).

TN,n TN—-1,n T2,n" Ti,n

2 Preliminaries

Let C be a closed convex subset of H. Recall that the (nearest point) pro-
jection Po from H onto C assigns to each x € H the unique point Pcx € C
satisfying the property

— Poz|| = min ||z — y]|.
|z — Pox| I;fggllaj yl|

The following characterizes the projection Pg.
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Lemma 2.1. (/12]) Given x € H and y € C. Then Pcx = y if and only if
there holds the inequality

(x—y,y—2)>0 VzeCl.

Lemma 2.2. (/11]) Let {z,} and {z,} be bounded sequences in a Banach
space X and let {$,} be a sequence in [0,1] with 0 < liminf,, . 8, and
limsup,,_, ., B» < 1. Suppose

Tp41 = ﬂnxn + (1 - Bn)zn

for all integers n > 0 and
limsup (|[2n41 — 2nll = |Zn41 — 20|)) < 0.
n—0o0

Then lim,, o || — 2n|| = 0.

Lemma 2.3. ([13]) Let {a,} be a sequence of nonnegative real numbers
satisfying the property:

ap+1 < (1 - ’Yn)an + ’Ynﬁna n >0

where {y,} is a sequence in (0,1) and {3, } is a sequence in R such that

. oo
(1) Z Yn = +00;
n=1

(i) limsup B, <0or > |vu0n| < +oo.

n— o0 n=1

Then lim,, ;o a, = 0.

Lemma 2.4. (/8]) Assume that A is a strongly positive linear bounded oper-
ator on a Hilbert space H with coefficient 4 > 0 and 0 < p < ||A||~!. Then
11 = pA <1 - p7.

Lemma 2.5. ([5]) Let C' be a nonempty closed convex subset of H and
F: C x C = R satisfy following conditions:

(Al) F(z,z) =0, Vx € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0, Vz,y € C;
(A3) limsup F(tz + (1 — t)z,y) < F(x,y), Va,y,z € C

t—0+

(A4) for each x € C, F(z,-) is convex and lower semicontinuous.
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For z € C and r > 0, set T : H — C to be
I 1
T, (m):{zeC:F(z,y)—l—;(y—zgz—x)20, VyEC}.

Then T'F is well defined and the following hold:
1. TF is single-valued;
2. TF is firmly nonexpansive [7], i.e., for any =,y € E,

ITF 2z — TFy|]> < (TFx—TFy,x — y);

3. F(TF) = EP(F);
4. EP(F) is closed and convex.
By the proof of Lemma 5 in [3], we have following lemma.

Lemma 2.6. Let C' be a nonempty closed convex subset of a Hilbert space H
and F : C x C — R be a bifunction. Let x € C and r1,79 € (0,00). Then

I~ T < |1 - 2
1

Ul + fll)- (2.1)

From the definition 2.6 given by Colao, Marino and Xu [4], we can introduce
following definition.

Definition 2.7. Let C' be a nonempty convexr subset of a Banach space. Let
F;,ie€{1,2,...,N} be bifunctions from C x C to R satisfying (A1)-(A4) and
A1, 0, AN be real numbers such that 0 < \; < 1 fori =1,2,--- ,N. We
define a mapping W of C into itself as follows:

U, = )\1TTI§1 + (1 - )\1)1,
Us; = )\n72T£2Un)1 + (1 — )\mg)l,

Un_1= AN T Uno + (1= An )1,
W .=Upn :/\NTE\,NUN—I —I—(l—)\]\])l7

Such a mapping W is called the W-mapping generated by T,fl,...,T%N and
A, AN

Following the proof presented by Atsushiba and Takahashi [1] and using
F(T}!") = EP(F;), i € {1,...,N}, we have following lemma.
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Lemma 2.8. Let C' be a nonempty closed convex set of a strictly convex
Banach space and F;, i € {1,2,...,N} be bifunctions from C x C to R sat-
isfying (A1)-(A4) and N EP(F;) # 0. Let \1,...,Ax be real numbers such
that 0 < \; < 1 fori=1,....N—1and 0 < Ay < 1. Let W be the W-
mapping of C into itself generated by T,fjl,...,TijN and A,...,An. Then
FW)=nN,EP(F).

Lemma 2.9. Let C' be a nonempty convexr set of a Banach space and Fj,
i € {1,2,...,N} be bifunctions from C x C to R satisfying (A1)-(A4). Let
{Ani 3N be sequences in [0,1] such that A\p; — X\; and {r; .} be sequences in
(0,00) such that vy, — 14, 7, € (0,00) (i = 1,...,N). Moreover for every
n € N, let W be the W-mappings generated by Tf:l,. .. ,TEVN and A, ..., AN
and W, be the W,,-mappings generated by Tf:fn, e ,T%fn and Ap 1,05 Ap,N-
Then for every x € C, it follows that

li_>m |[Whx — Wz|| = 0. (2.3)

Proof. Let x € C. Uy and U, , be generated by Tf;l, e ,TEVN and A,..., AN
and Tgln, . ,TTJTVNTL and Ay 1,..., A, ~ Tespectively, as in Definition 2.7. From
Lemma 2.6, we have

U1z = U] = [[Aa T 2+ (1= App)z — M T e — (1= A\)a|
F F Py
= ||Ana1(TT1,nx - T’r‘1 ‘r) + ()\nyl - Al)(TTl T — x)”
A ITS & = T ]| + [Any = M| T — 2|

T1,n
< ‘1 - Tzl + Nzl + A = MIUTS ] + llz]))
Tin
< (‘1 - ;T + A = /\1|) (T5rz) + (l])-

Similarly, we get, for k € {2,..., N},

1Un g = U]l = | An s THE Un k12 + (1= An i)z — M TR Up 1z — (1= M)z
= Mk (ThF Unporw = TR Upym) + Xy i (TRF Up 10 — T1F Uy )
+ (Ange = M) (T U1z — )|
<Mkl TR Unpoaw = TEE U azl| + A k| TS Upaz — TR Uy 1|
+ [Ane = Ml (1T Uy ]| + ||]])
1— Tkin

| (T3 Uaz]) + [Uk-aal)

< ||Ung—12 — Up—1z|| + ’

+ e = Ml (175 Unrl] + [l
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Hence,

|Whx — Wz| = ||Upnx — Unz||

N '
k.n
< 1— =
<> (-
k=2

Wﬂ?WFWH+l&4ﬂD+Mmkzwmﬂfwww+WD>

T1,n
([ 2] b = ) Qi + g
Since for every k € {1,..., N}, limy, oo |An ks — k| = 0 and lim,, o0 |7 —
ri| = 0, the result follows. O

Lemma 2.10. For all x,y € H, there holds the inequality

lz +yll* < llel® + 2{y, @ + ).

3 Main result

Theorem 3.1. Let C' be nonempty closed convex subset of a Hilbert space H.
Let S be a nonexpansive mapping from H into itself, and F;, i € {1,2,...,N}
be bifunctions from C'xC to R satisfying (A1)-(A4) and F(S)N(NY_, EP(Fy,)) #
(. Let A be a strongly positive bounded linear operator with coefficient 5 and
f be an a-contraction on H for some 0 < o < 1. Moreover, let {e,} be a
sequence in (0,1), {\i}Y, a sequence in [a,b] with0 < a <b <1, {r,} a
sequence in (0,00) and v and B two real numbers such that 0 < 5 < 1 and
0<vy<7/a. Assume

(B1) lim, €, = 0;
(B2) >0, €n = 00;
(C1) liminf, r;, > 0, for every j € {1,...,N};
(C2) lim, rj pi1/rjn =1, for every j € {1,...,N};
(D1) lim,, |\, ; — An—1,4] =0, for every j € {1,...,N}.
If {x,} is the sequence generated by x1 € H and Vn > 1,
tnis = e f (@) + Bn+ (1= B — e A)SWoza,  (31)

then {x,} and {Wyz,} converge strongly to x* € Q = F(S) N (NY_, EP(Fy))
which is the unique solution of the variational inequality (1.6). Equivalently,
we have Po(I — A+ ~vf)x* = x*.
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Proof. Since A is a strongly positive bounded linear operator with coefficient
¥, % is a strongly positive bounded linear operator with coefficient % By
€n, — 0, we may assume, with no loss of generality, that e, < (1 — 3)[ Al =
From Lemma 2.4, we know that

I<0-p0-15=1-8-a7

€A
[(1—=B) — e, Al = (1= B)|I - -3

We shall divide the proof into several steps.

Step 1. The sequence {x,} is bounded.

Proof of Step 1. Put p € Q. Then noting (1.4), nonexpansivity of W, and
p=TF p ic{l,...,N}, we derive that

Ti,n

Wy —pll < [lzn — pl|-
It follows that

[ni1 = pll = llen(vf (2n) — Ap) + Blen —p) + (1 = A — € A)(SWhn — )|

— A
<A —en(y—an)lzn —pll +en(y — aWW’

which implies that

— A
ln — ol < max{|x1 —p||,””f(p)p}, Va1
y—ay

Step 2. Let {w,} be a bounded sequence in H. Then

li_>m IWh 1w, — Whw,|| = 0. (3.2)

Proof of Step 2. Let j € {0,..., N —2} and set

T1,n Tji,n

N
M = sup [wnll + 1T wall + Y (T Un joawnl| + [[Unj—1wall) ¢ < o0.
ne X
j=2
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It follows from (1.4) and Lemma 2.6 that

HUn—&-l,N—jwn - Un N— jwn” — ||An+1 N— jTrNN 7 n+1Un+1,N—j—1wn + (1 - >\n+1,N—j)wn
- )\n,N—jTrF;V _J]nUn,N—j—lwn - (1 - N—j)wnH

N ) Fn— )
< )\n—i-l,N—]”T,N J]7L+1Un+1,N—]—1wn T, I Un,N—]—lwnH

TN—j,n+1
N ) Fn .
+)\n+1,N—]||TTN J7n+1Un N—]—lwn TTN J]nUn N—]—lwn”

+ Pnt1,N—g = A N T Un v joawn — wy|

T
<N Ung1,N—j—1wp — Un N—j_1wp || + ‘1 NNJ il (||T£VN; Un,N—j—1wn]|
im
F U, —j—1wnll) + Aar1,v—5 = An, v (11505 Un v 1wn || + [[wnl])

TN—jn+1
<NUng1,N—j—1Wn — Un N—jorwy|| + M (‘1 B e
TN—jn

+ A1 v — )\n,Nj|> .

Thus, repeatedly using the above recursive inequalities, we deduce

HWn—&-lwn - annH = HUn—&-l NWp — Un an”
Ts
= MZ (‘ S A — Aml)
Tjn
.
. (\1 =T = Al ) (172, ]+ o))
n

<MZ (‘ Tan+1

’I’L

+ Aty — /\n,j|> :

(3.3)
Now by condition (C2), (D1) and using (3.3), we obtain (3.2) and Step 2 is
proven.

Step 3. lim,, 00 ||Znt1 — 20l = 0.
Proof of Step 3. Rewrite the iterative process (3.1) as follows:

Tnt1 = eV f(xn) + By + (1 — B)] — €, A)SW,xy,
_ VS (@) + (1 = B)] — €, 4)SWiy,
_an'i‘(l_ﬂ) 1-3

= 5In + (1 - B)’Una

where

o, = 2 (@) + (1 1_—5)61 — enA)SWozn (3.4)
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Since {z,} is bounded, we have, for some big enough constant M > 0,

€nt17f (Tni1) — ven f(2n)

Jons1 = vall = | - + (SWop1@ns1 — SWoan)
. €n+1ASWn+1$n+1 - EnASWnl'n
1-5
gl
< 1-3 (ent1llf(@nt)[l + enll f(@n)]) + Whi12p41 — Waan|
1
+ m (€n+1||ASWn+1=Tn+1|| + En”ASann”)

S ||Wn+1-rn+1 - anjn—i-lH + ||ann+1 - ann” + M(En—l-l + en)
S ||Wn+1xn+1 - ann—i-lH + ||xn+1 - xn” + M(€n+1 + 671)-
(3.5)
By conditions on {e,}, and Steps 2, we immediately conclude from (3.5)

lim sup(||vp41—vn||—|Tns1—2nl]) < limsup(||Whi1Zni1—Woznia ||+ M (€nr1+€n)) = 0.

By Lemma 2.2, we obtain

lim ||z, — v,/ =0,
n—o0
which implies
lm ||@pi1 — 2n| = lim (1 — B)||zn — va|| = 0.
n— 00 n— oo

Step 4. lim, ||zn — SWyz,| = 0.
Proof of Step 4. We have

[2n — SWoznll < (|70 — gl + [T01 — SWaz, ||
= |zn — o1l + len(vf(2n) — ASWyxp) + B(2n — SWaz, )|
< Hxn - xn+1|| + En”’Yf(In) - ASannH + ﬂ”xn - SWnInH-

It follows from Step 3 that

1
|z — SWha,| < m(”xn = Zot1ll + e[V f(zn) — ASWoz,]) — 0.

Step 5. hmn%oo ||T7€kn Un,krflxn - n,kfllrn” = 07 hmn%oo HTilfnUn,kflmn -
2ol =0, ke {1,...,N}.
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Proof of Step 5. Set Uy o = I, then U, ; = )\n,leEn Uno+ (1 —Ay1)I. Take
v € , then we have, for k € {0,1,...,N — 1},

[0 = Unkr12all® = M pin T Un kv + (1= Ap )0 = A e d TEE Uy gy

—(1-=X\ k+1)xn”2

<t tTES U = TESL U2+ (1= A1) m — 0]

Since Trk’flln is firmly nonexpansive, we obtain

HTyilj:rlln n,kV — Tyi]ijlann kan2 <T7ii+11n Un,kxn -, Un,kwn - U>

= (HTyi’Tﬁn nkn = V| + |Unpan = ol = IT4 Untn = Ungenl|?)

IN

HUn,kxnva? L5 Uppn, — Un g |-

It follows that

||Un,k+1xn_v||2 < )\n,kJrl HUn,k‘rn_’UHQ"_(l_)\n,kJrl) ||xn_v||2_>\n,k+1 HTTIZIf:Eln Un,kxn_Un,kmn H27

which implies

1Un,nTn — U”2 < AN [|Unn-12n — U”2 + (1= Anw)llzn — v||2
< I oAl Un iz — ol + (1= T o An i) |20 — ol
< Hgik-i-l)‘n,i”U kzn*v|‘2+( HNk+1>‘n Z)HIn*UHQ
- Hf\;k+1)‘nﬂ||T M Un kT — Un,kan

Tk41,n
< lzn = ol* = aV TR Unpzn — Ungnl®.
(3.6)
Set z, = vf(x,) — ASW,x, and let A > 0 be a constant such that
A > sup{|[znl|, [l — o[}
n,
Using Lemma 2.10 and noting that | - [|? is convex, we derive, using (3.6)

|Zn+1 — '0”2 = [|(1 = B)(SWhan —v) + Blzn —v) + enzn”Q
<A = B)(SWhayn —v) + B2y, — U)||2 + 2€n(2n, Tnt1 — V)
<A =B)|Un,nan — U”2 + Bz — v||2 +2)%e,
< (1 - ﬁ)(Hx - ””2 - aN_k”TrFlelﬂ Un kTn — Un,kanQ)
+ Bllzn —v]|? + 2X%e,
= [lan — 0> = (L = B)a" *|TE U po12n — Upp—1@n|)® + 20 %6

Tk,n
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It follows, by Step 3 and condition (B1), that
1
1T, Unision = Uneainll” < G grommg (lom = ol = llams = vl +2X%n)
1 2
< T garF @Alen = zwnll +2X%) = 0.

(3.7)

So we have, from U, ¢ = I,

||T7FklfnUn,k—lxn - mn” < ||T‘F)C Un k—1Tn — Un,k—lxn” + ||Un k—1Tn — xn”

Tk,n
< || 7,€,L —1Tn — n,k—lan"'”)\nk 1T7F,;k lannk 2Tn
+(1—)\nk 1)Tn — T
<||TFk T = Uneo1n| + | T55 Uniosn — |
> Thon —14Ln n,k—14n re_1n 2 Nk=24n n
<
S”Trljln nOxn an+Z” n n1 1Tn — n,iflxn”

_Z” an TL’L 1xn_Un,i71$n”.

Combining with (3.7), we obtain
lim (|T7* Uy 120 — x| = 0. (3.8)

n—00
Thus we get the results.
Step 6. The weak w-limit set of {x,}, w(zy), is a subset of €.
Proof of Step 6. Let z € w(zy,) and {x,,, } be a subsequence of {z,} weakly
converging to z. From Step 5, it follows

TRk Unph1®n, =2, Vk€{l,...,N}.

We need to show that z € Q. At first, note that by (A2) and given y € C, for
ke{l,2,...,N}, we have

1
Fi F F
< Trk . Unm,kflxnm7Trkkn Unm,kflxnm_Unm,kflenm> > Fk(ya Tr,ckn Unm,kflxnm)
Tk, S, mm
Thus
F T’rik Un'm kflw'nw - Unm, kfll‘nn F
b om 5 n s 2 %
T’I‘k m Un'nnkflxnmﬁ L Z Fk (y7 TTk’nm Un?n;kflxn'm)'
sMm

(3.9)
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Step 5 and condition (C1) imply

Fl, _
Trk,nm Unp k=1Zn, = Unpy k=1%n,,
—0,

TEnm

in norm. By condition (A4), F(y,-) is lower semicontinuous and convex, and
thus weakly semicontinuous. Therefore, letting m — oo in (3.8) yields

Fily,2) < lim Fi(y,T;%, Un, k—12n,,) <0,

for all y € C and k € {1,...,N}. Replacing y with y; := ty + (1 — t)z with
t € (0,1) and using (Al) and (A4), we obtain

0= Fr(ye,ye) < tEFu(ye,y) + (1 = ) Fr(ye, 2) < tFe(ye, y)-

Hence Fy(ty + (1 —t)z,y) > 0, for all t € (0,1) and y € C. Letting t — 0T
and using (A3), we conclude Fy(z,y) > 0, forall y € C and k € {1,...,N}.
Therefore

z € NY_EP(F}).
Next show z € F(5). By z € ﬂ,lcvzl EP(Fy), we have z € F(W,), l.e., z = Wyz,
Vn > 1. Assume that z ¢ F(S), then z # SW,z. Since Step 4, and using
Opials property of a Hilbert space, we have

liminf ||z, — z|| < liminf ||z, — SW,,, 2|
m m

<liminf(||zn,, — SWa,, ol + [[SWh,, 2n,, — SWh,, 2
m

)

<liminf ||z,, — z|.
m

This is a contradiction. Therefore, z must belong to F'(S).
Step 7. Let 2* be the unique solution of the variational inequality (1.6). That
is,

(A=~f)x*,x—2*)y >0, x€q. (3.10)

Then
limsup{(vf — A)x*, x,, —x*) <0, =z €. (3.11)

Proof of Step 7. Let {x,, } be a subsequence of {z,} such that

li]£n<(’yf — A)z* xp, — ") =limsup((yf — A)x*, z, — x"). (3.12)

Without loss of generality, we can assume that {z,,} weakly converges to
some z in C'. By Step 6, z € Q. Thus combining (3.12) and (3.10), we get

limsup((vf — A)a™, 2, — 2%) = ((vf — A)a™, z — 27) <0,
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as required.

Step 8. The sequences {x,} and {W,z,} converge strongly to z*.

Proof of Step 8. By the definition (3.1) of {z,} and using Lemmas 2.4 and
2.10, we have

[#ng1 — 21> = [[(1 = B — en A)(SWhan — 2*) + B(zn — )] + en(vf (25) — Az™)|]?
< (1 =B — enA)(SWpzn — 2%) + Bz — x*)”Q
+ 2en (Vf(2n) — Az™, Ty y1 — 27)
- - e’ﬂA * *
e R
+ 2€n'7<f(xn) - f(m*)aanrl - $*> + 26n<'yf(x*) - Ax*vanrl - LU*>
1= — e, a]?
< 1-3
+ enya(on — a*|* + |zna — 2*(1%) + 260 (v f(2¥) — Az, 2 g1 — %)

1- 5 — Yen 2 * *
< (L2222l 4 5 cina) o =l + cvraons o

1SWozn — 2 |* + Bllan — 2*||?

+ 2€n<’7f<x*) - A$*7.'I,‘n+1 - .’L‘*>.

It follows that
* 2(’7 - a’}/)en *
fon -7l < (1- % = 22
— QY€p

€n

'726n 2
(2000) = A 0 =) + L2~ )
Now, from conditions (B1) and (B2), Step 7 and Lemma 2.3, we get ||z, —
xz*|| = 0. Namely, z,, — z* in norm. Finally, noticing [|[W,z,, — z*| <
lxn — *||, we also conclude that Wy, z,, — x* in norm.

1 —avye,

O
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