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Almost Paracontact Structure on Finslerian
Indicatrix

E. Peyghan, A. Tayebi

Abstract

Recently Girtu by using the Sasaki metric, proved that the indicatrix
bundle of a Finsler manifold carries an almost paracontact structure. As
a generalization of this fact, we introduce a framed f(3, —1)-structure
of corank 2 on the slit tangent bundle of a Finsler manifold. Then we
prove that there exists an almost paracontact structure on the indicatrix
bundle, when this structure is restricted to the indicatrix bundle of
tangent bundle of Finsler manifold.

1 Introduction

A Riemannian metric g on a smooth manifold M gives rise to several Rieman-
nian metrics on the tangent bundle TM. Maybe the best known example is
the Sasaki metric gg introduced in [13]. Although the Sasaki metric is natu-
rally defined, it is very rigid; for example T'M with the Sasaki metric is never
locally symmetric unless the metric g on the base manifold is flat [10]. On the
other hand, the Sasaki metric is not a good metric in the sense of [4] since its
Ricci curvature is not constant, that is, the Sasaki metric is not Einstein [11].

The Sasaki-Matsumoto lift Ggps to the manifold TMy := TM \ {0} of a
Finsler metric tensor g is extremely important in the study of the geometry of
a Finsler space F™ = (M, F(x,y)) [7]. This metric determines a Riemannian
structure on T'Mj, which depends only on the fundamental function F'. Al-
though the Sasaki-Matsumoto metric is naturally defined, but it is very rigid.
For example, it is not difficult to see that Ggps does not have a Finslerian
meaning. More precisely, the Sasaki-Matsumoto metric is not homogeneous

Key Words: Indicatrix bundle, almost product structure, almost paracontact structuren
Mathematics Subject Classification: 53B40, 53C60

151



152 E. PEYGHAN, A. TAYEBI

with respect to the vertical variables 4*. Consequently, we cannot study global
properties- as the Gauss-Bonnet theorem-for the Finsler space F™ by means
of this lift [3][5]. Also, since the two terms of the metric Ggps do not have
the same physical dimensions, it does not satisfy the principles of the Post-
Newtonian calculus and so it is not convenient for a gauge theory. For this
reasons, Miron define a new lift G; to T'My, which is 0-homogeneous on the
fibers of the tangent bundle TM [9]. In continue, Anastasiei introduced lift
metric G to TMy of a Finsler metric tensor g [1]. Then he showed that this
metric is generalization of Sasaki-Matsumoto metric, Miron Metric, Cheeger-
Gromoll metric [12] and Antonelli-Hrimiuc metrical structure [2]. We call this
metric with g-natural metric.

In [6], Girtu by using the Sasaki metric showed that the indicatrix bundle
of a Finsler manifold carries an almost paracontact structure. In this paper,
we introduce a framed f(3, —1)-structure on the slit tangent bundle T'M, of
a Finsler space. Then by considering g-natural metric G, we prove that the
framed f(3, —1)-structure on 7'M induces on indicatrix bumdle I M an almost
paracontact structure.

2 Preliminaries

Let M be a n-dimensional C*° manifold. Denote by T, M the tangent space
at x € M, by TM = UzenT, M the tangent bundle of M, and by TMy =
TM \ {0} the slit tangent bundle on M. A Finsler metric on M is a function
F : TM — [0,00) which has the following properties: (i) F is C* on T'My;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM, and
(iii) for each y € T,,M, the following quadratic form g, on T,M is positive
definite,

82
gy(u7 U) = Easat

[FQ(y + su + tv)} |ls,t=0, u,v € T M.

The homogeneity of F' implies

%

F2(z,y) = gi; (2, 9)y'y = y'yi,

where y; = g;;37. The functions N;(x,y) = %%(’yir(ac,y)ykyr) and v, (z,y)
the generalized Christoffel symbols, are the local coefficients of the nonlinear
Cartan connection.

Let (z,y) = (2%, y) be the local coordinates on T Mj. It is well known that
the tangent space to T'My at (x,y) splits into the direct sum of the vertical
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subspace VT My, ) = span{d;} and the horizontal subspace HT Moy
span{d;} as follows

zy) =

Tw )T Mo = VT Moy, © HT Moy ),
where
0; = 0; — Nf@,;, (1)

and 0; = 3%“ 0; = 62“ 0; = %. Its dual basis is (dx?, §y*), where

Syt = dy' + N;(x, y)da? .

In [7], Matsumoto extended to Finsler spaces F™ the notion of Sasaki lift
metric, considering the tensor field

Gsm(z,y) = gij(z,y)da’ @ da? + gij(x,y)0y’ @ 6y V(z,y) € TMy.  (2)

It easily follows that Ggps is a Riemannian metric globally defined on 7'My
and depending only on the fundamental function F' of the Finsler space F™.
Also, We see that the Sasaki-Matsumoto lift Ggj; is not homogeneous on the
fibers of the tangent bundle T'M.

The Miron metric is defined uniquely by the following relations

2
. . I . .
Gu(2,y) = gij(w,y)dz' @ da? + 29 (@, y)oy' @ &y’ (3)

for each (z,y) € T My, where ¢ is a constant. It is obvious that Gy is 0-
homogeneous on the fibers of TM and it depends only on the fundamental
function of the Finsler space [14].

A general metric is in fact a family of Riemannian metrics (depending on
two parameters) and we call it G [15]. The Sasaki-Matsumoto metric and the
Miron metric are particular cases of this metric. It is defined by the following
formulas

G(z,y) = gij(z,y)da’ @ da’ + (a(F?)gij(z,y) + b(F?)yy;)0y' @ 6y7,  (4)

for all (z,y) € T My, where a,b : [0,00] — [0,00] and @ > 0. The Sasaki-
Matsumoto metric is obtained for a = 1 and b = 0, while the Miron metric for
a= ;—22 and b= 0.

An almost paracontact structure on a manifold N is a set (¢,£,7n) where
¢ is a tensor field of type (1,1), £ a vector field and 1 an 1-form such that

nE) =1, ¢&) =0, nop=0, ¢*=I-n®¢ (5)
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where I denotes the Kronecker tensor field. This structure generalizes as
follows. One considers on a manifold N of dimension (2n + s) a tensor field f
of type (1,1). If there exists on N the vector fields (£,) and the 1- forms n“
(e =1,2,...,s) such that

n*(€s) =05, f(la) =0, n*of=0, fP=I1-> n"®&,  (6)

then (f, (§a), (n®)) is called a framed f(3,—1)- structure. The term was sug-
gested by the equation f3 — f = 0. This is in some sense dual to the framed
f-structure which generalizes the almost contact structure and which may be
called a framed f(3,1)- structure. For an account of such kind of structures
we refer to the book [8].

3 A framed f(3,—1)- structure on 7'M,

As is well known, there are two remarkable vector fields defined on T'My. One
is the vertical Liouville vector field € = 3‘0;, which is globally defined on
TMy. The other is the horizontal Liouville vector field 8§ = y'J; (also called
the geodesic spray field of F).

Let us put

€& :=a8=ay's; and & :=pBC=By'o;,

where o and S are functions on T'My to be determined. Also we define the
linear operator P in the local basis by

P(6i) = b, P(8;) = —0;. (7)
By a direct calculation, we get

P(&) =&, P&)=-¢&. (8)
We consider the following 1-forms

nt = qyda’, n? = Ayidy, (9)
then we have
Lemma 3.1. n' o P =1, n?0P = —n>

Proof. Tt is sufficient to check these equalities on the adapted basis (d;,5;).
We have

(n' o P)(8;) = n'(P(6:)) = n'(6:), (n" o P)(&5) = —n"(8) = 0.
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Similarly we get
(0% 0 P)(&:) = 1°(8;) =0, (1”0 P)(85) = —n" ().
This completes the proof. O

Lemma 3.2. For X € x(TMy), we have n'(X) = G(X, &) and n*(X) =
G(X, &) if and only if

a=7v, XA=p(a+bF?). (10)
Proof. Tn the adapted basis (6, d;), we have
1'(05) = Yyrdz®(8;) = 0, G(8;,6) = G(8;, 0y 6r) = 0.
Further
' (6:) = yyrda™(8:) = vy, G(6i, ay*or) = ay*gun = ays.

Then n'(X) = G(X, &) if and only if n'(§;) = G(8;,&1) or a = . Similarly,

we have
1% (8:) = Ayrdy*(6:) =0, G(6:, ) = G(95, By*5y) = 0,
and
n*(8;) = /\ykfsyk(a?) = i, G(@vﬁykafc) = ay’gi, = ﬁyk(agik+bywk> = B(a+bF?)y;.

Then 7?(X) = G(X, &) if and only if n'(8;) = G(8;,&) or A = B(a+bF?). O

Now we define a tensor field p of type (1,1) on T My by
p(X) = P(X) =" (X)& + 17 (X)&2, X € x(TMy). (11)
This can be written in a more compact form asp=P —n' ® & + n? ® &.

Theorem 3.3. For the triple (p, (&), (n%)), k=1,2, we have
(i) n"(&)=6F, p&)=0, nfop=0,
(i) PP =T—-n'®& —n* @&,
(#ii) p is of rank 2n — 2

if and only if
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Proof. By using (9) we have
n' (&) = yyida' (ay*oy) = avyy’ = a2

Further, since dz*(d;) = 0, then we result that n'(£2) = 0. Therefore n'(&;) =
6} if and only if n(&1) = 1 or ay = 2». By similar way we get 7%(¢;) = 0 and
n?(&) = BAF?2. Therefore n?(§) = 67 if and only if SA = Z5. From (8), (9)
and (11), we obtain

p(&) = (1= avF?)&, p(&) = (BAF? = 1) (13)

Hence p(&) = 0 if and only if (12) is hold. By using (9), (11) and Lemma 3.1,
we obtain

Similarly we get
(1 op)(3:) =0, (11”0 p)(9;) = Myi(BAF? - 1). (16)

From (14), (15) and (16) we result that n' o p =2 o p = 0 if and only if (12)
is hold. For (ii) we have

P*(X) =p(p(X)) = P[P(X) = n"(X)& + n*(X)&] — n' [P(X) — n'(X)é + n*(X)&)&
2[P(X) = ' (X)& + 1 (X)&)6 = X — ' (X)& — P (X)& — n' (P(X))&
n (&1

X0 (E)& — A (X)n'(&L)& + P (P(X))& — 0" (X)n*(&)& + n* (X)n*(&2)és. (17)

Since n'(&2) = 7*(&1) = 0, ' (&1) = ayF? and 7*(&2) = SAF?, then by using
Lemma 3.1 we can rewrite (17) as follows

_|_

n
n

+

PP(X) = X + (ayF? = 2" (X)&1 + (BAF? — 2)17°(X)&a. (18)

Therefore (ii) is hold if and only if ayF? —2 = —1 (or ay = #5) and (BAF? —
2) = —1 (or B\ = £5). For proof of (iii), it is sufficient to show that kerp =
span (&1, &) if and only if (12) is hold. Let X = X*0; + X'; € ker p. By using
(11), we have

PX) = X'6,=X 0=y X G+ My X o = (X' =y X y')0i— (X = BAys X Fy') 05 = 0,
which is equal to

X' = ayp XPy', X' = B Xy
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Hence
X = anyp X yi6; + BAys XPy'o; = yyup XF&1 + Ayp XP6s,

that is X belongs to span(£1,&2). In other words, kerp C span(&1,£2). Let
X = 1€ + 263 € span(£1,£2). Then by using (13), we obtain

p(X) = a1p(&r) + cop(é2) = e1(1 — ayF?)& + co(BAF? — 1)&,.

Therefore p(X) = 0 if and only if (12) is hold. In other words, span(&;,&) =
ker p if and only if (12) is hold. O

Theorem 3.4. p®> —p = 0 if and only if ay = % and A = %, where
k,l=1,2.
Proof. By using (13) and (18), we have
P (X) = p(X) + (ayF? = 2)n" (X)p(&) + (BAF? — 2)11°(X)p(&2)
= p(X) + (ayF? = 2)(1 — ayF?)n' (X)é1 + (BAF? — 2)(BAF? — 1)1 (X(159)

By attention the above equation, it results that p* = p if and only if (ayF? —
2)(1 — ayF?) =0 and (BAF? — 2)(BAF? — 1) = 0. O

Theorem 3.5. If (10) and (12) is hold then the Riemannian metric G satisfies
G(pX,pX) = G(X,Y)—n (X)n' (V) =n*(X)n*(Y), VX,Y € x(TMo). (20)
Proof. Let (10) and (12) is hold, then we have
G(glagl) = G(ayz517ayj53) = azyingij = OZ2F2 - 17 (21)
G(&2,&) = G(By' 05, By’ 05) = By'y’ (agi; + bywy;) = B>F*(a + bF?) =(22)
and _ _
G(gla 52) = G(ayl(sia 6@]365) =0. (23)
From (21), (22), (23), Lemma 3.1 and Lemma 3.2 we get

G(pX,pY) = G(PX,PY) — G(PX,&)n' (Y) + <P<X> 2)772(Y)*G(§1,PY)771(X)

+n' (X)n' (V) + n*(X)G(&, PY) + 1
= G(X,Y) =" (PX)n"(Y) +n*(P )772(Y) n'
+n' (X)n' (V) +n*(X)n* (PY) + 7 (X)n*(Y)

= G(X,Y) =" (X)n'(Y) = (X)n*(Y) (24)

This completes the proof. O
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Remark 3.6. It is easy to check that conditions (10) and (12) are equivalent
to

1 1 Va + bF?
a=y=to, Bmd—— A= YT (25)
F Fva+ bFE? F

Therefore by attention to the Theorem 3.5, we can conclude that if (25) is
hold then the metric G satisfies in (20).

From (11), the following local expression of p hold

p(0;) = P(6;) — 0" (5:)&1 = (67 — vy ) ok (26)
p(8;) = P(8;) + n*(0;)&2 = (BAyay® — 67)0 (27)

Using (26) and (27), one can obtains

G(p(8;),p(97)) = (BAyiy* — 67 ) (BAyzy" — 05 ) (ager + byxys)

= agij + [BA(a + bF?)(BAF? = 2) + bly;y;, (28)
G(p(5:),p(5))) = (6F — avyiy*) (67 — avy;y" ) g

= gij + ay(ayF? — 2)y:y;, (29)
G(p(d:),p(95)) = 0. (30)

Theorem 3.7. (G, p) is almost product structure if and only if ay = % and

BA= 2.

Proof. If ay = £z and SA = 7z, then by using (18) we have p? = I. In this
case, also by using (28), (29) and (30) we obtain

0;),p(05)) = agi; + byiy; = G(04,65),
G(p( i),0(95)) = gi; = G(d:,95),
G(p(6:), p(0;)) = 0= G(d;,05).

J v

In other word we have G(p(X),p(Y)) = G(X,Y), for all X € T My, i.e., (G,p)
is almost product structure.

Conversely, if (G, p) is almost product Structure, then from condition p? =
I and (18) we result that ay = % and S\ = 2. O

Let us put
MX,)Y)=G(pX,Y), X,Y € x(TMy). (31)

Then we get the following.

Theorem 3.8. The map h is a symmetric bilinear form on T My. Further, h
is of rank2n — 2 with the null space span(&1, &) if and only if (12) is hold.
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Proof. By using (26), (27) and (31) we obtain

h0;,05) = (B yiy® — 6F)(agr; + byry;) = —agi; + [BA(a + bF?) — bly;32)
h(6:,0;) = (6F — avyiv®) g = gij — avviy;, (33)
=0.

h(ds,0;) (34)

Since G is bilinear, then from the above equations we conclude that h is
symmetric bilinear form on T'Mj. For proof the second part of theorem, first
we let (12) is hold. Then by using (i) of the Theorem 3.3, we have h(£1,&1) =
h(£2,&2) = 0. Thus span(&1,&2) is contained in the null space of h. Now,

if X = X%; is such that h(X,X) = 0 it results X = y"iﬁ# and similarly,
if X = X0 is such that h(X,X) = 0, it results X = y’“;fj&. Thus the
null space of h is just span(&1,£2). Conversely, we let the null space of h is
span(&1,&2). Then we have h(&1,&1) = h(&2,&) = 0. By using (13), we obtain

h(€1,61) = G(p(&),&) = (1 — ayF?)G(£1,&4) = > F?(1 — ayF?)
h(&2.&2) = G(p(&2),&2) = (BAF? — 1)G(&2,&2) = (BAF? — 1)[B°F?(a + bF?)]

From the above equations and condition h(&1,&1) = h(€2,&2) = 0, we result
avF?2 =1 and BAF2 =1. O

If ay = BA = 25, then from (32), (33) and (34) the bilinear form h as
follows

2a + bF?

D) , , . ,
h=(gij — gz)dz’ ® do’ — (agi; — (5 )yiy;)oy" @ dy’.  (35)

If ay = BA = 25, then by (35) and Theorem 3.7 we have the following.

Theorem 3.9. If ay = A = %, then the map h is a singular pseudo-
Riemannian metric on T My and it is the twin tensor of almost product metric

G.

4 Almost Paracontact Structure on Indicatrix Bundle

The set IM = {(z,y) € TMy|F(x,y) = 1} is called the indicatrix bundle of
F™. This set is a submanifold of dimension 2n — 1 of T M. We show that the
framed f(3,—1)- structure on T'My, given by Theorem 3.3, induces an almost
paracontact structure on T'M.

It is easy to show that & = By’0; is the unit normal vector field with
respect to the metric G. Indeed, if the local equations of IM in T' M, are

ot =a'(u), ¥ =y, ac{l,.,2m-1}, (36)
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then, we have
OF 0x' n OF 0y
Ozt Qu® = Oyt Ju™

As the h-covariant derivative of F vanishes, by using (1), we obtain

= 0. (37)

ort  OyF
NE “9
(N ou®  Ou®

e =0, (38)

where £}, = %&. The natural frame field on IM is represented by

0 ozt 0 oy' 0 ozt 6 N ozt oy*. 0

ou®  Out 9zt | Ou~ Oy Ouc ox + (N u @)?yk (39)
Then by (38), we deduce that
0 B oy, o 0T OyF B

Thus &, is orthogonal to any vector tangent to IM. The vector field &, = ay’é;
is tangent to IM since G(&1,&2) = 0.

We restrict to IM all the objects introduced above and indicate this fact
by putting a bar over the letters denoting those objects. We have

Lemma 4.1. On indicatriz bundle IM, the following hold
glzflv 772207 ﬁ(X):P(X)_ﬁl(X)glv VXGX(IM)

Proof. Since ¢; is tangent to IM, then we result & = & . From 7?(X) =
G(X, &) = 0, the other relation of lemma will conclude. O

Since G(p(X),&2) = 0, then we have the following.

Lemma 4.2. The map p is an endomorphism of the tangent bundle to IM .

We put &; = &, 7' = 7. Then Theorem 3.3, Theorem 3.4 and Lemmas 4.1
and 4.2, imply the following.

Theorem 4.3. If (12) is hold, then triple (p,&,7) defines an almost paracon-
tact structure on IM, that is,

(i) 7(§) =1, p(§) =0, fop=0,
(ii) p*(X) =X —n(X)§, X €x(IM),
(iii) P> —p=0, rankp=2n—2=(2n—1)— 1.
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Let G = G|;,,. Using the restriction to IM and Theorem 3.5, one infers
that if (10) and (12) are hold then the Riemannian metric G satisfies

G(pX,pY) = G(X,Y) —n(X)n(Y), XY €x(IM). (41)
By the equation (41) and Theorem 4.3, we conclude the following.

Theorem 4.4. If (10) and (12) are hold then the ensemble (p, &, 7, G) defines
an almost metrical paracontact structure on IM.
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