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Iterative methods for k-strict
pseudo-contractive mappings in Hilbert spaces

Yonghong Yao, Yeong-Cheng Liou, Shin Min Kang

Abstract

In this paper, we investigate two iterative methods for k-strict pseudo-
contractive mappings in a real Hilbert space. We prove that the pro-
posed iterative algorithms converge strongly to some fixed point of a
strict pseudo-contractive mapping.

1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — C be a mapping. We use Fiz(T) to denote the set of fixed points
of T'. Recall that T is said to be a strict pseudo-contractive mapping if there
exists a constant 0 < k < 1 such that

(L1) T2~ Tyl < [l — y|> + k|[(I — T)x — (I — T)y|> for all 2,y € C.

For such case, we also say that T is a k-strict pseudo-contractive mapping.
When k£ = 0, T is said to be monexpansive, and it is said to be pseudo-
contractive if Kk = 1. T is said to be strongly pseudo-contractive if there exists
a constant o € (0,1) such that (Tx — Ty, z — y) < aljz —y||? for all 2,y € C.
Clearly, the class of k-strict pseudo-contractive mappings falls into the one
between classes of nonexpansive mappings and pseudo-contractive mappings.
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We remark also that the class of strongly pseudo-contractive mappings is inde-
pendent of the class of k-strict pseudo-contractive mappings (see, e.g., [3-5]).
It is clear that, in a real Hilbert space H, (1.1) is equivalent to

(1.2)
1—k
(Tx —Ty,z —y) < ||z —y|* — TH(I—T)x —(I=T)y|* foralz,yeC.

Recall also that a mapping f : C — C' is called contractive if there exists a
constant « € [0,1) such that

If (@) = f@W) < allz —yll forall z,y € C.

Iterative methods for nonexpansive mappings have been extensively investi-
gated; see [1, 2, 6-15, 17-18, 20-22, 24-36] and the references therein. However
iterative methods for strict pseudo-contractive mappings are far less devel-
oped than those for nonexpansive mappings though Browder and Petryshyn
[5] initiated their work in 1967; the reason is probably that the second term
appearing in the right-hand side of (1.1) impedes the convergence analysis for
iterative methods used to find a fixed point of the strict pseudo-contractive
mapping 7. However, on the other hand, strict pseudo-contractive mappings
have more powerful applications than nonexpansive mappings do in solving
inverse problems; see Scherzer [23]. Therefore it is interesting to develop the
iterative methods for strict pseudo-contractive mappings. As a matter of fact,
Browder and Petryshyn [5] show that if a k-strict pseudo-contractive mappings
T has a fixed point in C, then starting with an initial ¢y € C, the sequence
{z,} generated by the recursive formula:

Tpg1 = ATp+ (1= N)Tzp, n>0,

where A is a constant such that k < A < 1, converges weakly to a fixed point
of T.

Recently, Marino and Xu [16] have extended Browder and Petryshyn’s
result by proving that the sequence {x,} generated by the following Mann’s
method:

Tnt1 = A\ + (1 — X)) Ty, n>0

converges weakly to a fixed point of T, provided the control sequence {\,}
satisfies the conditions that £ < \,, < 1 for all n and Y7 (A, —k)(1—=\,) =
0o. However, this convergence is in general not strong. So in order to get
strong convergence for strict pseudo-contractive mappings, Marino and Xu
[16] further suggested the following modified Mann’s method based on the CQ
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method:
zg € C chosen arbitrarily,
Yn = QpTp + (1 - an)Txn;
C,=1{2€C: |y, — z||> < ||zn, — 2|?
" {2 C llyn =21 < 12w — 2]

+ (1= an)(k — an)||zn — Taa?},
Qn=1{2€C:{(x,— 2,20 — x,) > 0},

Tnl = Pcannf(%

They proved that the sequence {z,,} generated by (1.3) is strongly conver-
gent to a fixed point of T for any choice of the control sequence {a,,} such
that «,, < 1 for all n.

We observe that the CQ method (1.3) generates a sequence {x, } by pro-
jecting the initial guess xy onto the intersection of two appropriately con-
structed closed convex subsets C,, and (),,. Hence, how to construct closed
convex subsets C,, and @,, is very crucial for the CQ method.

It is the purpose of this paper to suggest and analyze some iterative meth-
ods for strict pseudo-contractive mappings in the sense of Browder-Petryshyn
in a real Hilbert space. First, we consider a modified Mann’s method which
is different from (1.3). Secondly, we study another modified method for strict
pseudo-contractive mappings. We prove that the proposed iterative methods
converge strongly to some fixed point of a strict pseudo-contractive mapping.

2. Preliminaries

In this section, we collect some facts in a real Hilbert space H which are
listed as below.

Let H be a real Hilbert space with inner product (-, -) and norm || - || and
let C' be a closed convex subset of H. For every point x € H there exists a
unique nearest point in C, denoted by Pcx, such that

|z — Pox| < ||z —yl| forallyeC,

where Po is called the metric projection of H onto C. We know that Pg is
a nonexpansive mapping. For given sequence {z,} C C, let wy(z,) = {z :
Jx,; — = weakly} denote the weak w-limit set of {z,,}.

We note the following Lemmas 2.1 and 2.2 are well-known.

Lemma 2.1. Let H be a real Hilbert space. Then there hold the following
well-known identities:
() llz = ylI* = |2l — 2(2,y) + [ylI? for all z,y € H;
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(b) [[tz+ (L =t)yl* = tlz]|*+ (A= t)lly|I* —t(L =)l —y||* for all t € [0,1],
z,y € H.

Lemma 2.2. Let C be a closed convexr subset of a real Hilbert space H.
Given x € H and z € C. Then z = Pcx if and only if there holds the relation

(xt—2z,y—2) <0 forallyeC.

Lemma 2.3. ([16]) Assume C' is a closed convex subset of a real Hilbert
space H, let T : C — C be a k-strict pseudo-contractive mapping. Then, the
mapping I —T is demiclosed at zero. That is, if {x,} is a sequence in C' such
that x,, — x* weakly and (I — T)x,, — 0 strongly, then (I —T)z* = 0.

Lemma 2.4. ([17]) Let C be a closed convex subset of a real Hilbert space
H. Let {x,} be a sequence in H and u € H. Let ¢ = Pcu. If {x,} is such
that wy (z,) C C and satisfies the condition

lzn —ull < llu—ql for alln.

Then z, — q.

Lemma 2.5. ([25]) Let {z,} and {y,} be bounded sequences in a Ba-
nach space E such that 41 = opxy + (1 — 04)yn,n > 0 where {o,} is a
sequence in [0,1] such that 0 < liminf,,_ . @, < limsup,,_, . @, < 1. Assume
limsup,, o ([yn+1 — Ynll = |Tnt1 — znl]) < 0. Then lim, o ||yn — 20|l = 0.

Lemma 2.6. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a k-strict pseudo-contractive mapping with
Fiz(T) # 0. Then, Fixz(T) is convex and closed.

Proof. First, we prove that Fiz(T) is convex. For all p,q € Fix(T) and
£€0,1], weset R=Ep+ (1 —&)g. From Lemma 2.1(b) and (1.1), we have
IR~ TR|?
= ¢ —TR)+ (1= &)(q - TR)|*
=¢&llp — TRI* + (1 = §llg - TR|* — (1~ &)llp — a?
=&|Tp—TR|* + (1 - O|ITq — TR|* - £(1 = &)llp — qll®
<¢&lllp— RI* +k|R—~TR|] + (1 = &)[lla — BRI + k| R — TR|*]
—&1-9)lp—dl
=¢llp =R+ (1= 9llg - RI* - €1 = &llp — all* + k| R - TR|?
= élp— R) + (1 = &) (a— B)|I” +k|R — TR|?
= k|R - TR|?
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which implies that
(1-k)R—-TR|* <0,
that is
R=TR.

Therefore, R € Fiz(T) and Fixz(T) is convex.

Next, we prove that Fiz(T) is closed. First, we note that T is Lipschitz
with Lipschitzian constant L = %’Z If we take p,, € Fiz(T) satistying p, — p
as n — oo, then

p= lim p, = lim Tp, =Tp.
n—od n—oo
Therefore, p € Fix(T). Hence, Fiz(T') is closed. This completes the proof.

Lemma 2.7. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a k-strict pseudo-contractive mapping with
Fix(T) # 0. Let f : C — C be a continuous strongly pseudo-contractive
mapping. For any t € (0,1), let x; be the unique fized point of tf + (1 —t)T.
Then as t — 0+, the path {x:} converges strongly to p = Ppiy(ryf(p) which is
the unique solution of the variational inequality: {(f(p) — p,z —p) < 0 for all
z € Fix(T).

Proof. From Lemma 2.6, we know that Fiz(T) is closed and convex.
Hence, Prir) is well defined. For fixed u € C arbitrarily, let the path
{y: : t € (0,1)} be defined by y; = tu+ (1 —t)Tz; for all ¢ € (0,1). Then, from
[19], it is clear that the path {y;} converges strongly to p = Ppj,ryu. Taking
u = f(p). Then, the path {y;} defined by y; = tf(p) + (1 — ¢)Ty; converges
strongly to p = Ppiz(1)f(p). Note that

l|lz: — yt”2 =t(f(ze) = f(0), 2t —ye) + (1 = )Ty — Ty, v — 1)
=t(f(ze) = fye)swe — ye) + {f(ye) — f(P), 20 — 1)
+ (= t)(Twy — Ty, ¢ — yu)

< tallze =yl + tlf (o) = FP)llwe = yell + (@ = Oz — e,

that is,
1
— < - — .

e = wall < = I15w) - F)]
Since y; — p = Ppiz(r)f(p) and f is continuous, then z; — p = Ppiz(1) f(p)-
From Lemma 2.2, it is clear that p is the unique solution of the variational
inequality: (f(p) —p,z —p) <0 forall z € Fiz(T). This completes the
proof.

Lemma 2.8. ([21]) Assume {a,} is a sequence of nonnegative real numbers
such that ant1 < (1 —by)an, + ¢, n > 0, where {b,} is a sequence in (0,1)
and {c,} is a sequence in R such that
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(2) 220z bn = 003
(b) imsup,, o ¢ /b <0 or Y0 |en| < oo
Then lim,,_,o an = 0.

3. Main Results
3.1. Projection methods for strict pseudo-contractive mappings

First, we introduce the following modified Mann’s method based on the
projection methods which is different from (1.3).

Algorithm 3.1.Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a k-strict pseudo-contractive mapping for some
0 <k<1. Let{a,} be areal sequence in [0,1). For C; = C and 1 = Pc, xo,
let the sequence {x,} be generated by the following method:

Yn = QpTy + (1 - an)Txnv
(3.1) Cny1 ={2 € Cp : |lyn — 2| < [Jon — 2|},

Tnt+1 = Pcn+1l'0.

Now we prove the following strong convergence theorem concerning the
above projection method (3.1).

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a k-strict pseudo-contractive mapping for some
0 <k <1with Fix(T) # 0. Let the sequence {x,,} be generated by the method
(3.1). Assume that the sequence {aw,} is chosen so that o, € [a,b] C [k, 1) for
alln > 0. Then {x,} converges strongly to Pp;yr)Zo-

Proof. First, we note that C,, is convex and closed. As a matter of fact, we
observe that ||y, —z|| < ||z, —2]| is equivalent to ||y, —2n |2 4+2{(yn—Tn, Tn—2) >
0. So C,, is closed and convex. Hence, {x,} is well-defined.

Next we show that Fiz(T) C C, for all n. From (1.1) and (1.2), we note
that for all p € Fiz(T),

1-k
zn —Tl“n||2

<Txn — Py Tn _p> < ||xn _pH2 -

and

[ Tzn = pl* < |20 = p||* + kllzn — Tan|*.
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Then, we have

[yn = plI* = e (zn = p) + (1 = @) (Tzn — p)||®
= aillxn - pH2 + 2an(1 - an)<Txn — P, Tn —p>
+ (1= an)?|Tzn —pl®
1—k

< O‘i”xn _pH2 + 20, (1 = ay) | [|[zn — p”2 - |Zn — Txn”Q

+ (1= an)*[lon = plI? + kllzn — Twnll?]
= [len = pl* + (1 = an)(k — an) ey — T |
< llzn — 2l

that is, |y, — pl| < ||xn — p||. So p € Cpy1 C Oy, for all n. This implies that
Fiz(T) c Cp, n>0.
From z,, = Pc, o, we have
(xo — Tpyxn —y) >0 forally e Cp.
Using Fiz(T) C Cp, we also have
(o — xp,xy —p) >0 forall p € Fix(T).
So, for p € Fixz(T), we have

0 < {(xo—2n,Tn —p)
= (xg — Tp,Tn — To + Tg — P)
= —[lzo — al® + (x0 — Tp, 20 — p)
< ~llwo = zall* + [lzo = za 2o — pl|-
Hence,
lzo — znll < |lzo — p|| for all p € Fixz(T).

In particular, {z,} is bounded and
(3.2) lzo — znll < [lwo — qll, Where ¢ = Priy(1)To.

From z, = Pc,xo and 7,41 = Pc,,,70 € Cphy1 C Cp, we have

(3.3) (X0 — Tpy Ty, — Tppg1) > 0.
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Hence,
0 < (xg—Tpn, Ty — Tny1)

= (X0 — T, Tn — Lo + Lo — Tnt1)

= —||~"L’0 - anQ + <JC() — Tn, To — JUn+1>

A

= —||SU() - mnHQ + ||$0 - anon - $n+1||7

and therefore
|20 — znll < [lzo — Tnta s

which implies that lim,, o ||z, — o] exists.
From Lemma 2.1(a) and (3.3), we obtain

1041 = @nll* = [(@ns1 = 20) = (20 — z0)|1?

= [|[Tns1 — $0||2 —lzn — mOHQ = 2(Tpy1 — Tp, Ty — To)
< @ns1 — mol]* = ||z — 2ol ?
— 0.

By the fact x,,41 € Cpy1 C Cyy, we get

yn — Tng1ll < |0 — zpga [l
which implies that ||y, — zp+1] — 0. At the same time, we note that
lyn — JUn—&-1||2 = |lan(wn — Tpy1) + (1 — apn)(T2y, — In+1)||2
(3.4) = ap |z, — C17n+1||2 + (1= an)| Tz, - $n+1||2
—an(1— an)||en — T:vn||2
and
HTxn - xn+1||2 = HTxn —Tn +Tp — xn+1||2
(3.5) = |Tzp — zn|]® + 2Tz — T, Tp — Tpp1)

[ [
Substitute (3.5) into (3.4) to get

[0 = @as1l® = anllen = zna|* + (1 = an) | Ty — 20|
+2(1 — ap) Ty — Ty, Ty — Tpy1) + (1 — an)||zn — 2y ||
—an(1 —ap)||zn — Txy|)?
= |lzn = Zpa1|> + 200 — ) (T — T, Ty — Tpgr)
+ (1= an)?||lzn — T, ||
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This together with z,, — 2,41 — 0 and y,, — 41 — 0 imply that
(3.6) lxn — Tzy] — 0.

Now (3.6) and Lemma 2.3 guarantee that every weak limit point of {x,,} is a
fixed point of T'. That is, wy,(x,) C F(T). This fact, the inequality (3.2) and
Lemma 2.4 ensure the strong convergence of {x,,} to Pp(ryzo. This completes
the proof.

Corollary 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a nonexpansive mapping with Fixz(T) # 0. Let
the sequence {x,} be generated by the method (3.1). Assume that the sequence
{an} is chosen so that a,, € [a,b] C [0,1) for all n > 0. Then the sequence
{xn} defined by (3.1) converges strongly to Ppi(1)To-

3.2. Modified methods for strict pseudo-contractive mappings
Below is another modified method for strict pseudo-contractive mappings.

Algorithm 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a k-strict pseudo-contractive mapping with 0 <
k<1. Let f:C — C be a contractive mapping. Let {an}, {Bn} and {v,} be
real sequences in [0,1] such that c,, + Bp + v = 1, n > 0. Let the sequence
{z,} be generated from an arbitrary xo € C by the following iterative method:

(3.7) Tnt1 = Qn f(Tn) + Bntn + WT2n, n>0.

In particular, if we take f = u, then (3.7) reduces to
(3.8) Tpt1 = Qptt + Bpy + v Txy, n>0.

Now we state and prove the following strong convergence theorem.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H, and T : C — C be a k-strict pseudo-contractive mapping with
Fix(T) # 0. Let f : C — C be a contractive mapping with contractive coef-
ficient a. Let {a}, {Bn} and {yn} be three real sequences in [0, 1] satisfying
the following conditions:

(C1) limy,— 00 ap, = 05

(C2) S0y o = 005

(C3) G € [a,b] < (K 1).

For initial guess xy € C, then the sequence {x,} defined by (3.7) converges
strongly to p € Fix(T) which solves the variational inequality:

(f(p) —p,z—p) <0 forall z € Fix(T).
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Proof. We first show that {z,} is bounded. Indeed, take a point p €
Fix(T) to get

[Zn+1 = pll = llan(f(zn) = p) + Bu(@n — p) + Ya(Txy — )]
(3.9) < anl[f(@n) = )| + ol f(p) — Pl
+ ||6n(mn _p) + Vn(Txn _p)”'

From (1.1) and (1.2), we obtain

1B (2n — p) + Yn(Tzy *p)”z
= ﬁ?z”mn —p||2 +’7721||Txn _pH2 + 25n7n<T$n — DTy — D)
< Ballzn — ol + villlzn — plI? + kllzn — Tanl]

1—-%
+ Qﬂn'}/nmxn - p”2 )

= (Bn + ’Vn)2||mn _pH2 + [’Yik — (1 = k) Bavnlllzn — T%HQ
= (Bn + 'Vn)QHmn _pH2 +Yn[(Bn + )k = Bulllzn — Tfﬂn”2
< (Bn + )’ llzn — pll?,

|2n — Txn”Q]

which implies that

(3.10) 180 (2n — ) + YTz — p)|| < (B + va)ll2n — pl|-

It follows from (3.9) and (3.10) that

[#nt1 = pll < anallzn = pll + anll f(p) = pll + (Bn + vn)ll2n —
1f(p) = pl

= [1= (1= a)ag]llzn = pl + (1 = @)an=F——=

By induction, we obtain, for all n > 0,

o = < max { o = ), LAY,

Hence, {x,} is bounded.
We note that (3.7) can be rewritten as

It is clear that a,, + (5, — 222 )+

125)+ 1 = Land (8- 12%) € ($5¢, ) < (0,1).
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YYn,n > 0. It follows that

Now we define z,+1 = (8, — fl—’;ﬂ)xn +(1-06.+ %
Yn+1 — Yn
T2 — (/Bn+1 - klvn? )xn+1 B Tn+1 — (ﬂn - fz%)xn
1 _ ﬂn+1 _|_ k'Yn+1 1 _ /Bn _|_ f_r]::
N anJrlf(anrl) + ’}in:rk,l [kanrl + (1 - k)Tanrl]
1- ﬁnJrl + k?’i_};l
(3.11) 5n + & ’m
_ an+1f(xn+1) anf(xn)
1 —Bng1+ kiyle 1— 00+ k_i
’Yn+kl
1
+ (Tpe1 —xn) + (1= k) (Txper — Txy)
1= By + ”";1[ S " )
'Yn+kl 'Ynk
- -
- (kxn + (1 — K)Txy).
(1 —Barr + P 1Bt f“;@)
It follows from (3.11) that
yn+1 = ynll
Ap41 Qo
< 1f (@ns) Il + Lf (@)
1= By + 22 1— B+ 122
3.12 %
1—
( . ) + Evnt1 ||’I€(‘T"+1 - z") (1 - k)(Tzn-&-l - Tzn)”
1= Bnt1+ 525
'YnJrk? ’Ynk
- -
||kx +(1=k)Tzy,].
1 — B + Bt 1=, + B |0 !
Again from Lemma 2.1(b) and (1.1), we have
||k(xn+1 - xn) (1 - k)(Txn—i-l - T'ITL)”Q
= kl|Tns1 — anQ + (1 =k Tzns1 — T55n||2
(I = T)zn|?
(I =T)zn|?

— k(1= ) = T)nsr -
1) lns1 — @all® + kI (L = T)ansn

< Ellwpg1 — w7+ (1
— k(1= R[] = T)znsr — (I = T)zn?

= Hxn+1 - Jin” )
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that is,
(3813)  [k(wns1 — 20) + (1= ) (Tonps — To)| < lonss — )

At the same time, we observe that

Ynt1
1-k _ Tn+1

1_ﬁn+1+% Cl—k+ (1 —ani)k— Bapa
1- an+1k - ﬂn—‘—l + (k - l)an+1
1-—- anJrlk - ﬁn+1

-1 (1 — k)omir '
11— an+1k - ﬁn+1
Yn41 Yn+1
Hence, m € [0,1] and m — 1 as n — o0o. Therefore,
Intl Tn
-k T—Fk -0

L= Bur + 525 1=+ 2%

Combining (3.12) and (3.13) yields

Q41 Qp
[Yn+1 = ynll < 1f @)l + ———7 I (zn)
B B A 1— By 442"
Yn+1 Yn
1—k 1—k

+ [ Tnt1 — zall +

)

L= Bon + 5250 1= B+ 12

where M is a constant such that sup,,{||kz, + (1 — k)Tx,||} < M. Since
an, — 0, the last inequality implies

lim sup([|gns1 — Ynll = |41 — 2a]) < 0.

n—oo
Apply Lemma 2.5 to get
lim [y, —x,|| = 0.
n—oo

Consequently,
kyn

Note that
|z = Ton|| < |[Tnt1 — ool + [[Tne1 — Ton|
< Nznt1 = zall + an|lf(zn) = Top| + Bullzn — Tral,
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that is,

|zn — T, || < 1 ([Tnt1 — zull + anl f(zn) — Tzy||) — 0.

n

Next we prove that

limsup(f(p) — p,xn —p) <0 for all p € Fiz(T).

n—oo

Let z; be the unique solution to the equation

Since f is contractive, it must be strict pseudo-contractive. From Lemma 2.7,
we know that z; — p € Fiz(T) which solves the variational inequality

(f(p) —p,z—p) <0 forall z € Fiz(T).
We can write
2= 2 = (1= (T — ) + 1 () — @),
It follows that

llze — > = (1 = ) (T2 — @y 20 — ) + t{F(2) — Ty 26 — T)
=1 -T2z —Tan,ze —xp) + {Txp — Tpy 2t — Ty))
+t(f(zt) — 26,20 — Tn) + (2t — Ty 2t — Tp)
< @ =t)llze = zall? + (1= )| Twn — zallll20 — 20|
+t(f(z) — 20, 20 — ) + tl|2e — 0|2
= llze — @l + (1 = )| Tz — a2 — zal

+t(f(2e) — 2, 2t — Tn)s
and hence
1—-1¢
<f(2t) — Zt; Tp — Zt> < T”Tﬂﬂn - ’In||||Zt - In“

Note that ||z, — Tz,| — 0, 2z — p and {2} and {z,,} are all bounded. By
using the standard proof, it is easy to obtain

(3.14) limsup{f(p) — p,xn, —p) <0 for all p € Fix(T).

n—oo
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Finally we claim that z,, — p in norm. Indeed, we have

241 — plI?
= an(f(zn) = P Tpt1 = P) + (Bn(@n — p) + Vu(T2p — p), Tnt1 — p)
< an(f(zn) = P, Tnt1 — p) + [|Bn(@n — p) + Y0 T2y — p)|||0n41 — pll
< an(f(zn) = f(); Tns1 — p) + an(f(P) — P, Tni1 — D)

+ (Bn + )llzn — pllllzns — pll
< apallzn = pll|lznsr — pll + an(f(p) — P, 2ns1 — p)

+ (1 = an)lzn = plllznss —pll

< 1= (U= a)anl(lan = Bl + lzass = pI?) + anlf(B) = . 2nss — ),

that is,
Zns1 = plI* < [1 = (1 = a)an]llzn — pl®
+ 200 (f(p) = P, Tn+1 — D),
which implies that

a1 = pl* < [1 = (1 = @)an]|zn - p|?

(3.15) +(1- a)an{ 2 (f(p) =P, 2na _p>}'

l-—«a
So combining Lemma 2.8 with (3.14) and (3.15) we conclude that ||z, —p|| — 0.
This completes the proof.

As a direct corollary of Theorem 3.2, we obtain the following.

Corollary 3.2. Let C' be a nonempty closed convex subset of a real
Hilbert space H, and T : C' — C be a k-strict pseudo-contractive mapping
with Fix(T) # 0. Let {an}, {Bn} and {v,} be three real sequences in [0,1]
satisfying the following conditions:

(C1) limy— 00 @y = 0;

(C2) S0, oy = 005

(C3) By € [a,b] C (k,1).

For initial guess xog € C' and fized uw € C, then the sequence {x,} defined by
(3.8) converges strongly to p = Ppiyryu.
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