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STRONG CONVERGENCE OF AN
IMPLICIT ITERATION PROCESS FOR
TWO ASYMPTOTICALLY NONEXPANSIVE
MAPPINGS IN BANACH SPACES

Lin Wang, Isa Yildirim and Murat Ozdemir

Abstract

The purpose of this paper is to introduce an implicit iteration process
for approximating common fixed points of two asymptotically nonexpan-
sive mappings and to prove strong convergence theorems in uniformly
convex Banach spaces.

1. Introduction

Let K be a nonempty closed convex subset of a real normed linear space F,
and T : K — K be a mapping. T is said to be nonexpansive if ||Tx — Tyl <
lx — y||, for all z,y € K; T is said to be asymptotically nonexpansive if
there exists a real sequence {k,} C [1,00) with lim, .o k, = 1 such that
Tz — T"y|| < knllz — y| for all z,y € K and all positive integer n > 1.
Denote by F(T) the set of fixed points of T', that is, F(T) = {z € K : Tx = z}.
Throughout this paper, we always assume that F(T') # ¢.

In 1972, the class of asymptotically nonexpansive mappings was introduced
by Goebel and Kirk [3] as an important generalization of the class of nonexpan-
sive mappings. Since then, many authors used different iteration processes to
approximate the fixed points of asymptotically nonexpansive mappings, such
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as Mann and Ishikawa iteration processes, CQ method, Viscosity approxima-
tion method and some implicit or explicit iteration methods [1, 4, 5, 7, 10].
In 2001, Xu and Ori [11] introduced the following implicit iteration pro-
cess for a finite family of nonexpansive mappings {T; : j € J} (here J =
{1,2,---,N}). From an initial point zo € K, {x,} is define as follows:

Tp = nZp-1+ (1 —ap)The,, n>1, (1.1)

where T), = T( oa n) (here the mod N function takes values in J), {a,}
is a real sequence in (0,1).

In 2004, Sun [9] extended the process (1.1) to a process for a finite family
of asymptotically quasi-nonexpansive mappings {7} : j € J}, and an initial
point zg € K, which is defined as follows:

T = QpTp_1 + (1 — an)fon, n>1, (1.2)

where n = (K —1)N +4, 1 < i < N, {a,} is a real sequence in (0,1). In
addition, Zhao et al. [12] introduced a new implicit iteration scheme:

Tp = QpTp—1 + ﬂnTnxnfl + ’YnTl'n, n > 1, (13)

for fixed points of a nonexpansive mapping 7" in Banach space.

Recently, Zhao and Wang [13] introduced the following implicit iteration
scheme for fixed points of an asymptotically nonexpansive mapping 7" in Ba-
nach spaces. For arbitrarily chosen z¢ € K, {x,} is define as follows:

Tpn = OpTp—1 + ﬁnTg_lxnfl + IYnTnxnv n Z ]-7 (14)

where {ay}, {Bn}, {7} are three real sequences in [0,1] satisfying ay, + G, +
Y, = 1 for n > 1. And they obtained the following strong convergence theo-
rems.

Theorem 1.1. Let E be a real uniformly convex Banach space, K be
a nonempty closed convex subset of E. Suppose that T : K — K is an
asymptotically nonexpansive mapping with sequence {k,} C [1,00) such that
limy, ook = 1, D00 (ky — 1) < co. Let {z,} be generated by (1.4) and
{an}, {Bn}, {7} be three real sequences in [0,1] satisfying o, + 3, + 70 = 1,
Ynkn < 1 for each integer n > 1 and s < 7, < 1 — s for some s € (0,1).
If T satisfies condition (A) and F(T) = {z € K : Tx = x} # ¢, then {z,}
converges strongly to a fixed point of 7T'.

Theorem 1.2. Let E be a real uniformly convex Banach space, K be
a nonempty closed convex subset of F. Suppose that T': K — K is an
asymptotically nonexpansive mapping with sequence {k,} C [1,00) such that
lim, oo b = 1, Y00 (kn — 1) < 0o. Let {z,,} be generated by (1.4) and
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{an}, {Bn}, {7n} be three real sequences in [0,1] satisfying o, + Bn + v = 1,
Ynkn < 1 for each integer n > 1 and s < 7, < 1 — s for some s € (0,1). If
T is semi-compact and F(T) = {x € K : Tz = ©} # ¢, then {z,} converges
strongly to a fixed point of T

Now, we introduce an implicit iteration process which can be viewed as an
extension for two asymptotically nonexpansive mappings of implicit iteration
process of Zhao and Wang [13]. This implicit iteration process is defined as
follows:

Let E be a Banach space, K be a nonempty closed convex subset of E and
T,S : K — K be two asymptotically nonexpansive mappings. Let {ay,}, {Gn},
{}, {a}, {BL}, {~L} be real sequences in [0,1) satisfying a,, + By, + Vo =
al, + B, + ., = 1. We have the following iteration process: for arbitrarily
chosen zg € K,

Tp = anTp_ 14 BT Yy 1+, T )+ 5,8 a1 +7,8",], n>1.

Putting v, = o/, 2, + 3, 5" 12,1+ S"x,, we have the following composite
iterative scheme:

Ty = QpTp—1+ 6nTn71$n—l + "YnTnyna

1.5
Yo = ahxn,+0LS" e+, n>1. (15)

We remark that the implicit iterative process (1.5) is more general than the
algorithms (1.3) and (1.4), and includes the algorithms (1.3) and (1.4) as the
special cases.

The purpose of this paper is to establish strong convergence theorems of
the implicit iteration process (1.5) for two asymptotically nonexpansive map-
pings in uniformly convex Banach spaces. Our results improve and extend the
corresponding ones announced by Zhao et al. [12] and Zhao and Wang [13].

2. Preliminaries

Let E be a Banach space, K be a nonempty closed convex subset of E and
T,S : K — K be two asymptotically nonexpansive mappings with sequences
{kn}, {rn} € [1,00) and {an}, {Bn} {7}, {an}, {8}, {7} be numbers in
[0,1] satisfying a, + B + 70 = ), + B, + 7., = 1. For arbitrarily chosen
zo € K, define a mapping W : K — K by Wz = azo+ 8T" tog +yT" [z +
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B3'S" Lzg ++'S™x]. Thus for any x,y € K, we have

|Wa —Wy| = |V [z +B8'S" oy ++/S"x]
AT [y + B'S" L ag 4+ ~'S™2]||
Vknlle/ (z —y) +7'(S"z — S"y)||
Ven(@/llz =yl +'rnllz — y)II)
’Ykn(al + 'ylrn)H:E -yl

IAINA

If vk, (a/4+7'r,) < 1, then W is a contraction. By Banach contraction mapping
principle, W has a unique fixed point. Thus, if vk, (a/ ++'r,) < 1, the implicit
iteration processes (1.5) can be employed for the approximation of common
fixed points of asymptotically nonexpansive mappings 7" and S.

Let E be a real normed linear space. The modulus of convexity of E is the
function 0z : (0,2] — [0, 1] defined by

Sple) = inf{1— | T

E is called uniformly convexr if dg(e) > 0 for all ¢ € (0,2]. Let K be a
nonempty closed subset of a real Banach space E. T : K — K is said to be
semi-compact if for any bounded sequence {z,, } with lim,, o |2, —Tx,|| = 0,
there exists a subsequence {z,,} of {z,} such that {z,,} converges strongly
tope K.

Two mappings 7,5 : K — E with F := F(T)F(S)={zx € K : Tz =
Sz =z} # ¢ are said to satisfy condition (A") [2], if there exists a nondecreas-
ing function f : [0,00) — [0,00) with f(0) = 0, f(¢) > 0 for all ¢ > 0 such
that

o — Tzl > f(d(z, F)) or |}z — Szl > f(d(z, F)),
for all z € K, where d(x, F) = inf{|jx —¢|| : ¢ € F'}.

In what follows, we will state the following useful lemmas:

Lemma 2.1.[6] Let {a,}, {an} and {b,,} be sequences of nonnegative real
numbers satisfying

I+ llzll = llyll = 1, e = flz — yl]}-

nt1 < (14 ap)ay + by, Vn>1.

If > ja, < coand Y o2 b, < oo, then lim, .o v, exists in R. If, in
addition, {a,} has a subsequence which converges to zero, then lim,, o o, =
0.

Lemma 2.2.[1] Let E be a real uniformly convex Banach space, K be a
nonempty closed convex subset of £ and T': K — FE be an asymptotically
nonexpansive mapping. Then I — T is demiclosed at zero, that is, for each
sequence {z,} in K, if {z,} converges weakly to ¢ € K and {(I — T)z,}
converges strongly to 0, then (I —T)q = 0.
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Lemma 2.3.[8] Let E be a real uniformly convex Banach space and let
a,b be two constants with 0 < a < b < 1. Suppose that {t,} C [a,b] is a real
sequence and {x,}, {y.} are two sequences in E. Then the conditions

limp—oolltn®n + (1 —tn)ynll = d, limsup,,_, . ||z.|| < d, limsup,,_, . ||za| < d
imply that lim, o |2, — yn|| = 0, where d > 0 is a constant.

3. Main Results

Lemma 3.1 Let E be a real uniformly convex Banach space, K be a
nonempty closed convex subset of . Suppose that 7,5 : K — K are two
asymptotically nonexpansive mappings with sequences {k,}, {r,} C [1,00)
such that lim,, . ky, = lim, oo 7, = 1 and > 07 (ky, — 1) < 00, D00 (1 —
1) < oo. Let {z,} be generated by (1.5), where {a, }, {8n}, {7}, {al}, {6},
and {~,,} are real sequences in [0,1) satisfying:

(1) an + Bn+ym =l + 8, + v, = 1, vkn(al, +75,rn) < 1 for each integer
n > 1;
(ii) s < am, By Yns Oy Bl Ve, < 1 — s, for some s € (0,1).

If F := F(T)(\F(S) # ¢, then
(1) limy,— 00 ||2n — pl| exists for each p € F.
(2) limy, oo |2 — Tzp || = limy— oo ||z, — Szp|| = 0.
Proof. (1) Let p € F. Set k, = 1+uy, 7, = 1+v,. Since > o, (k,—1) <
oo and Y 00 (rn — 1) < 00,80 Y 00 u, < 00, y oo v, < oo . Using (1.5),
we have
lyn =2l <y llen —pll + Bprn-allen—1 — pl +vprallzn — pll
(o + Ynra)llzn = pll + Byrn-llzn—1 — pll; (3.1)
and
Hxn - P|| < anHmnfl _pll + 5nkn71”$n71 - P” + ’Ynkn”yn - p”
= (an + Bnkn—1)||zn-1 — pll + knllyn — pll- (3:2)
Substituting (3.1) into (3.2), we have
Hxn - pH S Oén‘lxn—l _pH + ﬁnkn—lnxn—l - p” +
Hynknl(f, +vprn)llzn = pll + Bprn-illzn-1 = pll]
= (an + ﬂnknfl + ’Ynknﬁizrnfl)nwnfl _pH +
+mkn(0g +vnrn)llan — pll. (3-3)
which leads to

[1— 'Ynkn<aiz + V;zrn)]”xn —pll < (an + Bukn—1+ 'Ynknﬁ;ﬂ“n—l)llwn—l —pll-
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Since Yk (al, + v, rn) < 1, then 1 — v,k (al, + v, rn) > 0, that is,
1= 7a(l +un)(ar, + 751+ 0a)) > 0

for all n > 1. Thus, it implies that

lzn — g < [an, + Br(1 4+ tn—1) + B0 (1 4+ 1) (1 4+ vy—1)]

Tn_1—p|. (3.4
= 1= (14 un)( + 74 (1 + 0,)) lzn—1 = Pll- (3.4)

By using (3.4), we have:
zn —pll <
'Yn'Y;L'Un + YnUn + ’Yn%zunvn + Bptp—1 + 'Ynﬁ;#)nfl + ’Ynﬁ;unvnfl]x
L= (1= BL) = W ¥nvn — Yaun(L = B1,) — 75 unvn)

[#n—1 —pl-

<1+

On the other hand, since
lim y,v,vn, = lim y,u,(1 —6,,) = lim v,7,unv, = 0,
n—oo n—o0 n—oo

for given ¢, &, 2 € (0,s), € = max{ep, €1, €2}, there exists positive integer

ngo such that
V(L= B2) + Y Vovn + Yntn (1 = B) + Y Votnvn) <1 —s+¢, (3.5)
as n > ng. From (3.4) and (3.5), we have

m;% Ly Do

||xn - PH S (]- + Un UpVp + Un—1
S — € S —€ S — €
B, B,
+’yn7nvn71 + Znizunvnfl)nxnfl _p”
1 1 1
§ (1 + Un + Un + UnUn + —Up-1
S —€ S — € —
1 1
+ Up—1+ UnUn—1)||Tn-1 — D (3.6)
S —€ S—€

From > 7, u, < oo and Y .~ v, < 00, we obtain that

ZOO 1 1 1 1 1 1
( Un + Un + UpUn + Un—1 + Un—1 + unvnfl)
n=28_6 S —€ S —€ S —€ S —€ S —€

< 00.

Hence, it follows from (3.6) and Lemma 2.1 that lim, . ||z, — p|| exists for
each p € F.



STRONG CONVERGENCE OF AN IMPLICIT ITERATION PROCESS FOR TWO
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS IN BANACH SPACES 287

(2) From (1), we know that lim,_, ||z, — pl|| exists for each p € F. We
suppose that lim, . ||z, — p|| = d, that is,

Bim s —pl = lim [lan(@a-1 —p) + Fa(T" 01— p)
+Y (T"yn — D)l
= S (1= )l (s =)
(e ] T P = d ()

From (3.1) and (3.7), we have

knllyn — pll

kn(apllzn — pll + Brrn—illzn—1 — pll +vnrnllzn — pl)

knl(ay, +vra)len — pll + Burn—allzn—1 — pll]

knl(eq, + 5 +vpvn) |20 = pll + B, (1 +vp—1) | 2n—1 — pll]
knl(1 = By, + mvn) | — pll + (8, + Bron—1)|zn—1 — pll]

= kulllzn —pll + B, ([[2n—1 — 2l = ll£n = pll) + vpvnllzn — pll +
+Bnvn—1lzn—1 —pll]. (3.8)

1T yn —pll <
<

Taking lim sup on both sides in the inequality (3.8), we obtain

lim sup ||T"y,, — p|| < limsup ||y, — p|| < d. (3.9)

n—oo n—oo

On the other hand, by using (3.7) we obtain
limsup, .. || 122 (201 — p) + 12 (T s — p)|

1=7n
< limsup,,_,( j— l2n—1—pl+ 1@,” En_1l|zn—1—p)[)
= limsup,, _, (22elitun=t))jg ) —p|
= limsupnﬁoo(l—l—1[_37'Ynun,1)||xn,1—p|| =d. (3.10)
By using (3.7), (3.9), (3.10) and Lemma 2.3, we obtain that
lim =" g 4+ —Dn ey =0,
n— 00 — Yn 1—,
Thus, from (1.5), we have
lim |z, — T"y,|| = 0. (3.11)

n—oo

It follows from (3.2) that

||1'n _pH - (an + Bn + 6nun—1)”xn—1 _pH < ’Ynknnyn —p||,
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(an+Bn)lzn—pll = lZn—1=pI]+Vn 20—l = Bntin—1l|Tn-1—pll < ynknlyn—pll
and this implies that

an + B, Bn
————[llzn = pll = [[tn—1 =Pl + 2n — pll = = tn-1llen—1 = pll < knllyn —pll-
n Tn
(3.12)
Taking limsup on both sides in the inequality (3.12), we obtain
liminf ||z, — p|| < liminf &, ||y, — p||
and so
liminf ||y, — p| > d. (3.13)
Combining (3.9) and (3.13), we have
Jimly, — pl| = d.
It implies that
Tm g, —pl = T [[8,(5" s — p) +7,(5" 20— p)
+a, (zn — )|
= lim [|(1-a))] B (S" 1z, 1 —p)
n—o0 not = Oz;L
,y/
+1 _”O/ (S"zp — p)] + ol (x, — p)| = d. (3.14)

n

We know that limsup,,_, . ||z, —pl| < d. Put w, = maz{v,_1,v,} for n > 2.
Vn+Vn—1+|Vn—Vn—_1]

Since w,, = and lim,,_, o v, = 0, we have lim,,_, o, w,, = 0.
)

2
Thus, from (3.14), we have

limsup,, o | 722 (5"’1% 1—p)+ 2 (5" = p)

0‘/

< limsup,, o (125 7|71 — Pl + iz rallan = pl)
. 1 n (1 n
< limsup,,_, (2w t;f |21 — pl + 22 t;” Y|z, —p)|))
[

< limsup,, ., (1+’LU )ﬁ plzn—1—pll—llzn— PH)‘HI o, )H%L*P”] —d. (315)

1—al,
By using (3.14), (3.15), Lemma 2.3 and limsup,,_, . ||z, — p|| < d, we obtain
that

. ﬁ;;, n—1 ,‘Y’;L n
A = 8™ e e — all =0,
which means that
lim ||y, — zn] = 0. (3.16)

n—oo
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In addition, since

Bim o —pl = lim [lan(@a1—p) + Bu(T" 201 — p)
+’Yn(T yn _p)”
= lim (1= B[ (1~ )
T (T = D+ BT =) = d, - (17

so, we have

lim sup [T 1 — pl| < limsup kn 1201 — pl| = d, (3.18)

n—oo

and

limsup,, ., [|T2 (!En 1—p)+ L(Tnyn -p

< limsup,,_, ( || zn—1 — pll + 125 1 T"yn — p)I)

< limsup,, (722~ ﬁonn 1=l + 25 kallyn — I
(
oo

anllTn—1=pll+nllyn p”‘"’)’n“nHyn_pH)
1-Bn
Yn(lyn=pll=llzn-1=pPD+A=Bu)|Tn—1 =Pl +¥nUn [lyn— p”):d (3 19)

= limsup,,_,

= limsup,,_, -
By the inequalities (3.17), (3.18), (3.19) and using Lemma 2.3, we get

Ay,
Jim 1=+ jﬁ T, — T" a1 =0,

which implies that

lim ||z, — T" '2,_1|| = 0. (3.20)

n—oo

By using (3.11), (3.16) and (3.20), we obtain that

lim ||, — 2,-1]] = 0. (3.21)

n— oo

Using the same method and Lemma 2.3 for the equality (3.14), we have
lim |y, — S"z,| =0, (3.22)

and
lim [y, —S™" ', 1] = 0. (3.23)
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Therefore, we have

[ = Tanll < o0 =T yull + [T"yn — T x| + |1 T" 20 — Ta|
< Nlwn = T"Yull + knllyn — 24| "’kl”Tn_lxn_xn”
< e = Tl + knllyn — 24|

Fh ([T e = T ||+ [T 1 — )
< lwn = T"Yull + knllyn — 24|

+k1(kn-1llzn — zn-1ll + HTn_lxn—l — o)

and it follows from (3.11), (3.16), (3.20) and (3.21) that

lim ||z, — Tz,| = 0.
n—oo
Moreover,
[zn = Sznll < llzn = yull + llyn — S"20ll + |5 20 — Sz, |
< ”xn - ynH + ”yn - Snxn” + 711”5”7155” - an
< on = ynll + llyn — S™ @l
+r1 (18" @n — S"  p 1|+ 1" w1 = ynll + [y — zal])
<z = yull + llyn — S™ 2|

712 = 2poall + 15" 01 = gl + yn — @al),
and by using (3.16), (3.21), (3.22) and (3.23), we have
lim |z, — Sz,| = 0.

This completes the proof.

Remark 3.2. Lemma 3.1 generalizes Lemma 3.1 of Wang and Zhao [13] to
two asymptotically nonexpansive mappings. In addition, if Opial’s condition
of Theorem 2.1 of [12] is removed, Lemma 3.1 improves Theorem 2.1 of Zhao
et al. [12].

Theorem 3.3. Let E be a real uniformly convex Banach space, K be a
nonempty closed convex subset of E. Suppose that 7,5 : K — K are two
asymptotically nonexpansive mappings with sequences {k,}, {r,} C [1,00)
such that lim, o kp, = lim, ooy, = Land Y oo (kn — 1) < 00, Yoo (1 —
1) < co. Let {z,,} be generated by (1.5) and {an}, {Bn}, {1}, {aL}, {G.},
and {v,,} be same as in Lemma 3.1. If T and S satisfy condition (A’) and
F:=F(T)NF(S) # ¢, then {x,} converges strongly to a common fixed point
of T'and S.
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Proof. From Lemma 3.1, we know that lim,,_. ||z, — p|| exists for each
p € F. Assume lim,,_, o ||z, —p|| = ¢ for some ¢ > 0. If ¢ = 0, there is nothing
to prove. So, let ¢ > o and it follows from Lemma 3.1 that

/ /
fea—pl < (4 2Ty, g Ty g Dy gy Py 0,
e s—¢€ s—¢€ s—¢€ s —
%ﬂ
unvn I)Hxn 1 _pH
which leads to
!
s — e s—¢€ s—¢€ s —
/ /
—l—,ynﬁnvn,l + Yl UnUp—1)d(Tp-1,F). (3.24)
s—¢€ s—¢€
Putting
/ / / /
Ay = Jnny O e B o 1+%ﬁ vn,1+7"ﬁ"unun,1.
s—¢€ s—¢€ s—¢€ s — € s—¢€

Since > °7 ju, < oo and Y o0 v, < 00, Yoo, A, < 0o. By using (3.24)
and Lemma 2.1 we get lim,, o d(zn, F') exists. By Lemma 3.1, we have
limy, oo |20, — Ty| = limy—oo |2y, — Szn|| = 0. It follows from condition
(A’) that

lim f(d(zn, F)) < nlggo lxn — Tzn| =0,

or
lim f(d(zy, F)) < lim |z, — Sz,| = 0.

In the both cases, lim, o f(d(zn, F)) = 0. Since f : [0,00) — [0,00) is a
nondecreasing function satisfying f(0) = 0, f(¢) > 0 for all ¢ > 0, we obtain
that lim,—co d(zn, F) = 0. Next we show that {z,} is a Cauchy sequence in
K. Taking > 2, A\, = M > 0. Since lim,_o d(z,, F) = 0, for any given
€ > 0, there exists a natural number ng such that d(x,, F) < For a8 M 2> Ng.
So, we can find ¢ € F' such that ||z, — ¢|| < 55 . For n > ng, from (3.6) we
have

len —qll < (L4 An)lln—1 =4

n

[T @+ 200z, = all < =0 ™ |, — all < € [lzn, —all-

i=n0

IN

Therefore, for any n,m > ng

20 = 2l < 2w = all + lzm = all < eMllwng = qll + e lzn, —qll <e
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This shows that {z,} is a Cauchy sequence and so {z,} is convergent since E
is complete. Let lim,, . z,, = p. From Lemma 3.1, we have

Hp =Tpll < p- an + [|2n — Tp|| + HTxn - TpH
< (4+k)|zn —pll+ |Jn — Txn|| = 0, as n — oc.

This implies that p is a fixed point of 7. Using the same method, we can
obtain that p is also a fixed point of S. So p € F. This completes the proof.

Remark 3.4. Theorem 3.3 also extends the result of Wang and Zhao [13]
to the case of implicit iteration process for two asymptotically nonexpansive
mappings.

Theorem 3.5. Let E be a real uniformly convex Banach space, K be a
nonempty closed convex subset of E. Suppose that 7,5 : K — K are two
asymptotically nonexpansive mappings with sequences {k,}, {r,} C [1,00)
such that lim, o kp, = lim, oo, = L and Y oo (kn — 1) < 00, Yoo (1 —
1) < oo. Let {z,} be generated by (1.5) and {an}, {(Buh {mh {0h {00},
and {7} be same as in Lemma 3.1. If one of T" and S is semi-compact and
F:=F(T)NF(S) # ¢, then {x,} converges strongly to a common fixed point
of T and S.

Proof. From Lemma 3.1, we know that lim, oo |7 =72y || = limy,— 0 ||2n—
Sz,|| = 0. Since one of T and S is semi-compact, then there exists a subse-
quence {z,, } of {z,} such that {x,,} converges strongly to p. It follows from
Lemma 2.2 that p € F. Therefore, from Lemma 3.1, lim,,_, ||, — p|| exists.
Since the subsequence {x,;} converges strongly to p, then {w,} converges
strongly to a common fixed point p € F. This completes the proof.

Remark 3.6. Since the class of asymptotically nonexpansive mappings
includes the class of nonexpansive mappings, we have that Theorem 3.5 is a
generalization of Theorem 3.3 of Zhao and Wang [13] and Theorem 2.2 of Zhao
et al. [12].

Remark 3.7.The implicit iteration process (1.5) can be generalized for
two finite families asymptotically nonexpansive mappings {7} : j € J} and
{S;:jeJ} (here J={1,2,--- ,N} ).
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