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SOME PROPERTIES OF AUTOMORPHISM
GROUPS OF PAVING MATROIDS

Hua Mao, Sanyang Liu

Abstract

This paper deals with the relation between the automorphism groups
of some paving matroids and Zs, where Zs is the additive group of
modulo 3 over Z. It concludes that for paving matroids under most
cases, Zs is not isomorphic to the automorphism groups of these paving
matroids. Even in the exceptional cases, we reasonably conjecture that
Zs is not isomorphic to the automorphism groups of the corresponding
paving matroids. Actually, the result here is relative to the Welsh’s
open problem that for any group G, there is a paving matroid with
automorphism group isomorphic to G.

1 Introduction and Preliminaries

Welsh indicates [5,p.40] that paving matroids are essentially a class of rel-
atively well-behaving matroids. Additionally, J.Oxley points out [4,p.26] that
paving matroids is an important class of matroids. In fact, there are many un-
solved open problems relative with paving matroids such as the open problem
respectively in [5,p.41], [5,p.331] and so on. This paper is relative to the open
problem in [5,p.331]. The problem is that for any group H, whether there
is a paving matroid with automorphism group isomorphic to H. Actually, if
we take H = Zg, i.e. the additive group of modulo 3, then under most cases
except the unsolved completely special cases, we get that the automorphism
group of a paving matroid is not isomorphic to H. Even for the unsolved
special cases, by the discussion in this paper, we conjecture that for any of
paving matroids belonged to these unsolved special cases, its automorphism
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group is not isomorphic to H.

It starts by reviewing some knowledge what we need in the sequel. We
assume that F is a finite set. In this paper, all informations relative to matroids
are referred to [4,5] and that relative to permutations and groups are found in
[1].

Definition 1 [4,p.26&5] Let M be a matroid. Then M is uniform if and
only if it has no circuits of size less than p(M) + 1. M is paving if it has no
circuits of size less than p(M).

Lemma 1 (1)[5,p.9&4] A collection € of subsets of E is the set of circuits
of a matroid on E if and only if conditions (c¢1) and (c2) are satisfied
() If X #Y € C, then X ¢ Y;

(c2) I Cy,Cs € C,C1 # Cy and z € C1NCy, then there exists C3 € € satisfying
03 Q (Cl U CQ) \Z.

(2)[3] Let M be a matroid on E. A permutation 7 : E — FE is an au-
tomorphism of M if 7X is a circuit in M if and only if X is a circuit in
M.

(3)[1,p.26] If S,, is denoted the symmetric group on n letters, then |S,| =
n!.

(4)[2,p.439] Every restriction of a paving matroid is paving,.

Remark 1 We denote the automorphism group of a matroid M by Aut(M).
Based on (1) in Lemma 1, a matroid M on E with C(M) as its collection of
circuits can be in notation (E, C(M)). In addition, if a group H; is isomorphic
to a group Hs, then it is denoted as Hy = Hs. Otherwise, we write H; 2 Ho.

2 Properties relative to matroids

This section presents some properties of a matroid in preparation for Sec-
tion 3.
Lemma 2 Let M = (E,C(M) = {C1,C5,...,Ct}) be a matroid, n =

k k
| U Cjland E\ U Cj ={z1,22,...,2m,}. Then the following properties are
j=1 j=1
true.

(1) |Aut( )| = ml.
k
2) M" = (U Cj,€(M)) is a matroid and [Aut(M)| = [Aut(M')| x m!.
)
)

(
(3) If k =1, then |Aut(M)| = |C1|! x ml.
(4) If there is C; € (M) satisfying C; NC; = 0,(j # 45 = 1,2,...,k).
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k
Then |Aut(M)| > |C;|! x m!. Besides, M¢, = ((J C;)\ Cs, €(M)\ ;) is still
j=1

a matroid, and further, if M is paving and m = 0, then M, is paving.

(5) If p(M) =0, then Aut(M) = Sy 4m.

(6) Let Cilv Cio € G(M) and m = 0. Then N = (CilUCiQ, {Cj : Cj € G(M)
and C; C C;; UCjp}) is a matroid. If M is paving, and so is N.

(7) If m =0 and k > 2. Then M satisfies C; NCoN...NCy = 0.

Proof Routine verification from the related definitions and Lemma 1.

3 Main results

Let H = Zs, i.e the additive group of Z modulo 3. Evidently, |H| = 3.
k

Let M = (E,C(M) = {C1,...,Cx}) be a paving matroid, n = | |J C}| and
j=1

J

k
m = |E\ |J Cjl|. In this section, we consider that under what conditions, M
j=1

will satisty Aut(M) = H.

First, we may state that Aut(M) 2 H holds if one of the following (al), (81),
(v1) happens.
(al) If M is uniform. Definition 1 informs |Aut(M)| = CS(JFN,Q+1 X (p(M)4+1)! £
3.
(61) If p(M) = 0. (5) in Lemma 2 shows Aut(M) = Sy, 4+pm,. Lemma 1 proves
[Snt+m| = (n +m)!. No matter the values of n and m, it has |Aut(M)| # 3.

k k
YH)I|E\U Cjl=m>2. Let M' = (J C},C(M)). (2) in Lemma 2 demon-
Jj=1 Jj=1

strates |Aut(M)| > 2! x |Aut(M’)|. In addition, in view of C(M') = (M) and
(2) in Lemma 1, we may describe that

if |[Aut(M')| = 1 holds, it leads to |Aut(M)| = |Aut(M’)| = 1 x m!, further,
|Aut(M)] # 3;

if |Aut(M')| > 2 holds, it causes |Aut(M)| > 2! x 2 = 4, and so |Aut(M)| # 3.

k
Second, (2) in Lemma 1 expresses that if £\ |J C; = {«} and p(M) > 1,
j=1
then both Aut(M) = Aut(M’) and 7(x) = x for any m € Aut(M) are correct,
k
where M' = (| Cj,C(M)).
j=1

According to the above two points, in what follows, we only consider
the non-uniform paving matroid M = (F,C(M)) with p(M) > 1, where

k
C(M) =A{C; : j =1,2,...,k} and F satisfies |[E\ |J C;| = m = 0. We
j=1

will divide different cases into discussion.
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The following Lemma 3 is to consider the case of p(M) = 1.
k
Lemma 3 Let M = (|J C;,C(M) = {C4,Cs,...,Cy}) be a non-uniform
j=1

paving matorid and p(M) = 1. Then Aut(M) 2 H and

if kK > 2, then |Aut(M)| > 2; if k > 3, then |Aut(M)| > 4.

Proof Assume k = 1. Lemma 2 shows |Aut(M)| = |C1]!, and so Aut(M) 2
H.

Since M is paving, one has 1 = p(M) < |Cj| < p(M)+1=2,(j =1,...,k).

Let &k > 2.

If |C;] = p(M) = 1. This causes C; = {a;},(i =1,...,k). Then 7 : a; —
a; (it =1,...,kj=1,... k) satisfies 7(C;) € €(M) (¢ = 1,...,k), and so

k
m € Aut(M). Thus |Aut(M)| = | |J Ci|' = k!. Soif k = 2, then |Aut(M)| = 2;

i=1
if k > 3, then |Aut(M)| > 6 > 4. These follow Aut(M) 2 H.

Suppose that there is C; satisfying |C;| = p(M) + 1 = 2. No matter to
suppose |Ck| = 2. Distinguishing four steps to fulfil the proof.

Step 1. Assume k = 2.

It is no harm to suppose C; = {ai,...,a;} and Cy = {as_1,as} where
1 < ¢ < 2. In virtue of Lemma 1, C; € C; is correct (i # j;i,j = 1,2).
We assert €1 N Cy = (. Otherwise, as € C; N Cy and Lemma 1 lead to
C3 C C1UC2\ as and C3 € C(M) \ {C1,C5}, this is a contradiction to
k = |@(M)| = 2. Thus, we have |Aut(M)| > |C1|! x |Ca|! > t! x 2! > 2.

Obviously, t = 1 follows |Aut(M)| = 2; t = 2 follows |Aut(M)| > 4. So
Aut(M) 2 H.

Step 2. Assume k = 3.

The following (2.1) and (2.2) will carry out the proof of this step.

(2.1) Let Cy = {a1} and C5 = {aa,az}. Divided two cases (a) and () for
discussion.

(o) If |C| = 1, i.e. C9 = {asa}. Then by Lemma 1, a; # a;, (i # j;i,j =
1,2,3,4). Define
o1t a; = a; (1=1,2,3,4); w1 :ap — ag,a4 — ag,a; — a; (i = 2,3);
o1t a; — a; (i = 1,4),a2 — ag,az — ag; T31 ¢ A1 F Q4,04 —
ai,ao — as,as — as.

Then Aut(M) D {mo1, 711,721,731}, S0 Aut(M) 2 H and |Aut(M)| > 4.
(8) I |Co] = 2.

By Lemma 1, Co N C3 # 0 yields out Co = {az,a5}. However, Cy U
Cs\ az = {as,as} 2 C;,(j € {1,2,3}) will bring about a contradiction to
Lemma 1. Moreover, Co N C3 = 0, i.e. Cy = {a4,as5}, and in addition,
a; # aj, (i # j;1,7 =1,2,3,4,5). Define

mo2 s a; — a; (1=1,2,3,4,5); 2 :ag+— as,az — az,a; — a; (i =1,4,5);
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a9t a; — a;(i = 1,2,3), a4 — as, a5 — ag;

32 1 a1 — ai,0a2 — a3, a3 — a2, a4 — a5,05 F— Q4.

Then 7j5 € Aut(M) (j =0,1,2,3). So Aut(M) 2 H and |Aut(M)| > 4.

(2.2) Let |Cj| =p(M)+1=2(j=1,...,k). Then M satisfies one of the
following statuses
(1) Cl = {CL1,G2},CQ = {al,a3},03 = {a2,a3} (ai 75 aj,i 7é j;i,j = 1,2,3).
(11) Cl == {al,ag},Cg == {a3,a4},03 == {a5,a6} (ai 7é aj,i % j,Z,j ==
1,2,3,4,5,6).

We may easily obtain that if (i) happens, then |Aut(M)| > 6 > 4; if (ii)
happens, then |Aut(M)| > 8 > 4. Hence, no matter which happens between
(i) and (ii), it follows Aut(M) 2 H.

Step 3. Let |Cj]| =2 (j=1,...,k) and 3 < k.

(3.1) Assume C1NC; =0 (j = 2,...,k). We will carry out the proof
using the induction method. In light of Lemma 2, it has |Aut(M)| > |Cy|! x

k
|Aut(N)| = 2|Aut(N)|, where N = (|J C;\ C1,C(M)\ C1). Recalling Step 2,
j=1

k—1 > 3 and the supposition of the inductive, we may indicate |Aut(N)| > 4,
and so |Aut(M)| > |Aut(N)| > 4, and hence Aut(M) 2 H.

(3.2) Assume for any C; € C(M), there is C; € C(M) \ C; satisfying
cinG; #0.

Using (6) in Lemma 2, N;; = (C; UC;,{C, : C, C C;UC;,C, € C(M)}) =
(Oz U C’j,C’i = {aﬂ,aig},Cj = {a,;l,ajg}, {aig,ajg}) is a paving matroid. In
addition N;; # M is effective because of k > 3. Additionally, |C(N;;)| = 3
and Step 2 together produce |Aut(N;;)| > 4.

t

First of all, we prove that if for any paving matroid N = (J C;,,{C;, :
p=1

Ci, € C(M),p=1,...,t}) # M, there is C}, € C(M) \ €(N) satisfying Cj, N

t
U Ci, # 0, then we assert that M is uniform.
p=1

Combining p(M) =1 and |C;| =2 (j = 1,...,k) with the property of M

k
as a non-uniform together, it brings about the existence of C' = {1,2} C |J C;
j=1

and C' ¢ C(M). Herein, there is Cy,Cy € C(M) satisfying 1 € C; = {1,q},
2 € Cyand CyNCy # (. In view of |Cy| = 2, it follows Cy = {2,3}. If

k
C; ={1,2,3}, then it follows |€(M)| < 3. This is a contradiction to k > 3.
=1

J
k

k
That is to say, there is at least 4 € |J C;\{1,2,3}. Let {2,3,4} C |J C; and
j =

=1 j=1
{2,3} e C(M).
We notice that {2,3} € €(M) and the supposition above for N taken to-
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gether leads to {3,4} € C(M), and further {2,4} € C(M). Hence, Noz =
({2,3,4},{{2,3},{2,4},{3,4}}) is a paving matroid and N3 # M. This
causes C5 = {4,5} € C(M)\ C(N) and C5 = {4,5} N {2,3,4} # (. Thus,
Nosas = {{2,3,4,5},{{¢,5} : i #4,i,5 = 2,3,4,5}) # M is a uniform matroid
with p(Nazas) = 1 and 1 ¢ {2,3,4,5}. By the supposition, induction and
k < oo, we may express that there is a uniform matroid N # M satisfying
G(N2345) - G(N) - 63(2\4)7 and G(M) 5C1 = {l,q} and Clﬂ( U Cp) 75 0.
CpEC(N)
rcin( U ¢Cp) =1 Thatis{l,t} € (V). Inlightof2e |J C,
CpEC(N) CpEC(N)

and the uniform property of n, it follows {2,t} € C(IV). According to Lemma
1, it assures {1,t} U{2,t} \ ¢t = {1,2} € C(M), a contradiction.

FCin U €, = {q} Therefore, {s,q} € C(N) and {1,q} € C(M)

CpeC(N)

follows {1,s} € €(M). Since {2,s} € C(N), it gets {1,s}U{2,s}\s ={1,2} €
C(M), a contradiction.

But the uniform of the assertion is a contradiction to the non-uniform
property of M.

Second, if for any Cj € C(M) \ (C; UC;),C, N (C; UC;) = 0 holds. Let
mi; € Aut(N;;). We define 7 : ¢ — m;;(x) for x € C; U Cy, T T

|Aut(M)| > |Aut(Ny;)| > 4.

k
for J C¢ \ (C; UCy). We may easily have m € Aut(M). Further, it follows
t=1

t
If there exists a paving matroid N = (J C;,,{Ci, € C(M),p=1,...,t}) #
p=1

t
M, (t > 2). Then for any C € C(M) \ €(N),C, N |J C;, = 0 holds. Herein,
p=1

there is €(M) \ C(N) # 0. Additionally, it evidently obtains |Aut(M)| >
|Aut(N)|. By induction and ¢ > 2, it has |[Aut(N)| > 4. So it follows
|Aut(M)| > |Aut(N)| > 4 and Aut(M) 2 H.

Step 4. Suppose there are C;, C; € C(M) satisfying |C;| =1,(j =1,...,t,1 <
t <k)and |C;] =2,(i =t+1,...,k). Recalling Lemma 2, we bring about
|Aut(M) > t! x |Aut(My)| where M; = ( ij Ci, {Ct41,...,C}) is a paving

i=t+1

matroid by Lemma 2. !

Ift = 1. Then by k—1 > 3, Step 2 and Step 3, we may indicate |Aut(M;)| >
4. Furthermore, |Aut(M)| > 4 is right. So Aut(M) 2 H holds.

If ¢t > 2. Then k —2 > 2 and Step 1 together ensure |Aut(M;)| > 2.
Therefore, it leads to |Aut(M)| > 2 x 2 =4, and so Aut(M) 2 H.

In the following, we will handle with p(M) > 2.
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k
Lemma 4 Let M = (| C;,C(M) = {C4,...,Ck}) be a non-uniform
j=1

paving matroid with r = p(M) > 2.

(1) Assume k = 1. Then Aut(M) 2 H is right.

(2) Assume k > 2. Then there are the following expressions.
(i) If there is C; € C(M) satisfying C; NC; =0,(j #4; 7 =1,2,...,k), then
|Aut(M)| > 4 and Aut(M) 2 H.
(ii) Suppose for any C; € C(M), there is C;, € C(M) \ C; satisfying C; N
Cj, # 0. If there is C;,,C;, € C(M) (ix # i2) such that C;, N C;, #
0,Ciy, ..., Cs, € Ci, UCy,, and C;, N (Cy, UC;,) =0, (t =p+1,...,k), where
Ci.eCM)(j=12,....0,p+1,....,0k)and 0 #p < kand k —p > 1. Let

J

k
M, = (Cil UCZ'2, {Ci17 e 7Cip}) and My = ( U Cit, {CZt t=p+1,..., k})
t=p+1
Then, we have the following statements.

State 1. If one of M; and My are uniform, then |Aut(M)| > 4 and
Aut(M) 2 H.

State 2. If both of M; and M5 are non-uniform paving, and in addition,
for some h € {1,2}, M}, satisfies
(al) there exist C;,Cs € C(M) satisfying C; N Cy # @ and Ny = (Cp U
Csa {Cts € G(Mh) : Cts g Ct U Cs}) 7é Mh;
(a2) for any C; € €(Mjy) \ €(Nys), it has C; N (Cy U Cs) =0,
where 1 < |C(Ny)| < p.

Then |Aut(M)| > 4 and Aut(M) 2 H.

Proof (1) Assume k = 1. By Lemma 2, it follows |Aut(M)| = |C1|!, and
so Aut(M) 2 H.

k
(2) (i) According to Lemma 2, M' = ( |J C;,{C;:j#4,5=12,....k})
J#i,j=1

is a paving matroid. Evidently, |Aut(M)| > |C;|! x |Aut(M")] is correct. In
light of r = p(M) < |C| < p(M) + 1,(t = 1,...,k), we may carry out
|Aut(M)| > r! x |Aut(M')|. Hence, if r > 3, then |Aut(M)| > r! > 4. So
Aut(M) 2 H is true.

Next we prove that if » = 2, then |Aut(M)| > 4 and Aut(M) 2 H.

Assume k¥ = 2. C; N Cy = O holds, and in addition, M’ = (Cs,C5)
holds. Furthermore, it yields out |Aut(M)| > |Cy|! x |Ca|! > r? > 4, and so
Aut(M) 2 H.

Assume k > 2.

If M’ is uniform. («l) informs us |[Aut(M')| > 2, and so |Aut(M)| > 4.
Thus Aut(M) 2 H.

k

If M’ is non-uniform and there is Cj, N ( U C;) = 0. By the
J#i,jF#0,5=1
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induction supposition, we obtain |Aut(M")| > 4, and so |Aut(M)| > 2x 4 = 8.
Therefore, it causes Aut(M) 2 H.

If M’ is non-uniform paving, and in addition, for any Cs € C(M"), there is
Cy € (M) fitting CsNCy # 0. Then we may easily indicate that by induction
on |C€(M")|, it assures that M’ is the following status:

Status: Posit N; = (UJ Cj 10, € €(M') - q =1,...,m;}),(j = 1,2).
q=1

We may carry out C(M') = €(N1) U C(N2); N; is a uniform with |C(N;)| >
1, (] = 1,2); Clw n ng = () for any Cll. S G(Nl) and ng S G(NQ)

Evidently, for this status, |Aut(M’)| > 4 is true. Moreover, |Aut(M)| > 4
is real, and so Aut(M) 2 H.

(ii) By Lemma 2, both of M; = (Cy, U Cy,, {Cy,,Cyy, ..., Cs,}) and My =

k
(U G, {C; :t=p+1,...,k}) are paving matroids. In view of the given,
t=p+1
we may easily receive that |Aut(M)| > |Aut(My)| x |Aut(Mz)| and p(M) <

If k =2, @(M;) # () and C(Ms) # (. Then, the need result is followed
from (i).

If k =2, C(M;y) # 0 and C(M;) = 0. Then, it follows k —p # 1, a
contradiction.

In one word, if k = 2, it will have |Aut(M)| > 4 and Aut(M) 2 H.

By induction on k, we will prove |Aut(M)| > 4 and Aut(M) 2 H.

According to the given, we know C(M;) # 0 (j = 1,2) and [C(M1)| =p > 1,
C(Mz)=k—-p=1

State 1. Assume both of M; and M, are uniform. By Lemma 2, one gets

k
|Aut(My)| > |(Ci; UC;,)|' = 3l and |Aut(M)| > |( U Cy,)|! > 1. Hence, we
t=p+1
get the need result.

Assume M; is uniform and Ms is non-uniform. This assumption and
Lemma 2 together cause |Aut(M7)| > 6. Additionally, it causes |Aut(Mz)| >
1. Thus the need consequent is followed.

Assume My is uniform and M; is non-uniform. If & —p = 1. Then (i)
brings about |Aut(M)| > 4 and Aut(M) 2 H. If k —p > 1. Then Lemma
2 yields out |Aut(Ms)| > 4. Hence, it easily produces |Aut(M)| > 4, and so,
Aut(M) 2 H is provided.

State 2. Assume both M; and M are non-uniform paving. According to (i)
or the inductive supposition and the property of M}, we have |Aut(Mp,)| > 4,
and so |Aut(M)| > 4 x 1 = 4, further, Aut(M) 2 H.

Lemma 5 Let M = (

J

|1 C=

C;,C(M)={C;:j=1,...,k}) and k > 2 be a
1
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non-uniform paving matroid with p(M) = r > 2. If M satisfies the following
(1) and (2)
(1) for any C; € €(M), there is C; € C(M) \ C; satistying C; N C; # 0;

q
(2) for any C;,,C;, € G(M), if Gy, NGy, # (¢, then N = (U G, = C;, U
t=1

OZ‘Z,G(N) = {Cit :Cy, CCy U0, € G(M)J = 1,2,...,q}) =M.

Then 3 < |C(M)] < 4.

Proof Since M is non-uniform and C;NCy = {1,...,t} # 0. We will sup-
pose C1 = {1,...,t,a1(441),---,a1r, } and Co = {1,...,t,a20441),--,02r, },
where r1,79 € {r,r 4+ 1}.

By the given condition and C; N Cs # 0 (j = 1,2), we present Cq U Cs \

p
1D C5 ¢ G(M) and N = (U Clj,{Clj : Clj cCy UCg,Cll = 01,012 =
j=1

p
Cs,C1, € C(M)}) = (U Cs,,{Cs, : Cs, € C1UC,,Cy, = C1,Ca, = Cs,Cs, €
Jj=1

C(M)}) = M. This compels C1UCy = C1UC3, and hence {ag(¢41y, - - -, a2r, } €
Cs. Furthermore, CoUC3 = C1UC, follows {a;(441), .-, a1, } € C3. Namely,
{al(t+1), ey A1y, &2(t+1), ey ag,«z} g 03.

By Lemma 1, C3UC1 \ aq(¢41) 2 C; € C(M) for some Cj, and 50 ay(141) ¢
C;. It C; # Cy, then C; = Cy4, and in addition, Cy N Cs # (). Therefore, it
follows Cy U Cy # C1 U5, a contradiction with the property of M. That is to
say, C; = Cq. Similarly to C3UC1\a1; (j =t+2,...,r) and C3UCs\ ags, (s =
t—l—l,...,’/‘g).

Additionally, if ;7 € C5 for some j € {1,...,t}, it follows C; UC5\ j 2
C, € C(M), but j € Cy,C4,C5, and so C,, ¢ {C1,Cs,Cs5}. No matter to
denote C,, = Cy. By Lemma 1, Cy ¢ C1,C3. Combining the close result
above and C; C C; U C3, we may indicate C4, N Cy # 0 and Cy N Cy # 0.
This follows ag, € Cy for some p € {t +1,...,7r2}. So it causes Cy N Co # (.
Thus, it presents Cy U Cy = Cy U Cy. This compels {aiqi1y,...,01,} C
Cy. Since C; U Cy = C1 U Cy compels {asy1y,---, a2, € Cy, one has
{a141), - -5 @1ry 5 Gt 41)s - - - Q2r, ) © C4. No harm to suppose {1,...,s} C
C3 (s <t). In view of C3U Cy = C1 U Oy, we may earn {s+1,...,t} C Cy.
In addition, |C3| <7+ 1 and C; N Cs # ) together assure s < t.

Suppose C3NCyN{1,...,t} # 0, i.e. thereis f € {1,...,t} satisfying 3 €
C3NCy. Then C3UC,\ B 2 C, € €(M). But we know C, ¢ {C1,C5,Cs,Ca}.
No harm to denote C, to be C5. Obviously, C5 N C5 # () and C5 N Cy # 0.
Let {1,,t} 2 {ﬁl,...,ﬁq} g 05.

If Cs N {as(i+1)s---»a2r, } =0, then C5 C C1, a contradiction.

Similarly, Cs N {a1 (41, ---» a1, } 7 0.

Therefore, by the supposition of M, we may obtain Cs U Cy = C5 U
Cy = C1UCy, and 50 {ay(t41),---»Clry, Q2(441), - - - G2ry b S C5. Moreover,
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using this augmentation repeated, we may state that N = (C3 U C4,C =
{C; : C; CTC3UCy,C; € C(M)}) is a paving matroid with €(N) = € and
{1415+ -5 a1, 2041)s - - -, G20, € Cj € €, and in addition, N # M, a con-
tradiction to the supposition of M. Namely, C3 = {1,...,5,a1(t11),- -, Q1ry,
A2(t41); - ->G2ry ) and Cy = {8+ 1,... t, 104415+ - Qlry, Q2(t41)5 - - - 5 G2y }-
Thus (M) = {Cy,Cy,C5,Cy4}, and hence 3 < |C(M)] < 4.

Assume s = 0. Then, one has [€(M)| = 3 and C3 = {ai11),-- -, 01,
a2(t41), - - - » G2r, }, and in addition, no Cj exists. That is to say, if |C(M)| = 4,
it must have 1 <sand 1 <t —s.

Based on Lemma 5, we may demonstrate the following Lemma 6.
Lemma 6 Let M be defined as that in Lemma 5. Then
(I) Assume |C(M)| = 3. Then there are the following results.
(1) If |Cl| = T7|CQ| =1r+ 1,01 ﬁC’g }é @ and |Cl n CQ| = r — 1. Then
Aut(M) 2 H.
(2) If |C1] = |Ca] =r,C1NCy # 0 and [C1 N Co| =7 — 1. Then Aut(M) 2 H.
(3) Suppose |C1| =7 and for Cy € €(M),C1NCy ={1,...,t} #£0. Ift <r—1,
then Aut(M) 2 H.
(4) If |Ol‘ =r+1= |CQ| and Cl ﬂOQ = {1,...,t} 75 @ Then Aut(M) % H.
(IT) Assume |C(M)| = 4. Then, we have Aut(M) 2 H.
Proof It is only to testify the truth of every case in (I) and (II) respec-
tively. Because all these checks are not difficult, we omit them here.

Assume M is defined as Lemma 5. If C; N Cy = (). Then it assures
C3NCy # 0 and C3NCs # B, additionally, C; UC3 = Cy U C3. Hence, it is no
harm to suppose that C; N Cs # @ if M is defined as in Lemma 5. This result
together with Lemma 6 proves the following Theorem 1.

Theorem 1 If M is defined as that in Lemma 5. Then Aut(M) 2 H.

Summing up, we have the following Theorem 2.
k
Theorem 2 Let M = (|J C;,C(M) = {C4,...,Cx}) be a non-uniform
j=1

paving matroid with p(M) > 2.

(1) If k =1. Then Aut(M) 2 H.

(2) Assume k > 2. Then there are the following consequences.
(i) If there is C; € C(M) satisfying C; N C; =0,(j #4; j =1,2,...,k), then
|Aut(M)| > 4 and Aut(M) 2 H.
(ii) Suppose for any C; € C(M), there is C;, € C(M) \ C; satisfying C; N

(. 1If there is Cy,,Ci, € C(M) (i1 7é i2) such that CZl nec, #

0,Ciy, ..., Cs, € Ci, UCs,, and C;, N (Cy, UC;,) =0, (t =p+1,...,k), where
GG(M)(j—12..,pp—|—1 ..,k)and 0 # p < k and k — p>1 Let
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k
M, = (Cil UC’i27 {Ci17 R 7Cip}) and My = ( U Cit, {CZt t=p+1,..., k})
t=p+1
We have the following statements.

State 1. If one of M; and My are uniform, then |Aut(M)| > 4 and
Aut(M) 2 H.

State 2. If both of M; and M5 are non-uniform, and in addition, for some
h € {1,2}, M), satisfies
(al) there is Cy, Cs € C(M) satisfying C; N Cs # 0 and Ny = (Cr UCs, {Cys €
C(My) : Cis C CUCs}) # My, where 1 < |C(Ngs)| < p.

(a2) for any C; € €(Mjy) \ C€(Nys), it has C; N (Cy U Cy) = 0.

Then |Aut(M)| > 4 and Aut(M) 2 H.

State 3. If both M; and Ms are non-uniform paving and one of M; and
My, no matter to assume M, satisfies that for any C; € C(My), it exists
Cs € C(M,) satisfying Cy N Cs # 0, but Ny = (Cy U Cs, {Cys € C(Mj) : Cps
C: UCs}) = M.

Remark 2 Up till now, for paving matroids, there exists another circum-
stance left to be dealt with. That is, M = (C1 U Cs,C(M) = {C; : C; C
CyUCq,5 =1,...,k}) is a non-uniform paving matroid with p(M) = r > 2
and owns the following properties:

() C1NCo # B

(B) for any C) € C(M), there is Cy € C(M) \ C), satisfying C, N Cy # 0;

() for any Cy,Cs € C(M) and C,NCy # 0, (t # s), if N = (C,LUC,{C :
C; C CLUC,,Cj € C(M)}) # M, then there is C, € C(M) \ C(N) # 0
satisfying C), N (Cy U Cy) # 0.

This circumstance will be considered in what follows.

Theorem 3 Let M be defined as that in Remark 2. Then

(1) Let |Cy] = |Co| = p(M) =7r. I |C1 N Cs| =7 — 1, then Aut(M) 2 H.

(2) Let |C1| = p(M) =r. f|C1NCy| =7 —1and |C)] = r + 1 for
C; € C(M)\ Cy,j=2,....k Then Aut(M) 2 H.

(3) Let |Cy| = |Ca] = p(M)+1 =r+1. If |C1NCy| = r, then Aut(M) 2 H.

Proof (1) Let C; ={a1,a2,...,ar-1,a5-},(j =1,2). Then by Lemma 1,
it causes C1 UCs \ a1 = {aa,...,ar_1,a1,,a2-} 2 Cs1. Since r < |Cy1| <r+1
and |{az,...,ar_1,a1,, a2, = r, it follows C3; = {aa,...,ar-1,a01,, a2 }.
Similarly, C1 UCz \ a; = C3; (j = 2,...,7 —1). We may easily testify
C3,UC35\ay, D Cy, (t=1,2;i=1,...,r—1;j#4,j=1,...,r—1). It assures
Ci1UCs\ a; =C3;,(t # j;i,j =1,...,7—1). That is to say, it should have
G(M) = {Cl,CQ,ng = {al, ces A1, G541y ,ar,halr,ag,«},j = 1, B A
1}. We define

T Q1 77 Qgy s 2 77 Qg e e vy Qp—1 72 G4y 1y 2 A1y, G2p =7 Q23
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Ty 1 Q1 iy, A2 > Qig,y ooy Gp1 > iy, A1y > A2, A2y > G1r,
where {il,ig, . 7i7«_1} = {1,2, e, T = 1}

It obviously follows 7y, w2 € Aut(M), and further, |Aut(M)| > (r—1)Ix 2L

Assume r > 2. Then it has |Aut(M)| > 4, and hence Aut(M) 2 H.

Assume r = 2. Then we obtain Cy = {a1,a12},Co = {a1,a22} and Cy U
Co\ a1 = C3 = {a12,a22}. But this does not satisfy that M is defined as that
in Remark 2, a contradiction.

(2) Let Cy = {a1,...,a,_1,a1,} and Cy = {a1,...,a,_1,02., 02041}
Since Cl UCg\aj = {al, ey A1, Q54154005 Ar—1, A1, A2, a2(r+1)} = ng, (] =
1,2,...,7“ — 1). We testify Cl ] C3j \ A1y = 02;02 ] C3j \ aos 2 Cl,Cgi U
Ogj\ags ) Cl,(s =rr+ l;j = 1,...,’/‘— 1);C'3pUng\aj = Ogj,((lj S
Csp, Csgsp#q;j=1,...,r—1;p,g=1,...,7 — 1). Hence, it causes C(M) =
{C1,C5,C35,5 =1,2,...,r —1}. We define

T Ay Qg (j =1,2,...,r — 1)7a1r = Q1p, G20 = A2p, G2(r41)
A2(r+1);
g s aj = ay; (5 =1,2,...,r —1),a1, = ai,a2; — Go(r41), Ga(r41) =

a2r,
where {i; : j=1,2,...,r—1} ={1,2,...,r — 1}.

So |Aut(M)| > (r — 1)! x 2.

Assume r > 3. Then it yields out |Aut(M)| > 4, and so Aut(M) 2 H.

Assume r = 2. Then it yields out C; = {a1,a12},Cy = {a1, a2z, as3} and
C3 =C1UCy \ a1 = {ai12,a22,a23},C1 U Cs \ a12 = {a1,a22,a23} = C2,Co U
Cs \ ag = {a1,a12,a23} 2 C1,C2 U3\ azz = {a1,a12,a22} 2 C1. Thus, we
may obtain C(M) = {C4,C5,C3}. However, C; UC3 = C; UCy = Co U Cy
follows that M is not defined as that in Remark 2, a contradiction to the given
supposition.

Assume r = 3. Then it causes Cy = {1,2,a13} and Cy = {1,2,a23,a24}-
Therefore, it proves Cg = {2,&13,&23,&24},04 = {1,a13,a23,a24} S G(M)
This is just one of case in Lemma 5, a contradiction to M defined as that in
Remark 2.

(3) Similarly to the discussion in (1), it follows the need consequences.

Recalling back all the discussion from Lemma 3 to the beyond, we may
state that for a paving matroid M, there are the following cases and only the
following cases not be solved for considering Aut(M) = H or Aut(M) 2 H.
Actually, we may indicate that M should be defined as that in Remark 2.

Case 1. |Ci| = r,|C1 N Cy| < r —1 and there exists C; € C(M) \ C4
satisfying |C;| = r.

Case 2. |C1|=r+1=|C3] and |C1 NCs| < r.

We will use some Examples to handle these cases partly.
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Suppose M is defined as that in Remark 2 and p(M) = 2.

Let C; = {1,2}. If |C3] = 2. Then, we may understand that Cy =
{1,3},C5 = {2, 3}, and in addition, (C1UC%, {C1, Cs, Cs3}) is a paving matroid.
In fact, C1UCy = CoUC3 = C1UC3 are true, a contradiction to the supposition.
Thus, it assures |Cy| = 3. However, since C; N Cs # () and Lemma 1 together
ask |[C1NCy] =1, and so Cy = {1,3,4}. Additionally, there are C; UC2\ 1 =
{2,3,4} D C3. Assume C3 = {2,3} (or {2,4}). Then C1UC5\2 = {1,3} C Cy
(or CyUC3\ 2 = {1,4} C C3). This leads to a contradiction to Lemma 1.
Thus, there is C3 = {2,3,4}. Furthermore, (C; UCy, {Cy,Cs, C3}) is a paving
matroid, but this is a contradiction with the supposition.

That is to say, |C1| = 3. Similarly, |C3| = 3.

Example 1 Let C; = {1,2,3} and Cy = {1,4,5}. M is defined as that
in Remark 2 with p(M) = 2. Assume C; € C(M) \ {C1,C5}, |Cj| = p(M) =2
and C1 UC3\ 1 D C5. Since M is non-uniform, it assures p(M) = 2.

If any C; € C(M) satisfies |C;| = 3, then we may state that M is uniform.
This is a contradiction.

Let |C5] = 2. Then C3 = {2,4}, in addition, C; UC3\ 2 = {1,3,4} D C4.
But Cy = {3,4} will follow a contradiction to Lemma 1 because C5UCy\ 4 =
{2,3} € Cy. Thus, we may express that Cy = {1,3,4} and N = (C; U
Cs5,{C1,C3,Cy4}) is a non-uniform matroid.

C2UCs\4 = {1,2,5}. Similarly to the above, if C), C {1,2,5} and |C)p| = 2,
then it follows a contradiction. Thus, it causes C5 = {1,2,5}. Therefore, it
provides C1 UC5\ 1 = {2,3,5} D Cs. Divided the following (1)-(3) to discuss.

(1) If Cs = {2,5}, then C3UCs \ 2 = {4,5} C C5. This causes a contra-
diction to Lemma 1.

(2) If Cs = {3,5}, then Cy U Cs\ = {1,2,5} = C5. We can prove that
(C1UCy,{C; : j =1,2,...,6}) is a non-uniform paving matroid defined as
that in Remark 2. Define

Moz, € C1UCy; m 12— 4,4— 22— z,x €{1,3,5};

w3553z xx € {1,2,4}; m3:2+— 44— 23— 55—
3,1—1.

Then, we may easily find out m; € Aut(M),(j =0,1,2,3). So |[Aut(M)| >
4 holds. Hence Aut(M) 2 H is followed.

(3) If Cs = {2,3,5}. We prove that M, ie. (C; U Co,{C1,C2,C5 =
(2,4},Cy = {1,3,4),Cs = {1,2,5},Cs = {2,3,5},C7 = {1,3,5},Cs = {3,4,51}),
is one of the non-uniform paving matroid defined as that in Remark 2. As the
discussion in Theorem 3, there is Aut(M) 2 H.

Let M’ be defined as in Remark 2 with p(M’) = 2. Then it is not difficult to
demonstrate that M’ is isomorphic to one of matroids appeared in Example
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1 and Theorem 3. Namely, up to isomorphism, if M is defined as that in
Remark 2 and p(M) = 2, then Aut(M) 2 H.
Next we consider with p(M) = 3.

Example 2 Let Cy = {1,2,3} and Cy = {1,4,5,6}. M = (C1 UCy,{C; :
j = 1,...,10}) where C3 = {2,3,4},Cy = {1,3,4},C5 = {1,2,4},Cs =
(3,4,5,6},Cy = {1,3,5,6},Cs = {2,4,5,6},Cy = {1,2,5,6}, C1o = {2,3,5,6).
It obviously demonstrates that M is a non-uniform paving matroid. Addition-
ally, we may easily search out N = (Cy U C3,C(N) = {C1,C5,Cy4,C5}) and
06 n (Cl U 03) 7é @ Define

mo:x—xforz e CLUCy;m:1—22— 1,z xforx € {3,4,5,6};

T2 : 56,6 52— xforxe {1,2,3,4}; m3:1—4,4+— 1,2 — z for
x€{2,3,5,6};
Then evidently, there are m; € Aut(M),(j =0,1,...,3), and so Aut(M) £ H
and |Aut(M)| > 4.

Let Cy = {1,2,3},Cy = {1,4,5}, and M be a paving matroid with p(M) =
3 defined on C7 U Cy. We prove that if M is presented as that in Remark 2
with p(M) =3 and 1 < |Cy N Cy] < 2, then Cy (or Cy) satisfies |Cy] = 4 (or
|Co| = 4). Thus, similar to Theorem 3 and Example 2, assuming M to be
defined on C7 UCs with p(M) = 3 and given as Remark 2 and |Cy| = 3, |Cq| =
4. We earn Aut(M) 2 H up to isomorphism.

Let M be a paving matroid defined on Cy U Cy,Cy = {1,2,3,4},Cy =
{1,2,3,5} with p(M) = 3. Then up to isomorphism, M is (C; U Cy, C(M) =
{C1,C5,C5 = {3,4,5},Cy = {1,2,4,5}}). We may find out that M is shown
as in Remark 2. Thus, if M is defined as that in Remark 2 on Cy U Cy with
p(M) = 3, then there is |[Ch N Cy] < 2. Assume |C; N Cy| = 2. Then we get
Cy = {1,2,3,4} and Cs = {1,2,5,6]}.

Example 3 Let ¢y = {1,2,3,4},Cy = {1,2,5,6}, C3 = {2,3,5},Cy =
{1,3,4,5}, Cs = {1,2,4,5},Cs = {1,3,5,6},Cr = {1,2,3,6},Cs = {2,3,4,5}
and Cy = {1,2,3,5}. Then N = (C; UC3,{C1,C3,C4,C5}) is a non-uniform
matroid and M = (C1UC%,{C; : j =1,2,...,9}) is defined as that in Remark
2 on C1 U Cy with p(M) = 3 according to N # M and Cy N (Cy U C3) # 0.
Define

mop:x—z,x € CrUCy; m 23,3 2,2 x,x € {1,4,5,6};

w255 22— xx € {1,3,4,6}; m13:3— 55— 3,x— z,x €
{1,2,4,6).

It is easy to see m; € Aut(M) (j =0,1,2,3), and so Aut(M) 2 H.

Combining Theorem 3, Example 2 and Example 3 with the above discus-
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sion, we may state that if M = (C1UC%,C(M) ={C; :j=1,...,k})is defined
as that in Remark 2 with p(M) = 3, then up to isomorphism, Aut(M) % H
holds.

We partially answer to the Welsh’s problem. But based on the discus-
sion in this paper, we conjecture that none of paving matroids M satisfies
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