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SIGNED (b, k)-MATCHINGS IN GRAPHS

A.N. Ghameshlou, R. Saei, S.M. Sheikholeslami and L. Volkmann

Abstract

Let G be a simple graph without isolated vertices with vertex set
V(@) and edge set E(G), b be a positive integer and k an integer with
1<k <|V(G)|. A function f: E(G) — {—1,1} is said to be a signed
(b, k)-matching of G if 3 (. f(e) < b for at least k vertices v of G,
where E(v) is the set of all edges at v. The value max 3}’ g f(e),
taking over all signed (b, k)-matching f of G, is called the signed (b, k)-
matching number of G' and is denoted by f(, ,)(G). In this paper we
initiate the study of the signed (b, k)-matching number in graphs and
present some bounds for this parameter.

1 Introduction

Structural and algorithmic aspects of covering vertices by edges have been
extensively studied in graph theory. A matching (edge cover) of a graph G is
aset C of edges of G such that each vertex of G is incident to at most (at least)
one edge of C: Let b be a fixed positive integer. A simple b-matching (simple
b-edge cover) of a graph G is a set C of edges of G such that each vertex of G
is incident to at most (at least) b edges of C: The maximum (minimum) size
of a simple b-matching (simple b-edge cover) of G is called b-matching number
(b-edge cover number), denoted by By(G) (pp(G)). The (simple) b-matching
problems have been widely studied in, for instance, [1, 3, 4, 6, 7]. For an
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excellent survey of results on matchings, edge covers, b-matchings and b-edge
covers, see Schrijver [8].

Let G be a simple graph with vertex set V(G) and edge set E(G). We
use [12] for terminology and notation which are not defined here and consider
simple graphs without isolated vertices only. For every nonempty subset E’
of E(G), the subgraph of G whose vertex set is the set of vertices of the edges
in E’ and whose edge set is E’, is called the subgraph of G induced by E’ and
denoted by G[E'].

For a function f : E(G) — {—1,1} and a subset S of F(G) we define
f(S) =3 ccs fe). The edge-neighborhood Eg(v) of a vertex v € V(G) is the
set of all edges incident to v. For each vertex v € V(G), we also define f(v) =
ZeeEG(v) f(e). Let b be a positive integer and k an integer with 1 <k <n. A
function f: E(G) — {—1,1} is called a signed (b, k)-matching (SbkM) of G,
if f(v) < b for at least k vertices v of G. The signed (b, k)-matching number of
a graph G is 5, 1 (G) = max{}_ c g f(e) | f is a SbEM on G}. The signed
(b, k)-matching f of G with f(F(G)) = Béb,k)(G) is called BEM)(G)—matchz’ng.
For any signed (b, k)-matching f of G we define P = {e € E | f(e) = 1},
M={ceE|f(e)=—1}, By = {ve V| f(v) < b}.

If b =1 and k = n, then the signed (b, k)-matching number is called the
signed matching number. The signed matching number was introduced by
Wang in [9] and denoted by B (G).

If b=1and 1 < k < n, then the signed (b, k)-matching number is called
the signed k-submatching number. The signed k-submatching number was
introduced by Ghameshlou et al. in [2] and Wang in [11] and denoted by
[N

When b is an arbitrary positive integer and k = n, then the signed (b, k)-
matching number is called the signed b-matching number. The signed b-
matching number was introduced by Wang in [10] and denoted by 3;(G).

The purpose of this paper is to initialize the study of the signed (b, k)-
matching number ﬁ£7k(G) and established some bounds for this parameter.
Here are some results on §(G), 8,(G) and 5, ;,(G).

The proof of the following Theorems can be found in [2], [9], [10] and [11].

Theorem A. For any graph G of order n > 2 without isolated vertices,
pi(G) = —1.

Theorem B. For any graph G of order n > 2 with no isolated vertex and
each positive integer b < A(G), Bj(G) < |%2].

Theorem C. For any graph G of order n > 2 and without isolated vertices,

k(1 — A(G)) + nA(G)
> .

ﬁ£1,k)(G) <
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Furthermore, this bound is sharp for C, if k is even and P, when n is odd.

Theorem D. Let G be a graph of order n > 2, size m, minimum degree 9,
mazimum degree A and without isolated vertices . Then

(2m+n)A + (n — k)A?

/Bél,k) (G) S 25 —m.

Theorem E. Forn > 2 and positive integer 1 < k < n,

k

Theorem F. Forn > 3 and any positive integer 1 < k < n,

B1,1)(Cn) =n— 2(%1-
Theorem G. Forn > 2,
n if k<n-—1
ﬂELk)(Kl,n—l) =< 0 ifk=mn and n is odd

1 if k=n and n is even.

2 Lower bounds on SbEMN of trees and cactus graphs

In this section we give a lower bound for signed (b, k)-matching number of
trees and connected cactus graphs. The proof of the first proposition is clear
and therefore omitted.

Proposition 1. Foranyn>2,b<n—1and1 <k <n,
n—1 if kE<n-—1
ﬁéb)k)(Kl,n_l): b—1 ifk=n and n—b=0 (mod 2)
b if k=n and n—b=1 (mod 2).
If G is a graph, then let L(G) denote the set of leaves.

Proposition 2. Let G be a graph of order n such that k < |L(G)| for an
integer 1 < 'k <n. If b is a positive integer, then By ,(G) = |E(G)|.
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Proof. If we define f : E(G) — {—1,1} by f(e) =1 for each e € E(G), then
we observe that f is a SbkM. O

Theorem 3. For any tree T of order n > 2, positive integer b < A(T) and
each positive integer 1 < k <mn,

Bl wy(T) > min{n —k +b—1,n—1}.

Proof. First assume that b > k. Then it is well-known that |L(T)| > A(T).
Thus it follows that
|L(T)| > A(T) > b > k.

Applying Proposition 2, we obtain the desired result
/Béb,k)(T) =|E(T)=n—-1>min{n—k+b—1,n—1}.

Next assume that b < k. Then min{n—k+b—1,n—1} =n—k+b—1. The
proof is by induction on n. If n = 2,3,4, then the result follows by Theorem
E and Proposition 1. Suppose n > 5 and that the statement is true for any
nontrivial 77 of order n’ < n and any integer ¥’ with 1 < k' <n’. Let T be a
tree of order n and 1 < k < n.

If T is a star, then the result is true by Proposition 1. Thus we may as-
sume diam(7") > 3. Let T be rooted at a leaf vy of a longest path. Let v
be a vertex at distance diam(7T) — 1 from vy on a longest path starting from
vg and w the parent of v. Suppose c is the number of v’s children. Then
c>1. If k < c+1, then assign +1 to all edges of T to obtain a SbkM of
T with weight n — 1 which follows the result. Hence, we may assume k > c+1.

Casel. c=1.

Let u be the leaf adjacent to v and T/ = T'—T,,. Then T” has order n’ = n—2.
Assume k' = k—2. Since c+2 < k < n, we have ¢ < k' < n’. By the inductive
hypothesis, ﬁzb)k,)(T’) >n — kK +b—1. Let f’ be a ng7k,)(T’)-matching.
Define f : E(T) — {-1,1} by f(wv) = —1, f(vu) = 1 and f(e) = f'(e)
for e € E(T’). Obviously, f is a SbkM of T and we have with sz,k) (T) >
FETM)=f(BT))>n -k +b—1=n—k+b—1.

Case 2. c¢>2.

Let w1 and us be two leaves adjacent to v and let T/ = T — {uq, uz}. Then
T’ has order n’ = n — 2. Assume k¥’ = k — 2. Since c+2 < k < n, we
have ¢ < k' < n/. By the inductive hypothesis, BEb,k/)(T/) >n' — kK +b—1.
Let f" be a B, ., (1")-matching. Define f : E(T) — {-1,1} by f(vu1) =
—1, f(vuz) =1 and f(e) = f’(e) otherwise. Obviously f is a SbkM of G with
Blow(T) = f(E(T)) = f(E(T) =2n" =k +b—-1=n—k+b—1. This
completes the proof. O
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Theorem 4. Let G be a connected cactus graph of order n > 3 with exactly
p >0 cycles. If b < A(G) and k < n are positive integers, then

Blow)(G) > min{n —k+b—(p+1),n+p—1}.

Proof. We proceed by induction on the number p of cycles. If p = 0, then
Theorem 3 shows that the desired bound is valid. Let now p > 1. Note that
|[E(G)|=n+p—1and |L(G)| > A(G) — 2p.

First assume that b > k+2p. Then |L(G)| > A(G) —2p > b—2p > k, and
hence Proposition 2 implies that

Bow(G) =|EG)=n+p—1=min{n—k+b—(p+1),n+p—1}
Ifb=2p+k—1, then min{fn—k+b— (p+1),n+p—1} =n+p—2and

|L(G)| > A(G) —2p > b+ 1 —2p = k. Thus again Proposition 2 leads to the
desired bound

Bow(G) =IEG)=n+p—1>n+p-2.

Next assume that b < 2p 4+ k — 2. Let C be a cycle of G and e; € E(C).
Since all cycles of G are edge disjoint, H = G — e; is also a connected cactus
graph with exactly p — 1 cycles. Hence the induction hypothesis leads to

By (H) >min{n —k+b—pn+p-2=n—k+b—p.

If f is a B, ;,(H)-matching, then define define h : E(G) — {—1,1} by h(e) =
f(e) for e € E(H) and h(e;) = —1. Obviously, h is a signed (b, k)-matching
of G such that

Bl (G) = By py(H) =1 > n—k+b—(p+1) > min{n—k+b—(p+1),n+p—1},
and the proof is complete. O

For the special family of Eulerian cactus graphs, the next result presents
a much better lower bound when b > 2.

Theorem 5. Let G be an Eulerian cactus graph of order n and girth g with
exactly p > 1 cycles. If b > 2 is an integer, then

p(g —2) + min{b,2p}  if b is even

/sz,n)(G) >
p(g — 2) + min{b —1,2p} if b is odd.
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Proof. We proceed by induction on the number p of cycles. If b > 2p, then
b > 2p > A(G) and thus

Blom (G) = |E(G)| > pg = p(g — 2) + 2p > p(g — 2) + min{b, 2p}.

Assume now that b < 2p. Let B = ujus...ugpu; be an end-block of G with
the cut-vertex uy of G. Then H = G — (V(B) — uy) is also an Eulerian cactus
graph with exactly p — 1 cycles and girth at least g. Therefore the induction
hypothesis leads to

(p—1)(g —2) + min{b,2p — 2}  if b is even
By (H) >
(p—1)(g—2)+min{b—1,2p—2} if b is odd. (3)
If f is a By ,, )y (H )-matching, then define i : E(G) — {—1,1} by h(e) =
f(e) for e € E(H), h(ujuj41) = 1for i =1,2,...,k — 1 and h(ugu1) = —1.
Obviously, h is a signed (b, n)-matching of G such that

By (G) = By iy (H) + k=2 > By oy (H) + 9 — 2.
Combining this with (3), we obtain the desired result. O

The next example will demonstrate that Theorem 5 is best possible.

Example Let the cactus graph G of order n consists of a vertex u and ex-
actly p > 2 edge-disjoint cycles C1,C>,...,C, of length g containing u. If
2 < b < 2p, then it is straightforward to verify that

plg—2)+b if b is even

Bl (G) =
p(g—2)+b—1 if bis odd.

3 Upper bounds for SbAMN of graphs

First note that for any graph G, when b is at least A(G), 5, ;,(G) = |E(G)
for any 1 < k < |V(G)|. Then hereafter we may assume for any graph G,
b < A(G). In this section we present some upper bounds on (, ,,(G) in terms
of order of G, maximum and minimum degree and degree sequence of G. The
first theorem generalizes Theorems B and C.

Theorem 6. For any graph G of order n > 2 and without isolated vertices,
positive integer b < A(G) and 1 < k < n,

k(b — A(G)) + nA(G)
3 .

Bl (G) <
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Proof. Let f be a Béb’k)(G)—matching. We have

1
5{1,,;6)(6') = ZEEE(G) fle) = 5 EveV(G) ZeEE(v) f(e)

1 1
= 3 2 ven; 2oeccB(w) f(€) + B 2veV(G\B; 2aecE(®) I (€)

bBy| | [VIG)\ Bf|A(G)

<
- 2 2
_ |Bsl(b = A(G)) +nA(G)
5 .
The result follows from k < |By|. O

Theorem 7. Let G be a graph of order n > 2, size m, without isolated vertices,
and with degree sequence (dy,da,...,d,) where d; < ds < ... <d,. For each
positive integer b < A(G) and 1 < k <mn,

2bm — Zf:l d;
BEb,k)(G) < T +m.

Proof. Let g be a B(; ;) (G)-matching and let By = {vj,,vj,,...,vj,  }. Define
f:E(G)— {-1,0} by f(e) = (g(e) — 1)/2 for each e € E(G). We have

Y il = Y 9(N[e]) — deg(u) — deg(v) +1

2
e€E(G) e=uveE(G)

Since

Y (aNgle) +g(e) = Y 9(B(v))deg(v)

ecE(G) veV(G)

and

Y. (deg(u) +deg(v) = Y deg(v)?,

e=uwveE(QG) veV(G)
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we have

Secri@ FNGlD) = 5 ey () (0(B(w)) dea(v) — des(v)?)-

1 m
-5 >een(c) 9(€) + 5

< 5 Soevions, () deg(v) — deg(v)?)+
5 S by, — ) = 550,00(G) + 3

< Sy - S - @)+ T

< ST b S @ 5B (G)+

o 1 k 9 1 , m
= bm— 3 >ic di — §ﬁ(b,k)(G) Ty

2b+1 1 1
_ @+hm 5 Sh a2 - iﬂzbm(g) (1).

2
On the other hand,
Yieen@ f(Nalel) = Yevie) [(E®))deg(v) = Xecpa) f(e)

2 Zvev(c) f(E(v))dy — ZeeE(G) f(e)
= di(2Y e [(€) = Xeerq) fle)
= Q-1 cpefle) (2

@+Dm 1y o, 1
> flo< 2 D) 2im di — §3£b,k)(G)
= - 2d; — 1 '

k

Foan(@ = 3 (e) < 5 (@b V= 3" = 50 (6)) + m.

e€E(G) i=1
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Thus,
2bm — S8 2
/ =1"
B(b’k)(G) < le +m,
as desired. O
An immediate consequence of Theorem 7 now follows.

Corollary 8. For every r-reqular graph G of order n,

(n—k)r+nb

6Eb,k)(G) < 9

Theorem 9. Let G be a r-regular and 1-factorable graph of order n > 4, and
let b < r be a positive integer. Then

b if r—b=0 (mod 2)

BEb,n)(G) =
C=ln - —b=1 (mod 2).

Proof. Let {My, Ms,..., M.} be a decomposition of the edge set E(G) into
perfect matchings.
r+b

If r—b =0 (mod 2), then define f(e) = 1 whene € |J,2, M; and f(e) = —1
when e € Urr%b_ﬂ M;. This implies f(v) = b for each vertex v € V(G) and
thus 3, ,,(G) = b

r4b—1

If r—b=1 (mod 2), then define f(e) =1 whene e |J,_? M, and f(e) =

—1whene € U”T“+gfl+1 M;. This implies f(v) = b—1 for each vertex v € V(G).

Since f(v) = b is not possible in this case, we obtain 3, . (G) = @. O

Theorem 9 shows that Corollary 8 is best possible when b and n are both
even and k = n.

Applying Theorem 9 and the well-known classical Theorem of K&nig that a
r-regular bipartite graph is 1-factorable, we obtain the next result immediately.

Theorem 10. Let G be a r-reqular bipartite graph of order n > 4, and let
b < r be a positive integer. Then
b if r—b=0 (mod 2)
Béb,n) (G) =
@ if r—b=1 (mod 2).

The following theorem is a generalization of Theorem D.
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Theorem 11. Let G be a graph of order n > 2, size m, minimum degree §,
mazimum degree A and without isolated vertices . For each positive integer
b<A(G) and 1 <k <n,

(2m + bn)A + (A% — (b—1)A)(n — k)

!
< —m.
B(b,k) (G) < 2% m
Proof. Let f be a sz’k)(G)—matching. First note that for each vertex v € By,
d b
[E(v)NP| < f%] We have

(20)|P] < > ._,pep(deg(u)+ deg(v))

< v PN EW) deg(v)
S Sen, IPNE@W)]deg(v) + Ty, [P0 EE) des(v)
< Soen, (XL ) deg(v) + ey, des(v)?
< Sen 1B deg(o) +
D veV(G)\By LWJ deg(v)+
eg(v)? b—1)deg(v
Scrions, (AL =D desl),
D S L (AN
eg(v 2 (b-
< ANy B B0
n 2 (b-
= A(m+ %) + A(S—l)A(n — k).
It follows that
Ay 4 A2 (b= DA

m
2

Pl <

Pl = 26

Now the result follows from 3(, , (G) = 2|P| — m. O
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