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SEVERAL ASPECTS ON THE
HYPERGROUPS ASSOCIATED WITH
n-ARY RELATIONS

Irina Cristea

Abstract

This paper deals with hypergroupoids obtained from n-ary relations.
We give conditions for an m-ary relation such that the hypergroupoid
associated with it is a hypergroup. First we analyze this construction
using a ternary relation and then we generalize it for an n-ary relation.

1 Introduction and Preliminaries

The applications of mathematics in other disciplines, for example in informa-
tics, play a key role and they represent, in the last decades, one of the purpose
of the study of the experts of Hyperstructures Theory all over the world. This
theory was born during the 8th Congress of Scandinavian Mathematicians
since 1934, when F. Marty [11] defined hypergroups, a natural generalization
of the concept of group, and presented some of their applications to non-
commutative groups, algebraic functions, rational fractions. Since then var-
ious connections between hypergroups and other subjects of theoretical and
applied mathematics have been established. The most important applications
to geometry, topology, cryptography and code theory, graphs and hypergraphs,
probability theory, binary relations, theory of fuzzy sets and rough sets, au-
tomata theory can be found in [6].

The first association between binary relations and hyperstructures ap-
peared in J. Nieminem [13], who studied hypergroups related to connected
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simple graphs. In the same direction P. Corsini [3] worked, considering dif-
ferent hyperoperations associated with graphs. J. Chvalina [1] used ordered
structures for the construction of semihypergroups and hypergroups. Later on,
I. Rosenberg [17] extended Chvalina’s definition, introducing a hyperoperation
obtained by a binary relation; the new hypergroupoid has been investigated
by P. Corsini [4], P. Corsini and V. Leoreanu [7] and recently by I. Cristea and
M. Stefanescu [8, 9]. Lately, S. Spartalis and C. Mamaloukas [18], and Ch.G.
Massouros and Ch. Tsitouras [12] have created several algorithms in order
to calculate the number of non isomorphic hypergroupoids determined by a
binary relation on a finite set. The study of the relations between two sets, in
particular on a set, points out important properties of the discrete structures.
But also relationships among elements of more than two sets often arise and
may be expressed in terms of n-ary relations.

This paper deals with hypergroupoids obtained from n-ary relations. The
n-ary relations were studied for their applications in the theory of dependence
space. Moreover, they are used in Database Theory, providing a convenient
tool for database modeling. First we associate a hypergroupoid with a ternary
relation defined on a nonempty set H and investigate when the new hyper-
groupoid is a hypergroup. We use some fundamental operations on databases
to generalize the results to the case of n-ary relations. Finally we discuss some
aspects connected with the reduced hypergroupoids.

For a nonempty set H, we denote by P*(H) the set of all nonempty subsets
of H A nonempty set H, endowed with a mapping, called hyperoperation,
o: H? — P*(H) is called a hypergroupoid. A hypergroupoid which verifies
the following conditions:

1. (xoy)oz=xo0(yoz), foral z,y,ze H
2. zoH=H=Hog,for all x € H (reproduction axiom)

is called a hypergroup.
If, for any x,y € H, x oy = H, then (H, o) is called the total hypergroup.
If A and B are nonempty subsets of H, then we denote Ao B = U aob.

a€A
beB

We say that two partial hypergroupoids (H,o1) and (H,o03) are mutually as-
sociative if, for any z,y,z € H we have

(rory)ogz=zo01(yoz2);(xogy)orz=mx03(yor2).

For each pair (a,b) € H?, set a/b={z|a € zob} and b\a = {y | a € boy}.
If A and B are nonempty subsets of H, then we denote A/B = U a/b.

acA
beB
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A commutative hypergroupoid (H,o) is called a join space if the following
implication holds: for any (a,b,c,d) € H*,

a/bNe/d# 0= aodNboc#{ ("transposition axiom”).

For more details on hypergroup theory, see [2].

2 Properties of the n-ary relations

In this section we present some basic notions about the n-ary relations defined
on a set H. We suppose that H # () is a set, n € N a natural number such
that n > 2, and p C H" is an n-ary relation on H.

Definition 1. (see[15]) The relation p is said to be
1. reflexive if, for any x € H, the n-tuple (z,...,z) € p;

2. n-transitiveif it has the following property: if (x1,...,2,)€p, (Y1,. .., Yn)EP
hold and if there exist natural numbers ig > jo such that 1 < ip < n,
1 < jo <n, Tiy = Yj,, then the n-tuple (zs,,..., %5, Yjrrrr---1Yjn) €P
for any natural number 1 < k < n and 41, ..., %k, jk+1, - - -, jn Such that
1< < <ip<io, Jo < Jpr1<...< Jn<m;

3. symmetric if (x1,22,...,2T,) € p implies (Tp, Tp_1,...,21) € p;
4. strongly symmetric if (x1,...,2,) € p implies (51, ..., To(n)) € p for
any permutation o of the set {1,...,n};

5. n-ary preordering on H if it is reflexive and n-transitive;

6. n-equivalence on H if it is reflexive, strongly symmetric and n-transitive.

Example 2. A ternary relation p is 3-transitive if and only if it satisfies the
following conditions:

(i) T (2,1, 2) € p, (yu,v) € p, then (z,u,v) € p.

(11) If (xayaz) € p, (Z7U7U) € p, then (l‘vyau) €p, (x7yav) €p, (.T,U,U) € p,
(y,u,v) € p.
(iti) If (z,y,2) € p, (u,2,v) € p, then (z,y,v) € p.
Lemma 3. If p is an n-ary preordering, then any projection p1;n, 2 < i <
n —1, is a 3-ary preordering.
Proof. The reflexivity is immediately. Set an arbitrary 7 in {2,...,n—1}.
We prove that p1 ., is 3-transitive in three steps (see the Example 3):
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(1) If (z,y,2) € p1in and (y,u,v) € p1,in, then there exist ai,...,an_3,
bi,...,bn—3 € H such that (z,a1,...,a,-2,y,ai—1,...,0,-3,2) € p and
(y,b1,...,bi—2,u,b;—1,...,b,_3,v) € p; by the n-transitivity of the re-
lation p it follows that (z,b1,...,b;—2,u,bi—1,...,bp_3,v) € p, that is
(,u,v) € p1in.

(ii) If (z,y,2) € p1in and (z,u,v) € p1,p, then there exist ag,...,an—3s,
bi1,...,bp_3 € H such that (z,a1,...,a;_2,y,0;—1,...,0,_3,2) € p and
(2,01, ...,bi—a,u,b;_1,...,b,_3,v) € p; by the n-transitivity of the rela-
tion p it follows that:

(x,b1,...,bi—2,u,b;_1,...,by_3,v) € p, that is (z,u,v) € p1,n,
(Y, b1, bi—o, U b1, ... b3, v) € p, that is (y,u,v) € p14n,
(x,a1,...,6i—2,Y,bi—1,...,by_3,v) € p, that is (x,y,v) € p1,in,
(‘r7a17 ey A5—2,Y, Q515 .,0n—3, u) S P, that is (I7y7u) € pl,i,n-

(ili) If (z,y,2) € p1,in and (u,2,v) € p1;n, then there exist ai,...,an_3,
bi,...,bn—3 € H such that (z,a1,...,a,-2,y,ai—1,...,0,-3,2) € p and
(uyb1,...,bi—2,2,b;—1,...,bp_3,v) € p; by the n-transitivity it follows
that: (z,a1,...,0i-2,Y,Gi—1,-..,an_3,v) € p, that is (z,y,v) € p1,in.

O

Lemma 4. Let p be an n-ary relation on H such that p1, = H x H.
If p is strongly symmetric and n-transitive, then p is an n-equivalence on H.

Proof. Set x arbitrary in H. Since p; ,, = H xH, there exist uy,...,u,_2 €

H such that (z,uy,...,up—2,2) € p and by the symmetry it follows that
(U1, ..., Up—2,x,2) € p. Using the n-transitivity, (x,us,...,up—2,z,x) € p.
Again by the symmetry, we obtain that (usg,...,un—2,z,2,2) € p and there-
fore, by the n-transitivity, that (z,us, ..., un—2,z,x,2) € p and so on; finally
it results that (z,z,...,x) € p, for any € H, so p is an n-equivalence on H.
O

We also obtain the following two immediate corollaries.

Corollary 5. If p is an n-ary equivalence, then any projection p1;n, 2 <1 <
n—1, is a 3-ary equivalence.

Corollary 6. If p is a strongly symmetric n-ary relation, then, for any i #
Jj€{2,...,n— 1}, the following equivalence holds:

(x,y,2) € prin <= (2,9, 2) € p1,jn-
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There are esentially two types of operations with n-ary relations useful
to describe information manipulations in databases: the first type permits
the construction of new databases (union, intersection, diference, Cartesian
product) and the second type may be characterized as operations that are
motivated by the information manipulations (projection, join).

In the following we recall the definitions of the projection and the join.

Definition 7. Let p be an n-ary relation on a nonempty set H and k < n.
The (i1,...,x)-projection of p, denoted by p;, .. 4., is a k-ary relation on H
defined by: if (a1,...,a,) € p, then (ai,,...,ai) € piy,..ir-

Definition 8. Let p be an m-ary relation on a nonempty set H, A\ an n-
ary relation on the same set H. The join of p and A, denoted by J,(p, \),
where 1 < p < m,1 < p < n, is an (m + n — p)-relation on H that con-
sists of all (m +n — p)-tuples (a1,...,am—p,C1,...,¢p,b1,...,bn—p) such that
(@1, Qm—p,C1,...,¢p) € pand (c1,...,¢p,b1,...,bp—p) € A.

Example 9. On H = {1,2,3,4,5,6} we define the 5-ary relation p and the
ternary relation \:

p=1{(1,1,3,4,1),(2,3,5,2,1),(3,3,4,5,1),
A=1{(4,1,6),(5,1,2),(3,4,3),(2,2,2)}.

The p 4,5 projection is the ternary relation pa 4 5 = {(1,4,1),(3,2,1),(3,5,1)};
the join Ja(p, A) is the 6-ary relation J2(p, ) = {(1,1,3,4,1,6),(3,3,4,5,1,2)}.

3 Hypergroups associated with n-ary relations

In the paper [19] M. Stefanescu proposes, as a problem, the study of the
hyperstructure associated with a ternary relation as follows:

(a,b,c) € p if and only if ¢ € aob.

In this section we consider this problem, but in a little different form.
Let p be a ternary relation on H. For any x,y € H, we define the hyper-
product

zo,y=A{z[z€H,(z,2y) € p}.

We notice that (H,0,) is a hypergroupoid if and only if, for any =,y € H,
there exists z € H such that (x,z,y) € p, that is the projection p; 3 is the
total relation, i.e. p13 =H x H.

Now we generalize the definition of the hyperproduct associated with a
ternary relation to the case of n-ary relation, n > 3, defined on a nonempty
set H.
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Definition 10. Let p be an n-ary relation on H. For any i € {2,...,n—1},
using the projections p; ; », we define the hyperproducts:

zo,y={z€ H|(z,2,9) € print

and
n—1

zo,y={z€H|(z,2y) Uplzn}—Uxozy

We notice that (H,o,) is a hypergroupoid if and only if the projection p; ,, is
the total relation, i.e. p1, = H x H.

In the following we determine neccessary conditions such that the hyper-
groupoid (H,o,) is a hypergroup or a join space.

Proposition 11. Let p be an n-ary relation on H. Then (H,0,) is a quasthy-
pergroup if and only if p1, = H x H and there exist i, j, with2 <i,j <n-—1,
such that p1; = pjn = H x H.

Proof. We know that a hypergroupoid (H,o) is a quasihypergroup if
and only if, for any « € H, xo H = H = H ox. Therefore (H,o0,) is
a quasihypergroup iff |, for any x,y € H there exist z,t € H, such that

y € xo,zNto,x, that is (z,y,z Uplm > (t,y,z). It follows that

(H,o0,) is a quasihypergroup iff there eXlst 1,7, with 2 < 4,7 < n—1, such that
(%y’ ) € P1,in and (ta:% ) € P1,5,n, SO P1i = Pjn = H x H. O

Proposition 12. Let p be an n-ary relation on H such that p1, = H x H.
If p is a preordering, then (H,o,) is the total hypergroup.
Proof. We have to prove that, for any z,y,2 € H, z € v o, y.

Set z,y,x € H. Since p1, = H x H, there exist a;,as,...,a,-2 € H, such
that (z,a1,...,an—2,y) € p. By the reflexivity, (2, z,...,2) € p and then, by
the n-transitivity, it follows that (z,...,2,y) € p. Again since p1,, = H X H,
there exist ¢1,...,¢,—2 € H such that (z,c1,...,¢cnh—2,2) € p. Using the n-
transitivity for (z,...,z,y) € p and (z,c1,...,¢n—2,2) € p, we obtain that
(,2,...,2,y) €p, 80 2 €T 0, Y. O

Proposition 13. Let p be an n-ary relation on H such that p1, = HxH. Ifp
is n-ary transitive and strongly symmetric, then (H,o,) is the total hypergroup.

Proof. By Lemma 4, p is an n-equivalence on H and by the previous
proposition, (H,o,) is the total hypergroup. O

Proposition 14. Let p be a ternary relation on H such that p13 = p12 =
H x H or p1,3 = p23=H x H. If p is 3-transitive, then (H,o,) is the total
hypergroup.
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Proof. We prove that p is reflexive and then, by Proposition 12, it results
the conclusion. We suppose that p; 3 = p12 = H x H; thus, for any z € H,
there exist a,,c, € H such that (z,a,,z) € p and (ay,z,c;) € p. Then by
the 3-transitivity, (z,z,c;) € p. Again, since p13 = H x H it follows that
there exists u, € H such that (¢;,uz,z) € p. Using the 3-transitivity for
(z,2, ), (Coy g, ) € p, we get (x,2z,2) € p, that is p is a 3-preordering on
H. O

Corollary 15. Let p be an n-ary relation on H (n < 4) such that there exist
1,7, with 2 < 4,7 < n —1, such that p1; = pjn = p1n = HXxH. If p is
n-transitive, then (H,o,) is the total hypergroup.

Proof. If p is n-transitive, then the ternary relations A = p1;, and o =
P1,j,n are 3-transitive such that )\172 = )\173 = H x H and Qg3 = (11 3 = HxH.
By Proposition 14 it follows that the hypergroupoids (H,o;) and (H,o;) are

n—1

total hypergroups. therefore, for any x,y € H, we have zo,y = U TOpy 1, Y 2
1=2

xo, . y=H,soxo,y=H,that is, (H,o,) is the total hypergroup. O

Let p be a ternary relation on H. We denote the join relation J2(p, p) by
a.
We recall that Ja(p, p) is a 4-relation such that

(z,y,2,t) € Ja(p, p) <= (v,y,2), (y, 2,1) € p.

Using projections of Ja(p, p), we give a neccessary condition for a hyper-
groupoid (H,o,) to be a semihypergroup.

Proposition 16. Let p be a reflexive and symmetric ternary relation on H.
If p & a124 or p € o34, then the hyperoperation 7o,” is not associative.

Proof. We suppose that p ¢ 1 2.4; then there exists (x,y,2) € p\ a1,24
and thus, for any a € H,

(x,y,a,z) ¢J2(P,,0) (1)

Since p is reflexive and (z,y, z) € p, it follows that y € yo,y C (zo,2)0,y.
To prove that ”o,” is not associative, it is enough to show that y € zo,(z0,y),
that is, for any a € zo0,y, y € z 0, a.

Let’s suppose by the absurd that there exists @ € z 0, y, with y € x o, a.
Then, (z,a,y) € p (and by the symmetry (y,a,z) € p) and (x,y,a) € p.
Therefore it results that (x,y,a,z) € Ja(p, p), which is a contradiction with
(1). Similarly if we suppose p ¢ a1,3.4. O
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Corollary 17. Let p be a reflexive and symmetric ternary relation on H. If
(H,0,) is a semihypergroup, then p C a12.4 N1 3.4.

In the following we give a similar result for the n-ary relations. Let p
be an n-ary relation on H and « be the join relation J(p,p); then « is a
(2n — 2)-relation on H.

Proposition 18. Let p be a reflexive and symmetric n-ary relation on H
which satisfies the condition:

(S): (z,a1,...,an-2,Y) € p = (T,05(1), - -+, Ao(n—2),Y) € P,

for any permutation o of the set {1,2,...,n —2}.
If, there exists j € {2,...,n — 1} such that p1,jn ¢ 01 n—1,2n—2 OF P1jn €
01,n,2n—2, then the hyperoperation ”o,” is not associative.

Proof. First we suppose there exists j € {2,...,n — 1} such that p; j, ¢

01,n,2n—2. Then there exists (z,y,2) € p1,jn such that (z,y,2) € a1.n20—2
Therefore, y € o, z and since p is reflexive, it follows that y € y o, (x o, 2).
We prove that y ¢ (y o, x) o, z , and thus the hyperoperation ”o,” is not
associative.
Let’s suppose by the absurd that y € (y o, x) o, 2; then there exists a € yo, x
such that y € ao,z. It follows that (y,...,qa,...,z) € pand (a,...,y,...,2) €
p. By the simmetry and the condition (S), we obtain that (x,...,a,y) € p and
(a,y,...,z) € p and therefore (z,...,a,y,...,2) € Jo(p, p), that is (z,y,2) €
Q1 n,2n—2 Which contradicts our supposition.

We proceed similarly if we suppose there exists j € {2,...,n—1} such that
P1jn € Q1 n—1,2n—2: One can prove that y € (xo,2)o,y, but y € xo,(z0,y),
so the hyperoperation "o,” is not associative. U

4 An example of reduced hypergroup

9 A7

It may happen that the hyperoperation ”0” does not discriminate between
a pair of elements of H, when two elements play interchangeable roles with
respect to the hyperoperation. On a hypergroupoid (H, o), the following three
equivalence relations, called the operational equivalence, the inseparability and
the essential indistinguishability, respectively, may be defined (see [10]):

e r~,y<=zoa=yoaand aox =aoy, for any a € H;
o x~;y<=fora,be H, wehave t €Eaob<=y € aob;

e r Y= x~,yandzxn~;y.
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For any x € H, let T,, T; and Z., respectively, denote the equivalence classes
of x with respect to the relations ~,, ~; and ~..

We say that a hypergroupoid (H, o) is reduced if and only if, for any x € H,
Ze = {x}.

Let H be a nonempty set such that H = U H;, where {H,};cs is a family

il
of subsets of H indexed by a set I. We define on H the binary relation p® as
follows
(z,y) € p® <= Ji €I :z,y € H,.

Using the join operation we obtained the ternary relation p defined as:

p=J1(p" ") ={(z,2,9) | (z,2) € p" A (2,9) € p'} =
={(z,z,y) | F,jel:x,z€ H ANz,y € Hj}.

As in the previous section, we consider the hyperproduct on H defined by

xopy:{z|(:v,z,y)€p}. (2)

It is obvious that
To,Yy=x0,rMNYo,y

and if we denote x o, x by H,, then
ro,y=H,NH,.

We notice that (H,o,) is a partial hypergroupoid and it is a hypergroupoid
if and only if, for any i # j € I, H; N H; # (. We are interested in finding
conditions such that the hypergroupoid (H,o,) is reduced.

Proposition 19. Let (H,o,) be a partial hypergroupoid associated with a

ternary relation as in (2). For any x,y € H, x ~¢ y if and only if H, = H,.
Proof. First we notice that, for any a,b € H, a € Hy if and only if b € H,,.
Let x,y be in H such that  ~, y, that is x 0, a = y o, a, for any a € H;

thus x o,z =20,y =yo,x =yo,y and then H, = H,.

Conversely, set x,y € H such that H, = H,; then, for any a € H, we have

H,NH, =HyNH,, therefore zo,a=yo,a, sox ~,y.

Now set =,y € H such that x ~; y, thus x € ao, b if and only if y € ao,b.
Let z € H,, then x € H, = 20, z and since = ~; y, it follows that y € H.,
thus z € Hy. So H, C H, and similarly one can prove that H, C H,.
Conversely, set =,y € H such that H, = H,. If x € ao,b = H, N Hy,
with a,b € H, then a,b € H, = H, and therefore y € H, N Hy, = a o, b, so
T~ Y. U
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Proposition 20. Let {H;}ic; be a partition of a nonempty set H. Then
the family of the equivalence classes respected to the equivalence ~. on (H,o,)
coincides with the family {H;}icr. Moreover, the partial hypergroupoid (H,o,)
is reduced if and only if , for any i € I, | H; |= 1.

Proof. Let {H,};c; be a partition of H. For any x # y € H, there exist
and are unique 4o, jo € I such that z € H;, and y € H;,. Since {H;};cs is a
partition of H, it follows that H, = H;, and H, = H;, and then

Trvey<s= Hy=H, = iy el:z,yc Hy,

so the family of the equivalence classes respected to ”~.” is {H;}icr.
Moreover, (H,o,) is reduced if and only if, for any = # y € H, = . y,

which is equivalent with H, = {z}, for any « € H, so | H; |= 1, for any

i€l O

5 Conclusions and future work

Many connections between hypergroups and binary relations have been consi-
dered and investigated. In this paper we associated, firstly with a ternary
relation, and secondly with an n-ary relation, a partial hypergroupoid. We
determined neccessary conditions such that the obtained hyperstructure is a
hypergroup. Let p be a ternary relation on H. For any x,y € H, we define
the hyperproduct

zo,y={z|z€H,(x,2,y) € p}.

We notice that we can do the association also in the other direction: given a
hypergroupoid (H, o), we define the ternary relation p on H setting (z,y,2) € p
if and only if y € x o z. This is the unique ternary relation obtained in this
way. We can not say the same thing in the case of n-ary relation, n > 4.

The operations on databases (such union, intersection, Cartesian product,
projection, join) can be extended to similar operations on n-ary relations that
permit to construct new hypergroupoids. It would be interesting to determine
some relationships between the hypergroupoids associated with two n-ary rela-
tions p and A and the hypergroupoids associated with the union, intersection,
join, Cartesian product of p and A.
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