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GEOMETRIC METHODS IN STUDY OF
THE STABILITY OF SOME DYNAMICAL

SYSTEMS

Dumitru Bala

Abstract

In this paper we aim to analyse the stability of two dynamical sys-
tems given by differential equations or by systems of differential equa-
tions. The first model is a mechanical system which is described by a
system of differential equations of the first degree. We study the sta-
bility of this system using the method of the Lyapunov function. The
second studied model is the model of a vibrant tool machine described
by a differential equation of second degree with two delay arguments.
For the study of the stability of these models, we use the stage analysis
of the differential equations systems with delayed arguments.

1 The Study of the Stability of a Dynamical System

Let us consider the dynamical system presented in Figure 1:
This mechanical system is described by the dynamical system of first degree

no =
U2 =
Uz =
Uy =
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The vector field determined by the system (1) is X : R* — R?
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Figure 1: Dynamical system

X (y1, 92,93, Y1) = (Y3, Ya, — Sys— L (y1—12), — Sya—E (y2—p1) (2)

For the system (1), we find the prime integral

G(y1, Y2, Y3,y1) = [m(ys+ya)+c(y1+y2)] (3)
and the Lyapunov function

V(yh Y2,Y3, y4> = [m(y3+y4)+0(y1+112)]27 V(O> 07 07 0) = 0. (4)

The set on which V is positively defined is R*\ M where

M = {(y1792>y3ay4)l(y17212>y3394) S R47 (y17y27y3ay4) 7& (070a070)7m(y3+
+ya) + c(y1 +y2) = 0}.

We study the stability on the set R*\M. Applying the Lyapunov theo-
rem for autonomous systems, it results that the system (1) is stable in zy =
= (0,0,0,0). For the system (1), we have:

F=204 )W +u3) + (1 — ) [k(y1 — y2) + c(ys — va)),

L= |() () ¢ (%) + ()] -

*%% - y;;% + [%y:’, + %(yl — yz)]%‘n’ + [ﬁm + %(yz — yl)]%+
+3(1+ ,fl—z)(y% +y3) + #(yl —y2)[k(y1 — y2) + c(ys — ya)]

w=g ()" () (%) ()] -

LA+ )R+ d) + s (yn — y2) [k (yn — 2) + clys — ya)).

We calculate the Lagrangian L, the Hamiltonian H and the energy density
f because these functions can be used to build the Lyapunov function. Also,
there are theorems giving us the mathematical relations between L, H, f, prime
integrals and the Lyapunov function.
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2 Studying the stability of a regenerative vibrant ma-
chine tool with two delay arguments

The model of the regenerative machine tool with two delay arguments is given
by the differential equation of second degree

E(t) 4+ 200x(t) + Gua(t — )+
+u(x(t) — 2(t —72) —eoa(a(t) — 2(t — 7)) —coz(x(t) —x(t —1))3 =0, (5)

where dg, 02,03 are real parameters (Jp characterises the amortization of the
tool machine), 0 < ¢ < 1, p is a real parameter, and 71, 75 are delay arguments
with 71 < 7. We study the equation (5) by investigating the system of
differential equations with two delay arguments, given by

&1(t) = w2(1) (6)

j?Q = 72(50(1?2@) — Clzl(t — Tl) — u(zl(t) — IIZl(lL — 7'2)) + 80'2(1’1@)7
—iCl(t — T2))2 + 503(%1“) — (ﬁl(t — T2))3,

which is equivalent with the equation (5).

Let us consider X (t) = (x1(t),22(t))7 and the matrices

I P ) P ) B

Then we get the function
F(ay(t),z1(t = 12)) =

0
o G ——y | )
From (6), (7), (8) , it results the matrix system
X(t) = AX(t) + BiX(t — 1) + Bo X (t — 1) + F(21(t), z(t — 7)), (9)

which is a nonlinear differential equation system with two delay arguments
71, T2. From the fact that, for the system (9), the right member is described
by continuous functions that satisfy the Lipschitz condition, the system (9) has
unique solution for an initial condition given by X(0) = &(0),0 €
€ [~72,0]. From (9), it results that the point 0 = (0,0)7 is an equilibrium
point. This equilibrium point represents the stationary solution of the sys-
tem (9). The investigation of the system (9) is done in the neighborhood of
this equilibrium point, using the stage analysis of the equation systems with
delayed arguments from [2].
The linearized system in the equilibrium point O = (0,0)7 is

Y(t) =AY (t) + B1Y (t — 11) + BoY (t — 7). (10)
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The characteristic equation of (10) is
D()\) = det()\l —A— E_ATlBl — 6_)\7—232), (11)

where I is the identity matrix of the type 2 x 2. From (11), we get a transcen-
dent equation

D(A\) = A2 + 200\ + 17 M+ (1 — e7A72) = 0. (12)
Using Theorem 3.22 [3], we obtain the following:
" [§u] + [pl :
Proposition 1.1. If §y > TR then the roots of the equation (12)
2

have negative real parts, for any 1,72 € [0, 00).
From Proposition 1.1. and the variant of the Hartman - Coarbman theorem
for our system of equations with delayed arguments, we obtain

1] + |p]

2|&|
0, for all t, of the system (9), and also of the equation (5), is asimptotically

stable for any 11,72 € [0, 00).

Proposition 1.2. If §, > , then the stationary solution X (t) =

We determine the D-curves that describe the boundaries of the stability re-
gions in terms of the parameters &7, p,for a fixed §g. These curves are obtained
by setting the condition that the equation (12) admits purely imaginary roots,
that depends upon the parameters &1, u. Let us take A = +iw, where, w =
w(&1, 1) > 0 root of (12). By replacing this in (12) and cancelling the real part
and the imaginary part of the obtained relation, it results the system of equa-
& coswry + p(l — coswr) — w? =0,

tions: & sinwTm 4+ psinwr — 200w = 0. (13)
From (13) we obtain
£ = 260w (1 — cos wmy) + w? sin wry
'™ Coswor sin @y + (1 — cos wTy) sinwry’
5 (14)
w*sinwr — 209w COS w1
Iu =

cos Ty sinwTy + (1 — cos wry) sinwry |

By fixing 71, 72, and taking variable, the formulae (14) give the coordinates
of a point in the plan (£;u) that describes the curves of the equation (12).

For the valuesdy = 0,085, 0,1035 < 71 < 0,1045, and 75 = 1,037, the
stability domain is given by the black region in the Figure 2. The coordinates
of the points on the D-curves in Figure 2 represent values of u for which the
equation (12) has the roots iz . Further on, we will consider a fixed value
@ = wo for which, from (14), it results the values &; = £9, respectively p = po.

We analyse the system (10), for &g, & = &7, 71,7 fixed and p = po +
e, where p is a paramether |u| < 1. The coefficient p is a parameter that
intervenes in the stationary solution of the nonlinear system (9).
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Figure 2: The stability domain—the black region

It is called a Hopf bifurcation with respect to the parameter u, a value of
the parameter pg, for which
dx
Re A =0 e (91, 20 (15)
The orbit (¢,z(t1)) of the differential equation (5) in the neighborhood of
the stationary solution z(¢) = 0 for all t is
#(t) = 20 (1) 750 (210 =31 (02) 417 (@1 (1)~ (1)) 4215 1 (D) (1), (16)

where (z1(t),y1(t)) is a solution of the differential system with the initial

conditions )

21(0) = Re(}” (s),(0)),

y1(0) = L (U7 (s), (0))-

Here z(0) = ¢(0),0 € [— 7270] is the initial condition of the equation (5),
and ry = Re(W,(0)),y(0) = L,(W;;, 0).

The orbit (¢,x(t — 1)) of the differential equation (5) in the neighborhood

of the stationary solution z(t) = 0, for all t, is

x(t —71) = 221 (t) coswom + 2y/1 (t) sinwoTy + r20(—71) (21(t)% — y1(t)?)+
+r11(=71) (@1 (8)? = y1(t)?) — 2i20(—m1)21(t) — 31 (2), (17)

where r;;(—7) = Re(Wy(—71)), 4 (—7) = L (Wi (—71)).
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The orbit (¢, (¢, t—72)) of the differential equation (5) in the neighborhood
of the stationary solution z(t) = 0, for all t, is given by the next formula:

x(t — 19) = 221 (t) cos woT2 + 2y1 (t) sin woTe + r20(—72) (21 (t)% — y1(t)?)+
+r11(=72) (21 (t)? — y1(£)?) — 2ig0(—72) 1 (t) — Y2 (L), (18)

where Z'Tij(—’r) = Re( Wij(—’i'g)), ’iij(—T) = Im( WZJ(_TQ))

The Hopf bifurcation given by p = g is called supercritical (subcritical)
if, for p > po(p < po), the equation (5) has periodical solutions. The Hopf
bifurcation given by u = pg it is called orbitally stable (unstable) if the orbit
(t, z(t))of the equation (5) is stable (unstable).

Following the theory of the normal forms, the characterization of the Hopf

bifurcation is done by using the coefficients ps, 32, T3 given by
_ Re(C1) T Im(C1) + poIm(M)

= = = Re(C 19
H2 RG(M)’ 2 @0 5 62 6( 1)7 ( )
where
Cr = 5 (gmgn —2Agul” - 3laol?) + 5

1= 270 920911 g11 3 go2 2921
e—iong -1

 2iwg + 20 — poTee"i®0T2 4 EmyeiwoTs

Proposition 2.1. [2] The following statements are true:
i) If pa > 0(< 0), then the Hopf bifurcation is supercritical (subcritical)
and there are periodical solutions of the bifurcation for u > po(p < po)-

i) If B2 < 0(> 0), then the orbits of the bifurcation are orbitally stable
(unstable).

iii) If Ty > 0(< 0), then the periods of the orbit of the bifurcation are
increasing (decreasing).

For = ug + e, the equation (5) is written as
T () + 2802 (t) + &2 (t — 1) + po(z(t) — 2(t — 72)) —eoa(x(t) —x(t — 12))?—

—eo3(x(t) — 2(t — 7)) +ei(z(t — m2)) = 0. (20)
The matriceal system associated to the equation (20) is given by
X (t) = AX(t)+B1X(t—7’1)+B2X(t—T2)+F($1(t), xl(t—Tg)), (21)

where A, By Bs are given by (7) and F is defined by

- (0
F(.’L’l(t), Jil(t—Tg)) = F(iﬁl(t),iﬁl(t—TQ))—&u < .T1(t) . l‘l(t . 7_2) ) . (22)
The normal form of the system (21) on the central variety W< (ug) is
’7 2 ].
2(t) = (im0 — el — e7"™™))(t) + SGa0z()? + Guz(H)z(t)*+

%gozz(t)? + %Quz(t)QZ(t), (23)
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where z(t) = x1(t) + iy1(t).

The equation (23) is written under the form
7 -~ - . 1 ~ ~
x1(t) = —efi(1 — cos wome)x1(t) — (o — efi sin woTe )y (t) + 3 (Roo +2Ry11+
. 1 . . . N
+Roz)x1 (t)* — 5(320 + 2R+ Ro2)yi(t)® + (o2 — Ino)wa(t)yr(t)+

B (O @7 + () - 3T (@) + 5 (0)?) (24)

/ ~ . - 1 =~ -
y1(t) = (wo — efisinwoa)z1(t) — efi(1 — coswoma)y1 (t) + §(I20 + 2011+
. 1 . - . - -
+o2)y1(t) — 5(120 + 20+ L2)zi(t)? + (Roz — Rao)za(t)y:(t)+

5 Rortn ()1 (07 +11(0) = 3 By (01 (0 + 30, (25)

where
Rij = Re(!%j)? Iy = Im(glj)

The orbit (¢, z(t)) of the differential equation (20) is given by (16), z1(¢), y1(¢1)
being a solution of the ordinary differential system (24).

The orbit (¢, 2(t —71)), (¢, x(t — 72)) of the differential equation (20) in the
variants of the stationary solutions x(t) = 0,Vt, is given by (17), respectively
(18), with (z1(¢),y1(t)) a solution of (24).

Using the program realised with the soft Maple 9, we obtained the figures
presented below.

Figure 3: Orbit (¢, z(t))
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Figure 4: Orbit (¢, x(t — 71))

Figure 5: Orbit

Figure 6: Orbit (z(t), z(t — 72))



GEOMETRIC METHODS 35

uom-).\ }‘\ h

0002 \

Figure 7: Orbit (¢, z(t — 72))
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