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SOME RESULTS ON AN ITERATIVE
METHOD FOR NONEXPANSIVE
MAPPINGS IN BANACH SPACES

Sun Young Cho, Shin Min Kang and Xiaolong Qin

Abstract

In this paper, we consider the problem of finding a common fixed
point of a nonexpansive mapping and a A-strict pseudocontraction based
on a general iterative process. Strong convergence of iterative sequences
generated in the purposed iterative process is obtained in a real Banach
space.

1 Introduction and preliminaries

Let C be a nonempty closed and convex subset of a Banach space E and E*
the dual space of E. Let {-,-) denote the pairing between E and E*. For
g > 1, the generalized duality mapping J, : & — 28" is defined by

Jo(@) ={f € E": (x, f) = l|=[|% I £l = ll=]*~"}

for all x € E. In particular, J = Js is called the normalized duality mapping.
It is known that J,(z) = ||z]|2"2J(z) for all x € E. If E is a Hilbert space,
then J = I, the identity mapping. Let U = {& € E : |z|| = 1}. E is
said to be Gateaux differentiable if the limit lim;_.q w exists for each
z,y € U. In this case, E is said to be smooth. The norm of E is said to
be uniformly Gateaux differentiable if for each y € U, the limit is attained
uniformly for x € U. The norm of F is said to be Fréchet differentiable, if
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for each x € U, the limit is attained uniformly for y € U. The norm of FE is
said to be uniformly Fréchet differentiable, if the limit is attained uniformly
for x,y € U. Tt is well-known that (uniform) Fréchet differentiability of the
norm of E implies (uniform) Géateaux differentiability of the norm of E. The
modulus of smoothness of E is defined by

1
p(t) =sup{S(le +yll +llz —yl) = 1:2y € B flz| = 1, [ly| < t}-

A Banach space F is said to be uniformly smooth if lim;_,q @ = 0. Let
q > 1. A Banach space F is said to be g-uniformly smooth, if there exists a
fixed constant ¢ > 0 such that p(t) < ct?. It is well-known that E is uniformly
smooth if and only if the norm of F is uniformly Fréchet differentiable. If F
is g-uniformly smooth, then ¢ < 2 and E is uniformly smooth, and hence the
norm of F is uniformly Fréchet differentiable, in particular, the norm of FE is
Fréchet differentiable.

Let D be a subset of C' and @ be a mapping of C' into D. Then @ is said
to be sunny if

Q(Qu +t(z — Qx)) = Qa,

whenever Qz + t(x — Qx) € C for x € C and t > 0. A mapping @ of C into
itself is called a retraction if Q? = Q. If a mapping @ of C into itself is a
retraction, then Qz = z for all z € R(Q), where R(Q) is the range of Q. A
subset D of C' is called a sunny nonexpansive retract of C' if there exists a
sunny nonexpansive retraction from C' onto D.

The following result describes a characterization of sunny nonexpansive
retractions on a smooth Banach space.

Proposition 1 (Reich [11]). Let E be a smooth Banach space and let C' be
a nonempty subset of E. Let Q : E — C be a retraction and let J be the
normalized duality mapping on E. Then the following are equivalent:

(1) Q is sunny and nonexpansive;
(2) Qx = QulI* < (x —y,J(Qr - Qy)), Y,y € E;
(3) (- Qx,J(y—Qx)) <0, VreEyeC.

Let T : C — C be a nonlinear mapping. In this paper, we use F(T) to
denote the set of fixed points of T'. Recall that T is said to be nonexpansive if

[Tz =Tyl < llv—yll, Va,yeC. (1.1)

T is said to be A-strictly pseudocontractive if there exists a constant A € (0, 1)
such that

(Tx —Ty,j(x —y)) <z =yl = A = T) = (I = T)y|? (1.2)
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for every z,y € C and for some j(z —y) € J(z —y). It is clear that (1.2) is
equivalent to the following

(I =T)z— (I =T)y,jlx—y)) 2 M = T)z~ (I Ty

We remark that if T" is A-strictly pseudocontractive, then T is Lipschitz
with the Lipschitz constant L = %

We also remark that the class of strictly pseudocontractive mapping was
first introduce by Browder and Petryshyn [2] in a real Hilbert space. Let C be
a nonempty subset of a real Hilbert space H. Recall that S : C — (' is said to

be k-strictly pseudocontractive if there exists a constant k € [0,1) such that
1Sz = Syl* <l —ylI* + k(I = Tz — (I = T)y|?, Va,yeC. (1.3)
It is clear that (1.3) is equivalent to the following

1-k
(Tz=Ty,x—y) < |z =yl = <~ =T)z = (I-T)y|*, Va,yeC. (1.4)

For the class of nonexpansive mappings, one classical way to study non-
expansive mappings is to use contractions to approximate a nonexpansive
mapping ([1],[12]). More precisely, take ¢t € (0,1) and define a contraction
T : C — C by

Tix=tu+ (1—t)Tz, Vxel,

where u € C' is a fixed point. Banach’s contraction mapping principle guar-
antees that T; has a unique fixed point z; in C. That is,

2y =tu+ (1 —t)Txy.

It is unclear, in general, what the behavior of x; is as t — 0, even if T has
a fixed point. However, in the case of T having a fixed point, Browder [1]
proved that if E is a Hilbert space, then z; converges strongly to a fixed point
of T. Reich [12] extended Broweder’s result to the setting of Banach spaces
and proved that if F is a uniformly smooth Banach space, then x; converges
strongly to a fixed point of T

Recall that the normal Mann’s iterative process was introduced by Mann
[5] in 1953. The normal Mann’s iterative process generates a sequence {z }
in the following manner:

21 €C, Tpi1 =anty+ (1 —ap)Tx,, Yn>1, (M)

where the sequence {ay,}52 is in the interval (0,1). If T is a nonexpansive
mapping with a fixed point and the control sequence {a,,} is chosen so that
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Sl gan(l — ) = oo, then the sequence {z,} generated by the normal
Mann iterative process converges weakly to a fixed point of T. In an infinite-
dimensional Hilbert space, the normal Mann’s iteration process has only weak
convergence, in general, even for nonexpansive mappings. Therefore, many
authors try to modify the normal Mann iteration process to have strong con-
vergence for nonexpansive mappings; see, e.g., [4, 6-10, 18] and the references
therein.

Recall that the Ishikawa iterative process was introduced by Ishikawa [3]
in 1974. Ishikawa iterative process generates a sequence {z, } in the following
manner:

x1 € C,

Yn = BnTn + (1 - ﬁvL)T:Ena (I)
Tnt1 = QnZp + (1 — ap)Tyn, Yn>1,
where 1 is an initial value and {«a,, } and {3, } are real sequences in [0, 1]. The
weak convergence of the Ishikawa iterative process for nonexpansive mappings

has been obtained by Tan and Xu [15], see also Schu [13].
In this paper, we introduce the following modified Ishikawa iterative process

xr1 € C,

Zn = PTy + (1 - P)Sl"m

Yn = ﬁnxn + (1 - ﬁn)TZ’m

Tpt1 = Quu+ ahzy + ally,, n>1

(CKQ)

where the initial guess x; is taken in C arbitrarily, S : C — C'is a A-strict
pseudocontraction, T : C — C' is a nonexpansive mapping, u € C is an arbi-
trary (but fixed) element in C' and {ay,}, {a),}, {a/'} and {8,} are sequences
in [0,1] and p is some constant. We prove, under certain appropriate assump-
tions on the control sequences that {z,} defined by (CKQ) converges to a
fixed point of T

In order to prove our main results, we need the following lemmas.

Lemma 1 (Reich [12]). Let E be a uniformly smooth Banach space and let
T : C — C be a nonexpansive mapping with a fized point xy € C of the
contraction C' 3 x — tu+ (1 — t)Tx converging strongly as t — 0 to a fized
point of T. Define Q : C — F(T) by Qu = s — th_r% . Then Q is the unique

sunny nonexpansive retract from C onto F(T); that is, Q satisfies the property

(u—Qu,J(z—Qu)) <0,uecC, VzeF(T).
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Lemma 2 (Xu [17]). Let {a,} be a sequence of nonnegative real numbers
satisfying the property
ant1 < (1 —vp)an + ¥mon, n >0,
where {y,} C (0,1) and {o,} such that
(a) limy oo ¥ =0 and 307 ) yn = o0,
(b) either limsup,, oo on <0 or Y07 | ynon| < oc.
Then {a,} converges to zero.

Lemma 3 (Suzuki [14]). Let {x,,} and {y,} be bounded sequences in a Ba-
nach space X and let {5,} be a sequence in [0,1] with 0 < liminf, . B, <

limsup,,_,. Bn < 1. Suppose that xn11 = (1 — Bn)yn + Bnxn for all integers
n >0 and

Hmsup(|yn+1 — Ynll — |01 — znl]) < 0.
n—oo
Then lim,, o ||yn — zn|| = 0.

Lemma 4 (Xu [16]). Let E be a real 2-uniformly smooth Banach space E
with the smooth constant K. Then the following inequality holds:

lz+ylI* < llel® + 20y, J (2)) + 2K2|lyl*,  Va,y € E.

Lemma 5 . Let C be a nonempty subset of a real 2-uniformly smooth Banach

space E with the smooth constant K and S : C — C be a A-strict pseudo-

contraction. For a € (0,1), define Sox = (1 —a)x + aSx. Then, as a € (0, p),

where p = min{1, %}, Sq is a nonexpansive mapping with F(S,) = F(5).
Proof. For any z,y € C, we see from Lemma 4 that

1Saz — Sayll®

= (1 - a)z +aSz — [(1 - a)y + aSy]|*

= (1 ~y) +alSz — Sy — (z - y)]|”

< e = yl* + 2a(Sz — Sy — (z — y), J(z — y)) + 2K>a*|[Sz — Sy — (z - y)|*

= |l =yl +2a(Sx — Sy, J(z — y)) - 2allx — y||* + 2Ka*|| Sz — Sy — (z — y)|?

< |z = yl* + 2alllz — y|* = M| Sz — Sy — (z = y)|I’] - 2alz —y|?
+2K%a?||Sz — Sy — (z — y)|I?

= |z =yl — 2a\[|Sz — Sy — (x — y)||* + 2K3a®||Sz — Sy — (= — y)|*

<z —yl*.

From the assumption, we obtain that S, is nonexpansive. It is easy to see
that F(S,) = F(S5).
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2 Main Results

Theorem 1 Let E be a real 2-uniformly smooth Banach space with the smooth
constant K, C a nonempty closed convex subset of E, T : C' — C a nonez-
pansive mapping and S : C — C a A-strict pseudocontraction. Assume that
F(TS)=F(T)NF(S)#0. Let {x,,} be a sequence generated in the (CKQ),
where p = min{1, 25}, {on}, {al}, {a/} and {B,} are sequences in [0,1].
Assume that the following conditions are satisfied:

(a

(b Zn 1 0 = 00, limy, 00 ay, = 0;

) an + o, +ap =1;
)
)
)

(¢) 0 <liminf, . ), <limsup,,_, . a), <1;

(d

Then the sequence {x,} converges strongly to a fized point of T.

limy, oo |Bns1 — Bn] =0 and B < b < 1 for some b € (0,1).

Proof. First, we show that {x,} is bounded. Put S, = (1 — p)I + pS. It

follows from Lemma 5 that S, is nonexpansive and F(S,) = F(S). We also
see that the iterative process (CKQ) is equivalent to

xr1 € C,

Yn = Bnon + (1 — ﬁn)Tprny (2'1)

Tpi1 = Quu+ Xy + Alyp, n> 1
Fixing p € F(T) N F(S), we have
|yn = pll < Bullzn —pll + (1 = B TSpzs — pl|

S ﬁn”xn _p” + (1 - ﬁn)”spxn _pH
< Jlzn = pll.

It follows that

lznt1 = pll < anllu = pll + o lzn = pll + o llyn — pl
< anllu = pll + o len = pll + afllzn — pll
= anllu —pll + (1 = an)llzn —pl|

By mathematical induction, we can obtain that
[z = pll < max{llu —pl, |21 = pll}, Vn =1

This implies that {,} is bounded, so are {y,} and {z,}.
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Next, we claim that
lim ||zp4+1 — 2zn] = 0. (2.2)
n—oo
Note that
”yn-i-l - yn” < ﬂn-ﬁ-l“xn-‘rl - mn” + |ﬁn+1 - ﬂnH‘Tprn - xn”
+ (1 - 6n+1)HTprn+l - Tspmn”
< ﬁnJrl”anrl - an + |6n+1 - ﬁnH‘Tprn - an (2'3)

+ (1 - ﬂn—&-l)Hprn-H - Spmn”
< ||$n+1 - 'rn” + |ﬂn+1 - ﬂn|Ma

where M is an appropriate constant such that M = sup,, > {[|T'S,zn — @nll}.

Put I, = ZH1=%% for cach n > 1, that is,

— o
1 aTI,

Tpi1 = (1 —al)l, +z,, Yn>1. (2.4)
Now, we estimate ||l,,—1 — [,,]|. Note that
ln+1 - ln
Ot ol Gnt+ ol
T—al, 1—a,
1 1! 1
- QAnt1  Qn Qpt1 _ Apt1 oy
_(1_a;{+1 1—Oé;l)u 1_0[’/n+1(y71+1 yn)+(1_a;+1 1_a;1)y7l
1
Oén+1 [67% Ozn+1
= - —Yn) + — Yn).
(1 ol 1- a;l)(u Yn) 1—d,., (Yn+1 = Yn)
It follows that
Qp—1 Qp,
-1 = lnll < - Ml =ynll + [lgn—1 = yall (2.5)
Substitute (2.3) into (2.5); it yields that
Qp—1 «
s =l < lg=7— = 7o Mu = gl + 2ns1 = @nll + M[Bns1 = Bnl.
n—1 n
This implies that
Qp—1 (7%
ln—1— Lol — — 1] < - - M — Bul-
e = tall = e = @umsl] € 1725 = = gl + M| = B

In view of the conditions (b), (c¢) and (d), we see that

hmsup (”ln-l-l - lnH - ||xn+1 - xn”) < 0.
n—00
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We obtain from Lemma 3 that lim,, ., ||ln — Z»|| = 0. From (2.4), we see that
Tpt1 — T = (1 — ) (L — ).

It follows that (2.2) holds.
On the other hand, we have

[ Znt1 — ol Qn
— < —_ — .
”yn Tn| < al + al [ uH

In view of the condition (c) and (2.2), we obtain that
lim |y, — zn] = 0. (2.6)

Note that
Yn — Tp = (]- - 5n)(Tprn - xn)
Since #, < b < 1 for all n > 1, we obtain from (2.6) that

lim |TS,x, — x| = 0. (2.6)
Next, we claim that
limsup(u — Q(u), j(zn — Q(u))) <0, (2.7)

where Qu = lim;_.g z; and z; solves the fixed point equation
zp=tu+ (1 —t)TS,z, Vte(0,1),
from which it follows that
[zt — x|l = (1 = E)(T'Spze — zn) + t(u — z4)]|.
For any ¢ € (0,1), we see that
||Zt - anZ = (1 - t)<TSpZt - xnvj(zt - xn)> + t<u - xnvj(zt - xn)>
=(1- t)((Tszt —TSpxn, j(2e — xpn)) + (TSpxn — T, j(2¢ — xn)))
+t{u — 2, §(2e — @p)) + Uzt — p, j (20 — @)
< (1= )2 — @l + I TSpzn — w2 — @l
Ft(u = 20,5 (20 — xn)) + tlze — @?
<llat — xn||2 1 TSpxn — wullllze — zull + tu — 2t, (20 — 0)).

It follows that

) 1
(2 —u,j(2e — an)) < ;”Tspxn = nllllze —anll VE € (0,1).
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In view of (2.6), we see that

lim sup(z: — u, j(ze — zp)) < 0. (2.8)

n—oo

Since z; — Q(u) as t — 0 and the fact that j is strong to weak® uniformly
continuous on bounded subsets of F, we see that

[(u = Q(u), j(zn — Q(U))> — (2t —u, j (2t — 2n))|

< [{u=Qu), j(zn — Qw))) — (u— Q(u), j(zn — 21))|
+ (v = Q(uw), (:En—Zt)> (2t —u, 5z — wn))|
< [{u=Qu), j(zn — Qu)) = j(@n — 2)) + [(2 — Qu), J (2 — 21))]|
< lu— (U)IIIIJ(In— Q) —j(@n — 2)| + 2t = Qu)llzn — 2| = 0, ast—0.

Hence, for any € > 0, there exists 6 > 0 such that for V¢ € (0,0) the following
inequality holds

(u—=Q(u),j(xn — Qu))) < (2 —u,j(2 — xn)) + €.
This implies that

limsup(u — Q(u), j(xn — Q(u))) < limsup(z; — u, j(2: — xy)) + €.

n—oo n—oo

Since € is arbitrary and (2.8), we see that

lim sup(u — Q(u), j(z, — Q(u))) < 0.

This proves that (2.7) holds.
Finally, we show that x,, — Q(u) as n — co. Note that
l[yn = Qu)l| = [[Bn(zn — Q(u)) + (1 = Bu)(TSpzn — Q(u))
< Ballzn — Q) + (1 = Bp)l[Spzn — Qu)

< llzn — Q).
It follows that
21 — Q(u)]?
= an<u = Q(u), j(@n+1 — Q) + ap(zn — Qu), j(Tnr1 — Q(u)))
+ i (yn — Qu), j(znt1 — Q(u)))
< ap(u— Q(u), j(@nt1 — QW) + oy |z — Q(u)|[[[zn41 — Q(u)

+ apllyn — Qu)l|lznr — Qu)
< anfu—Q(u), j(ny1 — Qu))) + (1 — an)lzn — Qu)|[[nt1 — Qu)]|
( )+

B (lm = Q)2 + llms1 — Qu)2).

)
< ap(u—Qu),j(znt1 — Qu)
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This shows that
2041 = Q)| < (1 = an)|zn — Q(u)||* + 200 (u — Q(w), j(xni1 — Q(w))).

In view of Lemma 2, we can obtain the desired conclusion easily.

As some corollaries of Theorem 1, we have the following results immedi-
ately.
Putting T' = I, the identity mapping, we have the following result.

Corollary 1 Let E be a real 2-uniformly smooth Banach space with the smooth
constant K, C' a nonempty closed convex subset of E and S : C — C a \-strict
pseudocontraction with a fixed point. Let {x,} be a sequence generated in the
the following manner

T € C,

Yn = BnTn + (1 — Bn)(p2n + (1 — p)S1y),
Tpi1 = Qpu+ L xy + iy, n > 1.

where p = min{1, 25}, {on}, {al}, {a} and {B.} are sequences in [0,1].
Assume that the following satisfied are satisfied.

(a) an+al, +all =1;

(b) D202 an = 00, limy, o0 vy, = 0;

(¢) 0 <liminf, ,o o), <limsup,, . ol <1;

(d) limp oo [Bnt1 — Bnl =0 and 5 < b <1 for some b € (0,1).
Then the sequence {x,} converges strongly to a fized point of S.

Putting 8,, = 0 for each n > 0, we have the following result.

Corollary 2 Let E be a real 2-uniformly smooth Banach space with the smooth
constant K, C' a nonempty closed convex subset of E, T : C — C a nonex-
pansive mapping and S : C — C a A-strict pseudocontraction. Assume that
F(TS) = F(T)NF(S) # 0. Let {z,} be a sequence generated in the the
following manner:

xr1 € 07
Yn = PTn + (1 - p)an,
Tnt1 = Quu+ a2y + ol Ty, n>1.

where p = min{1, 25}, {an}, {a},} and {2} are sequences in [0,1]. Assume
that the following conditions are satisfied:
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(a) an+al, +all =1;
(b) D07 an = 00, limy, oo v, = 0;
(¢) 0 <liminf, . ), <limsup,_, . o), <1.

Then the sequence {x,} converges strongly to a common fized point of T and

S.
Putting S = I, the identity mapping, we have the following result.

Corollary 3 Let E be a real 2-uniformly smooth Banach space with the smooth
constant K, C a nonempty closed convex subset of E and T : C — C' a non-
expansive mapping with a fized point. Let {x,} be a sequence generated in the
following manner

x1 € C,

Yn = anﬁn + (1 - ﬂn)Tme
Tpi1 = Quu+ by +lly,, n>1,

where {an}, {al}, {a} and {6,} are sequences in [0,1]. Assume that the
following conditions are satisfied:

a) an +al, +all =1;

(a)
(b) Zn 1 Qp = 00, limy, o0 ay, = 0;

(¢) 0 <liminf, . ), <limsup,,_ . a, <1;

(d) limy—eo |Bns1 — Bnl =0 and 8 < b < 1 for some b € (0,1).

Then the sequence {x,} converges strongly to a fixed point of T.
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