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ON THE DETERMINANT OF AN
HODGE-DE RHAM LIKE OPERATOR

Mircea Craioveanu and Camelia-Ionela Petrisor

Abstract

Let (M, g) be a closed (i.e. compact without boundary), orientable,
n-dimensional smooth Riemannian manifold, C° (M) the real algebra of
smooth real functions on M, A®(M) the C°°(M)-module of smooth dif-
ferential k-forms, 0 < k < n, and h a pointwise nonsingular tensor field
of type (1,1) on M with vanishing Nijenhuis tensor. For such h there
is an associated exterior derivative de) . A¥(M) — A**1(M) having
an adjoint 6flk+1) s AFFL(M) — A*(M) with respect to the usual global
inner product, so that one can define a (strongly) elliptic self-adjoint
second order differential operator Aﬁk) : AF(M) — A*(M), which is a
generalization of the Hodge-de Rham operator (see [4]). In this paper
we shall discuss the smooth dependence on the Riemannian metric of
the determinant of this h-dependent Hodge-de Rham operator.

1 Introduction

Let (M, g) be a closed (i.e. connected, compact, and without boundary), ori-
ented, n-dimensional smooth Riemannian manifold, C°°(M) the real algebra
of smooth real functions on M and A¥(M) the C*°(M)-module of smooth
differential k-forms, 0 < k < n. A tensor field h of type (1,1) on M, which
can be conceived as a C°°(M)-linear mapping h : AY(M) — A'(M), induces
C°°(M)-linear mappings h(@ : A*(M) — A¥(M) for any nonnegative integer
¢, and the h(9 are defined by setting h(9) := 0 if ¢ > k, and
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if 0 < ¢ <k, where w® € AY(M), 1 < i < k, o runs through all permuta-
tions of {1,...,k}, and sgn(c) denotes the sign of the permutation o. The
transformation h(®) is taken to be the identity mapping on A* (M).

If h is a pointwise nonsingular tensor field of type (1,1) on M with vanish-
ing Nijenhuis derivation, an h-dependent exterior derivation d](nk) c ARK(M) —
ARL(M) can be defined by setting d\") := h(®) o d®) — d® o h(), where
d®) . AR(M) — AFF1(M) is the usual exterior differential. When h is the
identity, dﬁlk) coincides with d®). Let 6+ . A*+1 (M) — A*(M) be the ad-
joint of d®) relative to the usual inner product induced by g¢. If hgl) denotes
the transpose of h(!)| the mapping op (k1) s AFHL(M) — A*(M), defined by
setting 5(k+1 = g+ o hgl) hgl o 61 "is the adjoint of dfjk) with re-
spect to the usual inner product. The h-dependent Hodge-de Rham operator
A](nk) s AR(M) — A¥(M), defined by setting Agﬂ) =d k 2 oé(k +5(k+1) od(k)
is elliptic and self-adjoint, and it reduces to the usual Hodge—de Rham operator
A®) in the case when h is the identity (see [4]).

2 Spectral properties of the h-dependent
Hodge-de Rham operators

In what follows we assume that h is a nonsingular tensor field of type (1, 1) on
M with vanishing Nijenhuis derivation. Since Agc) : AF(M) — AK(M) is an
elliptic second order differential operator, formally self-adjoint and formally
positive, and (M, g) is a closed, smooth Riemannian manifold, the following
statements are valid (see also [2]).

Theorem 2.1 (i) For each k € {0,1,...,n}, there exists a discrete spectral
resolution {Wf,]f])w)\fq]f;}jel\l of the operator Ag{) : AR(M) — AR(M), where
wl(lkj) € AF(M) for any j € N, that is {wl(fj)‘}jeN is a complete orthonor-
mal system in the real Hilbert space L*>(A¥(M)) = WO2(A*(M)) such that
A](ﬂk)wffg = )\flkzwl(”) for any j € N. Moreover, )\ilk; € [0,400) for any j € N,
each eigenspace of Aglk) is finite dimensional, and 0 € R is an eigenvalue of
Afﬂk) s AR(M) — A¥(M) if and only if the k-th Betti number (i, (M) # 0;

(7) For any m € N | there exists {(m) € N* and a constant Cp, > 0, such
that

k m
o lom < Con(1 4+ (ALY,
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where i i
[ sup [ @) alym (ab T a1,
e

Jm (wflkj))m denoting the m-jet of the smooth section wy,; € C>(A*T*M) at the
point x € M;
(7i1) If one arrange the eigenvalues of Aglk) such that

then there exist real constants C(k) > 0 and (k) > 0 such that )\](nk; >
C(k)55®) if 5 > jo is sufficiently large;

(iv) Let agk) = <9,w1(1kj)> € R, j € N, be the Fourier coefficients associated
to 0 € L2(A*(M)). If 0 € A¥(M), then

k) (K
Z \ag )|)\£1;;. < 400
JEN
and the series ). |a§-k)|)\£ﬁ; tends to 6 uniformly with respect to the norm

|+ loo,i for any k'€ {0,1,...,n}.

For an initial smooth differential k-form 6§ € A¥(M), let us consider the
heat equation associated to Aflk) : AF(M) — AF(M) with the initial condition

0:
(57 + A (e t) =0, (1)
%i{r(l)w(a:,t) = 0(x), (2)

where x € M, ¢ € (0,400). Let (e’mi:k))(tﬁ)) be the unique solution of the evo-
lution equation (1) that satisfies the initial condition (2). The linear operator

e~tAY . AR(M) — AF(M) can be extended to a compact, self-adjoint opera-
tor from L2(A*(M)) into L?(A*(M)), denoted also by et Let {wékj), )\ilk;}
be a discrete spectral resolution of A : A¥(M) — A¥(M) and let us consider
the Fourier expansion of 6§ € A*(M):

0= Z“E‘k)‘“}(x? where agk) = (9,w1(ﬁ]).), jeN.
jEN
Let us define w;;(f) € (Ak(M))* by w;(f)(w) = <w,wl(j§>, w € AF(M),

such that ||w1*1(f)|| = ||w1(1k])|| With these notations, the following statement is
valid.
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Theorem 2.2 The following two series converge uniformly in the C*-topology
forany L e N ift>6>0:

k (k) k « «
B (g, 1) =Y e M aw) (@) @ wi Y (y) € Hom(AF(T; M), A*(T: M)
JEN
and
_ (k> _ (k)
(e =3 M a®o® (z) = / (ED (2, y,6)8()dpg (y).
jeN M

where x,y € M, and pg denotes the canonical measure on M associated to g.

Let us define the matrix of Fourier coefficients of the bounded linear oper-
ator

et L2 (AR(M) — L2(AF(M))

by
k —tA® (K k
ai (BY) : = (e (wit), w£;> =
k)
= [ B o 0) A k) )y (o) ),
zeM JyeM
i, €N, ke {0,1,...,n}, where (| ) denotes the pointwise inner product on

A¥(M) defined by using the fiber metric on A*T*M induced by g.

Theorem 2.3 (i) With the previous notations the following equalities

Tracer: (e_tAgc)) D= / MTraceAk(T:M)(E}(lk) (x,2,t))dpg(x) =
k —iak)
- Yo al =
JeN JEN

are valid for each k € {0,1,...,n}, that is the continuous linear operator
Ay L2(A*(M)) — L2(A*(M)) is a trace class operator;
(ii) If (A(M),dy) is the elliptic cochain complex previously defined, then
> (—)*Traces(e™24) = Indea(A(M), dn) = x(M),
k=0

where x(M) denotes the Euler-Poincaré characteristic of M.
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Finally, let us discuss the asymptotics of Tracerz (e’mimk)) as t \, 0 and
relate these asymptotics to Index(A(M),dn).

For each t € (0,1) and k € {0,1,...,n}, the restriction of E}(lk)(-, -, t) on
the diagonal of M x M admits an asymptotic expansion. More precisely, the
following statement is valid.

Lemma 2.4 For each k € {0,1,...,n} and each m € N, there exists a smooth
mapping e (-, A;lk)) : M — End(A*(T*M)) such that

(7) em(m,Ag‘:)) € End(A*(T;M)) depends functorially on a finite number
of jets of the symbol of the second order differential operator Agc);

(i1) El(jk) (z,2,t) ~ 3, em(, Ag@))tm;n ast\, 0, for any x € M;

(4i) em(x, Ailk)) =0 for any x € M and any m odd.

For the proof, we refer to [5], Lemma 1.8.2.
Let
M 3z ap(z, Agc)) = Trace(ey,(x, Aﬁk))) eR

and
(O = [ (o, A0y (o) € R (3:3)
xEe

the invariant scalar functions and the numerical invariants respectively asso-
ciated to the differential operator Ailk), ke{0,1,...,n}.
Lemma 2.5 (i) The invariants em(x,Agv)) and am(x,Aﬁk)), m even, can be
expressed by local formulas that are homogeneous of order m in the jets of the
total symbol of Aflk) for each k € {0,1,...,n};

(11) am(z, Aglk)) =0 for each m odd and any k € {0,1,...,n};

m—n

(#41) TraceLz(e_tAgﬂ)) ~y am(Aﬁk))t E

For the proof of statement (i) we refer to [5], Lemma 1.8.3(c), while the
statement (77) is an immediate consequence of Lemma 2.4(i7). Statement

(#i7) is an immediate consequence of the definition of Tracep: (e—mgf)) [see
Theorem 2.3(4)] and of Lemma 2.4(i7).

3 The determinant of an h-dependent
Hodge-de Rham operator

In this Section we assume that the k-th Betti number 8 (M) of M is equal
to zero, so we do not must to deal with the O-spectrum. Let R be a comple-
mentary region to a cone about positive real axis lying in the right half plane

ast \, 0, for each k € {0,1,...
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C, cone that includes the symbolic spectrum of Agc), so that the intersection

of this symbolic spectrum with R is empty. We normalize the choice of R so
that the boundary « is a curve about the positive real axis which consists of
a portion of a large circle around the origin and of two rays lying in the right
half plane. We orient v in a clockwise fashion. If A € R and |A| is large,
then (Ailk) — A) is invertible. Since Ailk) is positive definite, we may assume
Re(A\) > 0 for A € 7. Choose the branch of A%, s € C, defined on the right
half plane so 1¥* = 1. The L?-norm of the operator (A](ﬂk) — )7t is uniformly
bounded in L2(A¥(M)). For Re(s) > 1, the integral

(Ailk))—e — (27Ti)_1 / )\—Q(Agﬁ) o /\)_1d)\
vy

converges to a bounded operator on L2(A*(M)).

Let {w}(lkj), )\flk; }jen be a discrete spectral resolution of Agc) [see Theorem
2.1(7)], and

k k k)y—s (k x(k
Efl )(m,y, s, Ail )) = Z()\i;) swﬁl;;(x) ® whgj)(y) (3)

J

the kernel of (Aﬁk))*s. Theorem 2.1 implies the existence of real constants
0 > 0 and ¢(m) > 0 such that

k . k k m
Moy 2 3% and [y loe.m < (), 4)
whence it follows that (3) converges absolutely and uniformly in the || - ||oo,m-

norm, for Re(s) large.

Definition 3.1 We define the generalized zeta function

(s, AW)) 1= trace 2 (AY) ™) = > (M) ™ =

j
= / Trace(El(jk) (x,z, s, Agﬂ)))dug(m).
M

Using relations (4), one can show that it converges uniformly and absolutely
for Re(s) large.

We use the Mellin transform to relate the zeta function to the heat kernel.
From Lemma 2.5(7i¢), Theorem 2.3(¢) and the identity

RN () ) —s
/0 £l tdt = (AT (s),

where I' : {s € C| Re(s) > 0} — C, I'(s) := [~ t*"'e~'dt, we obtain the
following theorem.
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Theorem 3.2 (i) If Re(s) is large, then

C(57A£1k)) = F(s)fl/ tsflTTaceLz(eftAl(mk))dt;
0

(i) T(s)¢(s, Ailk)) has a meromorphic extension to C with isolated simple
poles at s = *5™ for m € N and

(k)y _ (k)y.
ResS:%F(s)C(s,Ah ) =am(Ay7);

(#4i) Let Aﬁk)(e) be a smooth one parameter family of such operators. Then
(s, A](ﬂk)(e)) is smooth with respect to (s,€) away from the exceptional values

_n—-m
at s = =5

Remark 3.3 Because by the determinant of the h-dependent Hodge-de Rham

operator Aflk) we understand the product of all eigenvalues, considered with
their multiplicity, that s

det(AF)) = H AE

by Theorem 3.2 one can define a reqularization of it, using the generalized zeta
function, namely

)
detC(AEIk)) = e(f‘%’ amot (580 )). (5)

Note that this is formally correct since if there were only a finite number
of eigenvalues we would have

d k)y—s k)\—s k
RN T] = = ) s ()
J

J

which takes the value —log([]; /\(k).) at s = 0.

In what follows, we endow the set M(M) of all smooth Riemannian metrics
on M with the structure of a Fréchet manifold (see [1] and [7]). In the paper
[6] it is proven the following result.

Corollary 3.4 If M is a closed, n-dimensional smooth manifold, and h a
nonsingular tensor field of type (1,1) on M with vanishing Nijenhuis deriva-
tion, then for each fized t € (0,00), the real functions

) ¢
Tracer2(e —ta( ) Z ens M)—R
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are smooth with respect to the canonical Fréchet manifold structure considered
on M(M).

Therefore, by relation (5), by Theorem 3.2 and by Corollary 3.4 one obtains

Corollary 3.5 If M is a closed, n-dimensional smooth manifold, and h a
nonsingular tensor field of type (1,1) on M with vanishing Nijenhuis deriva-
tion, then for each fixed t € (0,00), the real functions

4 s AR
detc(AP () = Lo AOD) Lgpan) LR

are smooth with respect to the canonical Fréchet manifold structure considered
on M(M).
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