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A COMMON FIXED POINT THEOREM
FOR MULTIVALUED CIRIC TYPE
MAPPINGS WITH NEW TYPE
COMPATIBILITY

Ishak Altun

Abstract

Kaneko and Sessa defined the concept of compatibility for multival-
ued mappings with Hausdorff metric and proved a coincidence point
theorem. After then, Pathak defined the concept of weak compatibility
and proved a coincidence theorem. In the present work, we define a
new type compatibility for multivalued mappings with Hausdorff met-
ric. This new type compatibility is different from compatibility and weak
compatibility. We give a common fixed point theorem for multivalued
mappings using this new type compatibility.

1 Introduction

Throughout this paper, X stands for a metric space with the metric d whereas
CB(X) denotes the family of all nonempty closed bounded subsets of X. Let

H(A, B) = max{supd(z, B), supd(y, A)},
T€EA yeB

where A, B € CB(X) and d(z, A) = inf{d(z,y) : y € A}. The function H is
a metric on CB(X) and is called Hausdorff metric. It is well-known that, if
X is a complete metric space, then so is the metric space (CB(X), H). Let
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A,B € CB(X) and k > 1. In the sequel the following well-known fact will be
used [5]: For each a € A, there is b € B such that d(a,b) < kH(A, B).

Again B(X)stands for the set of all bounded subsets of X. The function §
of B(X) x B(X) into [0, c0) is defined as §(A, B) = sup{d(a,b) : a € A,b € B}
for all A,B in B(X). If A = {a} is singleton, we write 6(A, B) = d(a, B)
and if B = {b}, then we put 6(A4, B) = d(a,b) = d(a,b). It is easily seen that
0(A,B) =6(B,A) >0, 6(A,B) <§(A,C)+6(C,B) and 6(A, B) = 0 implies
A= B={a} for all A, B,C in B(X).

The concept of compatibility for single valued mappings, which is defined
by Jungck , was extended for multivalued mappings by two ways as follows:
Kaneko and Sessa extend it to include multivalued mappings with the metric
H on CB(X) (Definition 2 in [4], see also Definition 3.2 in [2]). Jungck and
Rhoades extend it to include multivalued mappings with the function ¢ in
B(X) (Definition 3.1 in [2]). After then, this two definitions were weakened
as follows: Pathak (Definition 4 in [6]) and Jungck and Rhoades (Definition
2.2 in [3]) introduced the concept of weak compatibility with H and d, respec-
tively. It is well known that, compatible mappings are weakly compatible,
but the converse is not true (see the related papers). Recently, the concept
of compatible of type (I) mappings, which was introduced by Pathak et all.
[7] for single valued mappings, has been extended to multivalued mappings
with 6 on B(X) by Altun and Turkoglu (Definition 2 in [1]). Also in [1], there
are some mappings such that they are compatible of type (I) but not weakly
compatible. The aim of this paper is to prove a common fixed point theorem
for multivalued mappings using the metric H on CB(X). For this, we will
introduce the definition of compatible of type (I) mappings for multivalued
mappings with the metric H on CB(X).

Definition 1 ([4]). The mappings f : X — X and S : X — CB(X) are
compatible if fSx € CB(X) for allz € X and

lim H(Sfx,, fSx,) =0,

whenever {x,} is a sequence in X such that lim Sz, = A € CB(X) and
n—oo
lim fz, =t € A.

n—oo

Definition 2 ([6]). The mappings f : X — X and S : X — CB(X) are
f-weak compatible if fSx € CB(X) for all x € X and the following limits
exist and satify

max{ lim H(Sfx,, fSx,), lim H(fSz,, fx,)} < lim H(Sfz,, Sz,),

whenever {x,} is a sequence in X such that lim Sz, = A € CB(X) and

n—oo
lim fz, =t € A
n—oo



A COMMON FIXED POINT THEOREM FOR MULTIVALUED CIRIC TYPE
MAPPINGS WITH NEW TYPE COMPATIBILITY 21

Kaneko and Sessa [4] and Pathak [6] proved coincidence point theorems
using the above definitions, respectively. Also, Turkoglu and Altun [8] proved
a common fixed point theorem for multivalued mappings using two conditions
instead of compatibility.

Now, we introduce the following definition.

Definition 3. The mappings f : X — X and S : X — CB(X) are compatible
of type (1) if

i) fSx € CB(X), forallz € X

it) d(t, ft) < limsupH(A, Sfz,), whenever lim Sz, = A € CB(X) and

n—oo n—oo
lim fx, =t € A.

n—oo

The following example shows that f and S are compatible of type (I), but
they are not f-weak compatible.
Example 1. Let X = [0,00) be endowed with the Euclidean metric d. Let
fr=2x and Sz = {0} U[1,2x + 2] for each v € X. Let {x,} be a sequence in
X such that
lim fz, = t,nlirngSzn =Ae CB(X),

n—oo

t
thent € A if and only ift =0 ort > 1. Indeed, if fx,, — t, then x,, — 3 and
so Sz, - A={0}UL,t+2].

Now, if t € A, thent € {0} U[1,¢t+ 2], that is, t =0 ort > 1. On the

contrary, if t =0, then x,, — 0 and so Sz, — {0} U[1,2] = A. Thust € A.
t 1

Ift > 1, then x, — 3 > 3 and so Sx, — {0} U[1,t+2] = A, that is, t € A.

Now, for t =0, d(t, ft) < limsupH (A, Sfz,) since d(t, ft) = 0. There-

n—oo

fore, f and S are compatible of type (I). On the other hand, fort =0, we con-
1

sider the sequence {x,} defined by x, = —, then 0 # lim H(S fx,, fSz,) £
n n— oo

lim H(Sfx,, Sx,) = 0. Similarly, for t > 1, we consider the sequence {x,}

t 1

defined by x,, = 5—&—5, then 0 # lim H(Sfxz,, fSz,) £ lim H(Sfx,,Sz,) =
0. This shows that f and S are not f-weak compatible as well as compatible.
Proposition 1. Let f: X — X and S : X — CB(X) two mappings. If { and
S are compatible of type (I) and fz € Sz for some z € X, then d(fz, ffz) <
H(Sz,Sfz).

Proof. Let {x,} be a sequence in X defined by x,, = z for n = 1,2,3, ... and
fz € Sz for some z € X. Then we have fz,, — fz and Sz, — Sz. Since f
and S are compatible of type (I), we have

d(fz, ffz) <limsupH(Sz,Sfx,) = H(Sz, Sfz).

n—oo
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2 Main result

Now we give our main theorem.

Theorem 1. Let (X,d) be a complete metric space. Let f,g: X — X and
S, T : X — CB(X) be mappings such that f and S as well as g and T are
compatible of type (I). Assume T(X) C f(X), S(X) C ¢g(X) and, for all
r,y € X

H(Sz,Ty) < amax{d(fz,gy),d(fz,Sz)+d(gy,Ty)]/2,
[d(fz, Ty) + d(gy, Sx)]/2}, (2.1)

where a € (0,1). If f or g is continuous, then f,g,S and T have a common
fized point.

Proof. Let xg be an arbitrary point in X and let £ > 1 so that ak < 1. We
shall construct two sequences {z, } and {y,} of elements in X and a sequence
{A,} of elements in CB(X). Since S(X) C g(X), there exists x; € X such
that y1 = gx1 € Sxg. Then there exists an element yo = fxo € Ty = Ay,
because T(X) C f(X), such that

d(y1,y2) = d(gx1, fre) < kH(Szo, Tx1).

Since S(X) C g(X), we may choose x3 € X such that y3 = gzrs € Sxa = As
and
d(y2,y3) < kH(Tz1, Sz2).

By induction we produce the sequences {z,}, {y,} and {4, } such that

Yontl = GTont1 € Swan = Aagp, (2.2)

Yonto = [xopnys € ToTont1 = Aopya, (2.3)
d(Yon+1,Y2n) < KH(Sw2n, Tr2,-1), (2.4)
d(Yan+1,Y2n+2) < kH(Sw2,, TTon41) (2.5)

for every n € N. Letting © = x9,,y = Tan41 in (2.1), we have successively

H(Szon, Tront1) < amax{d(fzan,gTont1),
[d(fxon, Ston) + d(9T2n+1, TTon+1)]/2,
[d(fron, Txons1) + d(gTant1, STon)]/2}
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and so

H(SxQn; Tx2n+1)

H(A2n7 A2n+1)

< amax{d(yzn, Y2n+1); [d(Y2n, A2n) +
d(Y2n+1, A2n+1)]/2,
[d(Y2n, A2n+1) + d(Yan+1, A2n)]/2}
< amax{d(yan, Y2n+1); [A(Y2n, Y2nt+1) +
d(Yan+1, Y2nt2)]/2,
[d(yan, yant2) + 0]/2}
< amax{d(yzn, Y2n+1), [A(Y2n; Yon+1) +
d(Yan+1, Y2n+2)]/2}- (2.6)
Thus
d(Y2n+1, Y2n+2) < kad(Yon, Yant1)- (2.7)
Similarly we obtain
H(Szon, Txon-1) = H(Aap, Aan—1) < ad(Y2n—1,Y2n) (2.8)
and so
d(Y2n, Yant1) < kad(yzn—1,Y2n)- (2.9)

Since ka < 1 it follows from (2.7), (2.9) that {y,} is a Cauchy sequence. Hence
there exists z € X such that y,, — z. Therefore, gzo,+1 — 2z and fzq, — z.
Also from (2.6) and (2.8) and the fact that {y,} is Cauchy sequence it follows
that {Ay} is Cauchy sequence in the complete metric space (CB(X), H). Thus
A — A € CB(X). This implies Tx2,+1 — A and Sza, — A and therefore
z € A, because

d(z,A) = lim d(yn,A) < lim H(A,_1,4,) =0.

n—oo n—oo

Now suppose that g is continuous. Since g and T are compatible of type
(I), we have

d(z,gz) <limsupH (A, Tgran+1) (2.10)

n—oo

and ggran+1 — gz. Setting x = xa, and y = gran41 in (2.1), we have

H(Szon, Tgzront1) < amax{d(fzan,ggzant1),
[d(fron, STon) + d(g9g22n11, T922n41)]/2,
[d(fron, Tgrons1) + d(99%2n+1, Sxan)l/2},
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taking limit superior we have

limsupH (A, Tgzan1) < amax{d(z,g2), [d(z, A) +

n—oo

limsupd(gz, Tgxan+1)]/2,

N supd(z, Tgwan ) + d(g=, A)]/2).
< ozrrln;j:{d(z, 92), [0+ d(gz,2z) +

lim supd(z, Tgxan+1)]/2,

N supd(z, Tgzanen) + d(g,2)]/2).
< arrln;j:{d(z, 92),ld(gz,z) +

limsupH (A, Tgxon+1)]/2,

n—oo

limsupH (A, Tgxant+1) +

n—oo

d(gz,2)]/2}, (2.11)

From (2.10) and (2.11) we have d(z,gz) = 0 and so z = gz.
Again setting © = 9, and y = z in (2.1) we have

H(Sz2,,Tz) < amax{d(fran,g2), [d(fron, STan) + d(gz,T%)]/2,
[d(fzan, Tz) + d(gz, Sz2n)]/2},

amax{d(fran, 2), [d(fT2n, STon) + d(z,T%)]/2,
[d(fr2n, Tz) + d(2, Sw20)]/2},

and allowing n — oo we have H(A,Tz) = 0 and so Tz = A. Since z € A, then
zeTz.

Now since T'(X) C f(X) there exists a point w € X such that fw = z € Tz.
Now setting © = w and y = z in (2.1) we have

H(Sw,Tz) < amax{d(fw,gz),[d(fw,Sw)+ d(gz,Tz)]/2,
[d(fw,Tz) + d(gz, Sw)]/2}

that is
H(Sw,A) =0.

This shows that fw = z € Sw = Tz = A. Since f and S are compatible
of type (I) and fw € Sw, then using Preposition 1, we have d(fw, ffw) <
H(Sw, S fw) and so

d(z, fz) < H(A,Sz). (2.12)
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Again setting x = z =y in (2.1), we have

H(S2T2) < amax{d(f2.g). [d(f= 52) + d(g=T2))/2.
[d(fz,Tz)+ d(gz,52)]/2}

that is
H(Sz,A) < ad(fz,z). (2.13)

From (2.12) and (2.13), we have d(z, fz) =0thatis z = fe =gz € A =Tz =
Sz.

The other case, f is continuous, can be disposed of following a similar
argument as above. O

We have the following corollary of the Theorem 1, which is the multivalued
version of Corollary 3.1 of [7].

Corollary 1. Let (X,d) be a complete metric space. Let f,g : X — X
and S,T : X — CB(X) be mappings such that f and S as well as g and T
are compatible of type (I). Assume T(X) C f(X), S(X) C ¢g(X) and for all
z,y € X

H(Sz,Ty) < ad(fx,gy)

where a € (0,1). If f or g is continuous, then f,g,S and T have a common
fixed point.
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