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ON MANNHEIM PARTNER CURVE IN
DUAL SPACE

Siddika Ozkaldi, Kazim Ilarslan and Yusuf Yayli

Abstract

In this paper, we define Mannheim partner curves in three dimen-
sional dual space D3 and we obtain the necessary and sufficient condi-
tions for the Mannheim partner curves in dual space D3,

1 Introduction

In the differential geometry of a regular curve in the Euclidean 3-space E3, it
is well-known that one of the important problem is the characterization of a
regular curve. The curvature functions k; (curvature ) and ko (torsion 7)
of a regular curve play an important role to determine the shape and size of
the curve ([2, 6]). For example: If k; = ko = 0, then the curve is a geodesic.
If k1 # 0 (constant) and ko = 0, then the curve is a circle with radius 1/k;.
If k1 # 0 (constant) and ko # 0 (constant), then the curve is a helix in the
space, etc.

Another way to classification and characterization of curves is the rela-
tionship between the Frenet vectors of the curves. For example (in 1845)
Saint Venant proposed the question whether upon the surface generated by
the principal normal of a curve, a second curve can exist which has for its
principal normal the principal normal of the given curve. This question was
answered by Bertrand in 1850; he showed that a necessary and sufficient con-
dition for the existence of such a second curve is that a linear relationship
with constant coefficients exists between the first and second curvatures of
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the given original curve. The pairs of curves of this kind have been called
Conjugate Bertrand Curves, or more commonly Bertrand Curves ([2, 6, 8]) .
There are many works related with Bertrand curves in the Euclidean space
and Minkowski space. Another kind of associated curves are called Mannheim
curve and Mannheim partner curve. If there exists a corresponding relation-
ship between the space curves o and 3 such that, at the corresponding points
of the curves, the principal normal lines of « coincides with the binormal lines
of 3, then « is called a Mannheim curve, and § Mannheim partner curve of
. Mannheim partner curves was studied by Liu and Wang ([7]) in Euclidean
3— space and in the Minkowski 3—space.

Dual numbers had been introduced by W.K. Clifford (1849 - 1879) as a
tool for his geometrical investigations. After him E. Study used dual numbers
and dual vectors in his research on line geometry and kinematics. He devoted
special attention to the representation of oriented lines by dual unit vectors
and defined the famous mapping: The set of oriented lines in an Euclidean
three-dimension space E? is one to one correspondence with the points of a
dual space D? of triples of dual numbers ([3]).

In this paper we study Mannheim partner curves in dual space D?.

2 Preliminary

By a dual number Z, we mean an ordered pair of the form (x,z*) for all
x,z* € R. Let the set R x R be denoted as ID. Two inner operations and an
equality on D = { (z,z)| x,2* € R} are defined as follows:

() ®:DxD—-Dforz= (z,2%), y=(y,y*) defined as

TOY=(2,2") 0 (y,y") = (x+y, " +y")

is called the addition in .
(#6) @ :DxD—Dfor z = (z,2%), ¥y=(y,y*) defined as

TOY=1y=(2,27) O (y,y") = (zy, zy" +2"y)

is called the multiplication in D.

(i) f z =y, * =y* for T = (x,2%), y = (y,y*) € D, T and y are equal,
and it is indicated as T = .

If the operations of addition, multiplication and equality on D =R x R
with set of real numbers R are defined as above, the set D is called the dual
numbers system and the element (z,2*) of D is called a dual number. In a
dual number Z = (z,z*) € D, the real number x is called the real part of Z and
the real number z is called the dual part of Z. The dual number (1,0) =1 is
called unit element of multiplication operation in D or real unit in . The dual
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number (0, 1) is to be denoted with € in short, and the (0,1) = ¢ is to be called
dual unit. In accordance with the definition of the operation of multiplication,
it can easily be seen that €2 = 0. Also, the dual number 7 = (z,2*) € D can
be written as T = x + ex* (see[9, 5]).

The set of D = {Z = z +ex*| z,2* € R} of dual numbers is a commutative
ring according to the operations

(D) (z +ex”) + (y +ey’) = (x+y) +e(a” +y7),

(i) (z +ex™)(y +ey”) = xy +e(wy™ + y 2).

The dual number & = x + ex* divided by the dual number § = y + ey*
provided y # 0 can be defined as

@_x—&—sm*_z r*y — xy*
Yy yteyt oy y2
The set of
D3 DxDxD

=2 = % * *

= {Z]| 7 =(r1+ex],x2+exs, x3+cx})}
= = * * *

= {xl x:(xl,xg,x3)+€(x1,x2,x3)}
— — — —

= {2| z=7+ex", T,o* €R%}

i i D P Lo ST der D
is a module on the ring D. For any = = o +ez*, y = vy +ey* € D?, the
— —
scalar or inner product and the vector product of * and 7 are defined by,
respectively,
- = — —
(2.9 = (TP +e(( T+ (7).
=, = ~ o~ ~ o~ o~ o~ ~ o~ A~ ~ o~
TAY =(Z2Ys —T3 Y2, T3 h —T1 Y3, T1 Y2 — T2 1),

—
exf, yi=yitey; €D, 1<i<3 If x#0, the norm HEH

+

where T; = z;

el

= — .
of ¥ =2 +ex® is defined by
- 3
= = = X,
|7 = Vi F. 3 =1+ L2
2|
A dual vector z with norm 1 is called a dual unit vector. Let = & + ex*
€ D3. The set
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— —
S ={T=TF+er’ | |7 =05 7,2" eR?)

is called the dual unit sphere with the center O in D3.
If every x;(t) and x(t), 1 <1 < 3 real valued functions, are differentiable,
the dual space curve

z : ICR—-D?
t —  Z(t) = (x1(t) +exi(t), x2(t) +exi(t), z3(t) +exi(t))

= T(t)+ sa?(t)

in D3 is differentiable. We call the real part 7' (t) the indicatrix of ?(t) The
—
dual arc length of the curve Z (¢) from ¢; to t is defined as

§=/H§(t>ﬂdt:/||7(t)udt+5/<?, (#))=stest. D)

t1

~ —_—
where t is a unit tangent vector of x(t). From now on we will take the arc
—

length s of x(t) as the parameter instead of ¢.
Now we will obtain equations relatively to the derivatives of dual Frenet
vectors throughout the curve in D?. Let

z : I—D?

/\—)
s — Z(s) = x(s) + ex*(s)

be a dual curve with the arc length parameter s of the indicatrix. Then,

= =

dz _dvds 2

ds  ds ds

:——)

is called the dual unit tangent vector of Z(s). With the aid of equation(2.1),

we have
S

N
S=3 +5/ <?7 (33*)> ds
S1
and from this g—f = 14eA, where the prime denotes differentiation with respect
—
to the arc length s of indicatrix and A = <?, (E‘) ) > Since t has constant
length 1, its differentiation with respect to s, which is given by
= = —
dt dtds &%

— -z

=
ds  ds ds ds? "
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measures the way the curve is turning in D3. The norm of the vector d% is

—
called curvature function of Z(s). We impose the restriction that the function

— =
& : I — D is never pure dual. Then, the dual unit vector n = %L is called
~=3 =. . =~
the principal normal of Z(s). The dual vector b is called the binormal of Z(s).

= - = —
The dual vectors ¢, n, b are called the dual Frenet trihedron of Z(s) at
the pomt Z(s). The equalities relative to derivatives of dual Frenet vectors

t n b throughout the dual space curve are written in the matrix form

= =
i| L 0 & 01| 1L
N7 l=l-% 0o 7||7], (2.2)
| = R I

b b

where kK = k +¢ek* is nowhere pure dual curvature and 7 = 7 +e7* is nowhere
pure dual torsion. The formulae (2.2) are called the Frenet formulae of dual
curve in D3 (see [5] ).

3 Mannheim partner curves in D?

In this section, we define Mannheim partner curves in dual space D3 and we
give some characterization for Mannheim partner curves in the same space.

Definition 1. Let D3 be the dual space with the standard inner product (,) .
If there exists a corresponding relationship between the dual space curves &
and 3 such that, at the corresponding points of the dual curves, the principal
normal lines of & coincides with the binormal lines of ﬂ, then @ is called
a dual Mannheim curve, and /6’ a dual Mannheim partner curve of «a. The
pair {04,6} is said to be a dual Mannheim pair.

Let @ : Z(3) be a dual Mannheim curve in D? parameterized by its arc
length s and 8 : 71(8;) the dual Mannheim partner curve of with an arc

= — =
length parameter 5;. Denote by { t(s),n(s),b (§)} the Frenet frame field

along @ : Z(3).
In the following theorems, we give a necessary and sufficient condition for
a dual space curve to be a Mannheim curve.

Theorem 1. A dual space curve in D3 is a dual Mannheim curve Zf and only
if its curvature K and torsion T satisfy the formula K = )\(m +72), where \
18 never pure dual constant.
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Proof. Let @ : Z(3) be a dual Mannheim curve in D? with the arc length
parameter § and 3 : Z1(51) the dual Mannheim partner curve of with an arc
length parameter s7. Then by the definition we can assume that

71(8) = 2(8) + A7 (3) (3.1)

for some never pure dual constant X(?) By taking the derivative of (3.1) with
respect to § and applying the Frenet formulas we have

) _ (1 _5) T+ DF
ds

= =
Since t; is coincident with by in direction, we get

ds
This means that \ is a never pure dual constant. Thus we have

—

d2.(5) _ (1-37) T +3D.

ds

On the other hand, we have

o~

~ d./fl ds ~\ =R A= ds
t 7 45, (( )\I{) t —|—)\7'b> —

By taking the derivative of this equation with respect to 57 and applying the
Frenet formulas we obtain

R
dty ds ~drR = ~o\ = ~dTR\ ds
—_< = = —)\it (A—AA2—)\A2)A Af/\b -
ds dsy < ds tr " T)nt ds dsy

~N = A= 2

+(<1/\n> f +A?b>d§

dsy

From this equation we get
Lty ta9) d5
(n —AR? - )\7'2) TS =0,
d81
R = AR +72).

This completes the proof. O
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Theorem 2. Let @ : Z(3) be a dual Mannheim curve in D® with the arc length
parameter S. Then (8 : T1(81) is the dual Mannheim partner curve of if and
only if the curvature k1 and the torsion Ty of [3 satisfy the following equation

dsi 1t (1+MT1)

for some never pure dual constant ji.

Proof. Suppose that @ : Z(3) is a dual Mannheim curve. Then by the definition
we can assume that

—

B(®) = #1(51) + A (31), (3.2)
for some function ji(s1). By taking the derivative of (3.2) with respect to s1
and applying the Frenet formulas, we have

=ds = =

b @ 3.3
dijg\l ni. ()

=t,14+ b —0m

!

~ —
Since b is coincident with 7 in direction, we get

i _

— 0.
dSl

This means that i is never a pure dual constant. Thus we have

TE_F e 3.4
digl_ 1 — U717, ()

On the other hand, we have

—

= = ~ = ~
t = ticosf+ nqsind, (3.5)
~ = =

where 6 is the dual angle between ¢ and ¢ ; at the corresponding points of @
and 3. By taking the derivative of this equation with respect to s1, we obtain

= d3 doN = (. db — =
EM—=—|k1+—|sinft;+ k1 +—|cosOn,;+7sinfb.
dl d51 dS1

— =
From this equation and the fact that the direction of 7 is coincident with b 1,

we get
(El + %’1) sinf = 0
(7%1 + j—g) cosf = 0.
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Therefore we have N
dé
—_— = - . 3.6
dSl i ( )

- —=
From (3.4), (3.5) and notice that ¢ ; is orthogonal to b1, we find that

ds 1 1Ty
ds; cosf sinf
Then we have N
Ty = —tané.

By taking the derivative of this equation and applying (3.6), we get

_dny 272

,ud—gl (1 +u )
that is o -

an _ 5272

&= (1427 .

Conversely, if the curvature Kyand torsion 7iof the dual curve B\ satisfy

dTl //% ~2~2
=2
P (1+7°77)
for some never pure dual constant i(s), then we define a dual curve by

N
z(s1) = 71(51) + by (51) (3.7)
and we will prove that @ is a Mannheim curve and B is the partner curve of

a. By taking the derivative of (3.7) with respect to 51 twice, we get

—
tii tlfm—lnl, (38)

N 2 ~ ~

= ( ds =ds = L dn\ =

Fn(—) +t— =amAt1+ (R —1— ) 71 ulebl, (3.9)
dSl dSl

respectively. Taking the cross product of (3.8) with (3.9) and noticing that

dr o
R R = 0,

we have

= [ ds 3 oa R =
kb <ds ) =Tt TN (3.10)
1
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By taking the cross product of (3.10) with (3.8), we obtain also

N\ 4

= (ds N oo\ 7

KN (A) = 7t (1+u2712) b1.
d81

!

~

This means that the principal normal direction n of @ : Z(5) coincides with
—

the binormal direction b 1 of B : Z1(81). Hence @ : Z(38) is a dual Mannheim
curve and 3 : 71(81) is its dual Mannheim partner curve. O

Definition 2. A dual helix is a dual curve for which the tangent makes a
constant dual angle with a dual fixed line.

Proposition 1. Let @ : Z(3) be a dual Mannheim curve in D® with the arc
length parameter s and 8 : Z1(81) the dual Mannheim partner curve of with
an arc length parameter 1. If @ : Z(8) is a generalized dual heliz, then (3 :

Z1(51) is a dual straight line.

= = =
Proof. Let t,n, b be the tangent, principal normal and binormal vector
field of the curve & : Z(8), respectively. From the properties of generalized
dual helices and the definition of dual Mannheim curves, we have

y —

b1.p=n.p=0
for some constant dual vector p. Then it is easy to obtain that 7, = 8, =0. O
Proposition 2. If a generalized dual helix is the Mannheim partner curve of

some curve & : Z(8) in D3, then the ratio of torsion and curvature of the curve
a:x(s) is

T_Gas 1 g5
= = <€ — <€ 5
K 2 282

for some nonzero constant ¢ and for some never pure dual constant ¢o, and
S is the arc length parameter of «. In particular, if we put ¢; = ¢ = 1, we
have

= - =
Proof. Let t,n, b be the tangent, principal normal and binormal vector
field of the curve & : Z(8), respectively. From the properties of generalized
dual helices and the definition of dual Mannheim curves, we have

= .
b 1.]/?\: sin&o,
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for some constant dual vector p and some constant dual angle é\o. From the
last equation we know that sinfy # 0 and % # dual constant. By taking the
derivative of this equation with respect to s twice, we get

= —
-kt p+7Tn.p=0,
di= __ dT—= ~2 | ~2 a7
——t.p+ —=n.p= (k" +7°)sinb.
ds p ds p ( ) 0

- = ~
t.p=— ;-(i) sin 6,
AR —

— 1 ~
n.p= — sin 6y
342

ds

o1 7
R == 1_d7322,
()
K\ —a=
(%)
7= ds?

respectively. From these equations, we find that

#(2)

ds?

)

= y(S), then we get the following differential equation

~ dQZ//\ ~ d?j 2
o\ &Y ~(aY\
(1 Y ) ds? 4 (d?) 0

Solving this equation, we obtain that

Let

M)

PPN ~

y(s) = o
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or

o _C2as 1 gs
S) = — —€
e =3 2%,
for some nonzero constant ¢y ,¢; and for some never pure dual constant ¢, .
Thus, the proposition is proved. O
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