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OPERATION-SEPARATION AXIOMS IN
BITOPOLOGICAL SPACES

S.M. Al-Areefi

Abstract
In this paper, the concept of pairwise v — Tp, weak pairwise v —
Ti,vi — T, pairwise v — 11, weak pairwise v — Ts,v; — 1o, pairwise
v — T4, strong pairwise v — Ts, pairwise v — Ro and pairwise v — R; are
introduced and studied as a unification of several characterizations and
properties of Ty, T1,T%, Ry and R; in bitopological spaces

1. Introduction

As a continuation of the study of operations in bitopological spaces introduced
in [8], the aim of this paper is to introduce and study some separation axioms
in bitopological spaces using the concept of operations on such spaces. In
Section 2, we give a brief account of the definitions and results obtained in [8]
which we need in this article. Section 3 is devoted to introduce the concepts of
pairwise v — Tpy, weak pairwise v — T4, v; — 11, pairwise v — T, weak pairwise
v — Ty, v; — Ts, pairwise v — Ty and strong pairwise v — T» and study some of
their properties. Finally, the concepts of pairwise v — Ry and pairwise v — R
are introduced and studied in Section 4.

Throughout the paper, (X,71,72) and (Y,01,02) (or briefly, X and Y)
always mean bitopological spaces on which no separation axioms are assumed
unless explicitly stated. Let A be a subset of X, by ¢ — int(A) and i — cl(A),
we denote respectively the interior and the closure of A with respect to 7; (or
o;) for i = 1,2. Also i,7 = 1,2 and ¢ # j. By id we mean the identity and
nbd is the abbreviation of neighborhood. Also X \ A = A€ is the complement
of Ain X.
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2. Preliminary

Here, we give a brief account of the definitions and results obtained in [8]
which we need in this paper.

Definition 2.1. Let (X, 71, 72) be a bitopological space. An operation v on
71U is a mapping 7 : 71 Ume — P(X) such that V' C V7 for each V € 7, U,
where V7 denotes the value of v at V. The operators v(V) = V,y(V) =
j—c(V)and v(V) =i —int(j — cl(V)) for V € 7; are operations in 7 U 7.

Definition 2.2. A subset A of a bitopological space (X, 71, 72) will be called a
~vi-open set if for each x € A, there exists a 7;- open set U such that x € U and
U7 C A. 7,y will denote the set of all v;-open sets. Clearly we have 7,4 C 7;.
A subset B of X is said to be v;-closed if X \ B is ~;-open in X.

If y(u) = u (resp. j — cl(u)) and j — cl(i — int(u))) for each v € T;
then, the concept of ~;-open sets coincides with the concept of 7;-open (resp.
ij — o — open [3] and ¢j — d—open [3] sets.

Definition 2.3. An operation v on 71 U7y in (X, 71, 72) is said to be i-regular
if for every pair U,V of 7;-open nbds of each point x € X, there exists a
T;~open nbd W of x such that W7 C U" N V7. If v is 1-regular and 2-regular
then it is called pairwise regular or, simply, regular.

Definition 2.4. An operation 7 on (X, 7y, 72) is said to be i-open if for every
T;-open neighborhood U of each x € X, there exists a ;-open set S such that
x € Sand S CU". If v is 1-open and 2-open then it is called pairwise open
or, simply, open.

Example 2.5. Let X = {a,b,c} and let 11 = 72 = {,{a},{b},{a, b}, X}.
Let v : 1 Uty — P(X) be an operation defined by v(B) = i — cl(B) and
A1 Uy — P(X) be an operation defined by A\(B) = i —int(j —cl(B)). Then
we have T, = {¢, X} and 11y = 7;. It is easy to see that v is i-reqular but it
is not i-open on (X, 71, 72).

Example 2.6. Let X = {a,b,c} andlet 71 = 10 = {¢, X, {a}, {b},{a, b}, {a,c}}.
For b € X we define an operation vy : 71 Uty — P(X) by

v A ifbc A
v(4) =4 _{i—cl(A) b A

Then the operation v : 71 UTa — P(X) is not regular on 7 UTe. In fact,
let U = {a} and V = {a,b} be i-open neighborhoods of a, then UY NV =
{a,c}n{a,c} ={a} and WY ¢ UYNV7 for any i-open neighborhood W of a.
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Definition 2.7. Let v,y be two operations on 73 U 75 in (X, 71, 72). Then
(X, 71,72) is called (v, p);-regular if for each x € X and each 7;-open nbd V' of
x, there exists a 7;-open set U containing x such that UY C V#. If y = id, then
the (v, u)i-regular space is called ;-regular. If (X, 71, 7) is (v, u)1-regular and
(7, p)2-regular, then it is called pairwise (v, u)-regular. Moreover, we can show
that this operation is i-open on 71 U 75.

In the rest of this paper, instead of “y operation on 7 U in (X, 71,72)”,
we shall say “y operation on (X, 7y, 72)”.

Proposition 2.8. Let v be an operation on a bitopological space (X, T1,72).
Then (X, T1,72) is a vy;-regular space if and only if 7, = 7, holds.

Proposition 2.9. Let v be an i-regular operation on a bitopological space
(X, 71,72), then

(i) If A and B are ~y;-open sets of X, then AN B is y;-open.
(i1) Ti~ is a topology on X.

Remark 2.10. If v is not ¢-regular, then the above proposition is not true in
general. In Exmaple 2.6, v is not ¢-regular. In fact 7, = {¢, X, {b}, {a,b}{a, c}}
which is not a topology on X.

Definition 2.11. Let v be an operation on a bitopological space (X, 11, T2).
A point x € X is in the ~;-closure of a set A C X if U N A # ¢ for each
Ti-open nbd U of x. The 7;-closure of the set A is denoted by cly(A4). A
subset A of X is said to be v;-closed (in the sense of cl;,(A)) if cl;(A) C A.

Definition 2.12. Let A C (X, 71, 7). For the family 7,,, we define a set
Tiy — cl(A) as follows:

Tin —cl(A) =" {F:ACF,X\Femy,}

Proposition 2.13. For a point x € X, x € 7, —cl(A) if and only if VNA # ¢
for any V € 7, such that x € V.

Remark 2.14. It is easily shown that for any subset A of (X, 71,72), A C
Ti — Cl(A) - CZZ’Y(A) C Tiy — Cl(A)

Theorem 2.15. Let v be an operation on a bitopological space (X, T1,72),
then

(1) cliy(A) is 7;-closed in (X, 11, 72).
(1) If (X, 71, T2) is v;-regular, then cliy(A) =7, — cl(A) holds.
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(iii) If v is open, then cliy(A) = iy — cl(A) and cliy(cliy(A)) = cliy(A) hold
and cli(A) is v;-closed (in the sense of Definition 2.11).

Theorem 2.16. Let v be an operation on a bitopological space (X, 1,72) and
A C X, then the following are equivalent:

(a) A is y;-open in (X, 71,72).

(b) clin(X\A) =X\ A (i.e., X \ A is y;-closed in the sense of Definition
2.11).

(c) Tin —cl(X\A) =X\ A
(d) X\ A is ~y;-closed (in the sense of Definition 2.12) in (X, 11, 72).

Lemma 2.17. If v is a regular operation on (X, T1,72), then cliy(AU B) =
cliy(A) Ucliy(B), for any subsets A and B of X.

Corollary 2.18. If v is a regular and open operation on (X, Ti,72), then cl;,
satisfies the Kuratowski closure axioms.

Definition 2.19. A mapping f : (X, 7, 72) — (Y, 01,02) is said to be (v, 8);-
continuous if for each point  of X and each o;-open set V' containing f(z),
there exists a 7;-open set U such that x € U and f(U”) C VA. If f is (v, 8):-
continuous for ¢ = 1,2, then it is called pairwise (v, 3)-continuous.

Example 2.20. If (v, 8) = (id,id) (resp. id,j —cl),(j — cl,id),(j —cl — j —
), (id,i—intoj—cl), (i—intoj—cl,id), (i—intoj—cl, j—cl), (j—cl,i—intoj—cl)
and (i —int o j — cl,i —int o j — cl)) then pairwise (v, 3)-continuity coin-
cides with pairwise continuity [7] (resp. pairwise weak continuity [5], pairwise
strong 0-continuity [3], pairwise 0-continuity [4], pairwise almost continuity
[5], pairwise super continuity [9], pairwise weak 0-continuity [11], pairwise
almost strong 0-continuity [3] and pairwise -continuity [3]).

Proposition 2.21. Let f : (X,71,72) — (Y,01,02) be a (v, 3);-continuous
mapping, then

(1) f(clin(A)) C clig(f(A)) for every A C X.

(ii) for any Bi-closed set B of Y, f~Y(B) is ~y;-closed in X, i.e., for any
U e TiB3, f_l(U) € Tiy-

Definition 2.22. Let v be an operation on a bitopological space (X, 71, 72).
A subset K C X is said to be v;-compact if for every 7;-open cover C of K,
n

there exists a finite subfamily {Gq,...,G,} of C such that K C U G7.

r=1
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Example 2.23. If v =id (resp. j—cl and i —intoj—cl) then ~v;compactness
coincides with T;-compactness (resp. ij-almost-compactness [11] and ij-near-
compactness [3]).

Theorem 2.24. Let v be an operation on a bitopological space (X, 71,72). If
X is y;-compact, then every cover of X by y;-open sets has a finite subcover.
If v is open, then the converse is true.

3. Pairwise 7 — T Spaces

Definition 3.25. Let v be an operation on a bitopological space (X, 71, 72).
Then X is called pairwise v — Ty if for any two distinct points of X, there
exists a subset which is either v;-open or «y;-open containing one of the points
but not the other.

Example 3.26. In Definition 3.25, if v = id, then we obtain the definition
of pairwise Ty spaces [6]. If v(U) = j — cl(U) (resp. i — int(j — cl(U)) for
U € 7, then pairwise v — Ty spaces are called pairwise @ — Ty (resp. pairwise
0—To). If y(U) =i —int(i — cl(U)) for U € 7, then we obtain pairwise rTj
spaces [2].

Theorem 3.27. Let v be an operation on a bitopological space (X.11,72). If
X is pairwise v — Ty, then for any two distinct points x and y of X, there
exists a subset U which is either T;-open or Tj-open containing one of them
(say x) such thaty & U". If v is open, then the converse is true.

Proof. Let x,y € X such that x # y, then there exists a set U which is (say)
Tiv-open such that x € U and y ¢ U. Then there exists a 7;-open set G
containing x such that G¥ C U. Obviously, y € G7. Now, if v is open, let
z,y € X such that x # y. Then, by assumption, there exists a 7;-open set U
such that x € U and y ¢ U”. Since v is open, there exists a 7;,-open set S
such that x € S and S C U”. Obviously, y &€ S. This shows that X is pairwise
Y — To. O

Theorem 3.28. Let v be an operation on a bitopological space (X, T1,72).
Then X is pairwise v — Ty if and only if for each two distinct points © and y

of X, either 7y, — cl{x} # Tiy — cl{y} or 74 — cl{z} # 75, — cl{y}.

Proof. Let X be a pairwise y—T{ space and x,y € X such that x # y. Suppose
U is a 7;-open set containing  but not y. Then y € 7, —cl{y} C X \U and so
x & Ty — cl{y}. Hence 1,y —cl{z} # 1;, —cl{y}. Conversely, let 2,y € X such
that @ # y. Then either 7, —cl{a} # 7, — cl{y} or ;5 —cl{x} # 75, — cl{y}.
In the former case, let z € X such that z € 7,y —cl{y} and z € 7,, —cl{z}. We
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assert that y & 7y — cl{z}. If y € 7, — cl{x}, then 7, — cl{y} C 7y — cl{z},
so z € Ty — cl{y} C 7y — cl{z}, a contradiction. Hence y ¢ 7, — cl{z} and
therefore U = X \ 734 — cl{x} is a y;-open set containing y but not . The
case Ty — cl{z} # 7j4 — cl{y} can be dealt with similarly. O

Corollary 3.29. A bitopological space (X, 71, 7T2) is pairwise  — Ty if and only
if for each two distinct points x and y of X, either ij — clo{x} # ij — clo{y}
or ji — clo{a} # ji — clo{y}.

Corollary 3.30. A bitopological space (X, 71, T2) is pairwise 6 — Ty if and only
if each two distinct points x and y of X, either ij — cls{x} # ij — cls{y} or
ji —cls{z} # ji — cls{y}.

Definition 3.31. Let v be an operation on a bitopological space (X, 11, T2).
Then X is called weakly pairwise v — T} if for any two distinct points z and
y of X, there exists a ~y;-open set U and a ;-open set V' such that either
zxeU\VandyeV\UorycU\VandzecV\U.

Example 3.32. In Definition 3.31, if v = id, then we obtain the definition
of weakly pairwise Ty [10]. If v(U) = j — cl(U) (resp. i —int(j — cl(U))) for
U € 7;, then weakly pairwise v — Ty spaces are called weakly pairwise 6 — Ty
(resp. weakly pairwise 6 —Ty). If v(U) = i —int(i — cl(U)) for U € 7;, then
we obtain weakly pairwise rTy spaces [2].

Theorem 3.33. Let v be an operation on a bitopological space (X, T1,72).
Then the following are equivalent:

(i) (X,11,72) is weakly pairwise v —Tj.
(1t) 11y — cl{x} N1y — cl{z} = {a} for every z € X.

(iii) For every x € X, the intersection of all v1-open nbds and all vy3-open
nbds of x is {x}.

Proof. (i) = (ii): Let z € X and y € 7, — cl{z} N 1oy — cl{x}, where y # x.
Since X is weakly pairwise v — T7, there exists a y;-open set U such that
y € U, x ¢ U or there exists a yp-open set V such that y € V, x ¢ V. In
either case, y & 71 —cl{z} 1oy —cl{z}. Hence {z} = 1y —cl{z} N1, —cl{z}.

(ii) = (iii): If z,y € X such that x # y, then & & 7, — cl{y} N 12y — cl{y},
so there is a 7;-open set or a 7-open set containing x but not y. Therefore y
does not belong to the intersection of all «;-open nbds and all «s-open nbds
of x.

(iii) = (i): Let  and y be two distinct points of X. By (iii), y does
not belong to a «1-nbd or a v.-nbd of x. Therefore there exists a ~y;-open or
a yg-open set containing x but not y. Hence z is a weakly pairwise v — T}
space. O
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Corollary 3.34. For a bitopological space (X, T1,72), the following are equiv-
alent:

(i) (X,711,72) is weakly pairwise § — T;.
(i1) 12 — clp{z} N 21 — clp{x} = {z} for every z € X.

(iii) For every x € X, the intersection of all 12 — -open nbds and all 21 — 6-
open nbds of x is {x}.

Corollary 3.35. Forx € X, the intersection of all 12 — §-open neighborhoods
and all 21 — B-open neighborhoods of x is {x}.

Theorem 3.36. Let v be an operation on a bitopological space (X, 11,72). If
X is weakly pairwise v — Ty, then for any two distinct points x and y of X,
there exists a 7;-open set U and a 7j-open set V' such that eitherx € U, y € U7
andy eV, =xgVVoryelU,x¢U"Y andx € V,y € V7. If v is open, then
the converse is true.

Proof. Similar to that of Theorem 3.27. O

Definition 3.37. Let v be an operation on a bitopological space (X, 71, 72).
Then X is called v; — T} if for any two distinct points x and y of X, there
exist two ~y;-open sets U and V such that z e U\ V and y € V\U. If X is
v1 — 11 and o — T7, then it is called pairwise v — T7.

Example 3.38. In Definition 3.37, if v = id, then we obtain the definition
of pairwise Ty [14]. If v(U) = j — cl(U) (resp. i —int(j — cl(U))) for U € 7;,
then pairwise v — Ty spaces are called pairwise 6 — Ty (resp. pairwise § — T )
and ~; — Ty spaces are called ij — 60 — Ty (resp. ij — 0 — T1) spaces.

Theorem 3.39. Let v be an operation on a bitopological space (X, T1,72).
Then X is v; — T if and only if 7,5 — cl{z} = {z}, for every z € X.

Proof. Let y ¢ {x}, then y # = and there exists a 7;y-open set U such that
y € U and ¢ ¢ U. Therefore y ¢ 7,4 — cl{z} and so 7, — cl{z} = {z}.
Conversely, let z,y € X such that « # y. Since 7, — cl{z} = {z} and
Tiv — cl{y} = {y}, then there exists a ~;-open set U and ~;-open set V such
that z € U\ V and y € V\ U. Thus X is ; — T7. O

Corollary 3.40. Let v be an operation on a bitopological space (X, T1,72).
Then X is pairwise v — T if and only if 714 — cl{z} = {a} = 1o, — cl{z}, for
every x € X.

Corollary 3.41. A bitopological space (X, 11,72) is pairwise Ty if and only if
7 —c{z} = {a} =1 — cl{z}, for every x € X.
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Corollary 3.42. A bitopological space (X, 71, T2) is pairwise 0 — Ty if and only
if 12 — clp{x} = {z} = 21 — clgp{x}, for every z € X.

Corollary 3.43. A bitopological space (X, 71, T2) is pairwise 6 — Ty if and only
if 12 — cls{x} = {x} = 21 — cls{z}, for every x € X.

Definition 3.44. Let v be an operation on a bitopological space (X, 71, 72).
Then X is called weakly pairwise v — T if for any two distinct points x and y
of X, there exist a y;-open set U and a disjoint y;-open set V' such that x € U
andyeVorzeVandyeU.

Example 3.45. If v = id in Definition 3.44, we obtain the definition weakly
pairwise Ty [15]. In case y(U) = j — cl(U) (resp. i —int(j — cl(U))) for
U € 7;, then weakly pairwise v — Ty is called weakly pairwise 6§ — Ty (resp.
weakly pairwise § —Ts). If y(U) = i —int(i—cl(U)) for U € 7, then we obtain
a pairwise semi rTy [2].

Definition 3.46. Let v be an operation on a bitopological space (X, 71, 72).
Then X is called v; — T5 if for any two distinct points x and y of X, there
exist two disjoint 7;-open sets U and V such that z € U and y € V. If X is
v1 — 1o and o — T5, then it is called pairwise v — Tb.

Definition 3.47. Let v be an operation on a bitopological space (X, 71, 72).
Then X is called strongly pairwise v —T5 if for any two distinct points x and y
of X, there exist a ;-open set U and a disjoint ~y;-open set V such that z € U
andy e V.

Example 3.48. If v = id in Definition 3.47, we obtain the definition pairwise
Ty [7]. In case y(U) = j — cl(U) (resp. i —int(j — cl(U))) for U € 7, then
strongly pairwise v — Ty is called strongly pairwise 6 — Ty (resp. strongly
pairwise 6 — Tz). If v(U) = i —int(i — cl(U)) for U € 7, then we obtain
patrwise rTy [2].

Theorem 3.49. Let v be an operation on a bitopological space (X, T1,72).
Then X is strongly pairwise v — To if and only if the intersection of all ;-
closed yj-nbd of each point of X is reduced to that point.

Proof. Let X be strongly pairwise v — T» and z € X. To each y € X, x # y,
there exist a 7;-open set G and a y;-open set H such that x € H, y € G and
GNH = ¢. Since x € H C X\ G, therefore X \ G is +;-closed ~;-nbd of
2 to which y does not belong. Consequently, the intersection of all ~y;-closed
v;-nbds of X is reduced to {x}. Conversely, let x,y € X such that x # y, then
by hypothesis, there exists a v;-closed 7;-nbd U of x such that y ¢ U. Now,
there exists a y;-open set G such that € G C U. Thus G is a y;-open set,
X\Uisa~j-openset,z € G,y € X\Uand GNX\U = ¢. Hence X is
strongly pairwise v — Tb. O
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Theorem 3.50. Let v be an operation on a bitopological space (X, T1,72).
Then X is v; — Tb if and only if the intersection of all ~y;-closed ~v;-nbds of
each point of X s reduced to that point.

Proof. Similar to that of Theorem 3.49. O

Theorem 3.51. Let v be a regular operation on a strongly pairwise v — Tb
space (X, T1,72) and A C X a y;-compact. Then A is v;-closed.

Proof. If A = X, then A is obviously v;-closed. If A # X, then there is a

point € X \ A. Since X is strongly pairwise v — Ty, for every y € A, there

exist a yj-open set U, and a ~;-open set Vj, such that z € U,, y € V, and

U, NV, =¢. Then {V, : y € A} is a ,-open cover of A which is ;-compact,
n

then there exists a finite subfamily V,,,...,V,,, such that A C U Vy,.. Let

r=1
U= ﬂ Uy, and V = U V... Since vy is regular, therefore U is a «y;-open set,
r=1 r=1
Visay-openset, t e U, ACVand UNU = ¢. Thusz € U C X \ A and
so X \ A is yj-open and so A is 7;-closed. O

Corollary 3.52. If A is an ij-almost-compact subset of a strongly pairwise
0 — Ty space (X, 71,72), then A is ji — 0-closed.

Corollary 3.53. If A is an ij-nearly-compact subset of a strongly pairwise
0 — Ty space (X, 11, 72), then A is ji — d-closed.

Theorem 3.54. Let v (resp. () be an operation on a bitopological space
(X,71,72) (resp. (Y,01,02)) and f : X — Y be a pairwise (v, 3)-continuous
injection. If Y is pairwise 3 —Toy (resp. weak pairwise 3—T,3; — T, pairwise
B—T,, weak pairwise 8—Ts, 3;—Ts, pairwise B—Ts and strong pairwise 3—T3 ),
then X is pairwise v — Ty (resp. weak pairwise v —Ty,~v; — T4, pairwise v—T1,
weak pairwise v — To,y; — Ts, pairwise v — To and strong pairwise v — Ts).

Proof. Suppose that Y is strong pairwise 3 — T and let =,y € X such that
x # y. Then there exist a o;g-open set U and a o;z-open set V' such that
fl@)eU, fly) e Vand UNV = ¢. Since f is pairwise (7, 3)-continuous,
by Proposition 2.21, f~*(U) is 7;y-open and f~!(V) is 7,-open. Also, x €
fFYU),y € f~X (V) and f~Y(U) N f~Y(V) = ¢. This show that X is strong
pairwise v — T5. The proofs of the other cases are similar. O

For different choices for v and (3 in Theorem 3.54, we can write down a lot
of results, for example, we have the following
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Corollary 3.55. If f : (X, 71,72) — (Y, 01,02) is pairwise weakly continuous
injection and 'Y is a strong pairwise 0 —T5 space, then X is pairwise Hausdorff.

Corollary 3.56. If f : (X, 71, 72) — (Y, 092,02) is pairwise almost continuous
injection and Y is a strong pairwise d —T5 space, then X is pairwise Hausdorff.

Corollary 3.57. If f : (X, 71,72) — (Y, 02, 02) is pairwise strongly 0-continuous
injection and Y is a pairwise Hausdorff space, then X is strong pairwise 8 —Ts.

Corollary 3.58. If f : (X,71,72) — (Y,02,02) is pairwise super continuous
injection and Y is a pairwise Hausdorff space, then X is strong pairwise 6 —T5.

Corollary 3.59. If f: (X,71,72) — (Y,02,02) is pairwise 0-continuous in-
jection and Y is a strong pairwise 8 — T space, them X is strong pairwise
0—Ts.

Corollary 3.60. If f : (X, 71, 72) — (Y, 09, 02) is pairwise weakly 0-continuous
injection and Y is a strong pairwise 0 — Ty space, then X is strong pairwise

0 —1Ty.

Definition 3.61. Let v be an operation on a bitopological space (X, 71, 72)
and H C X, then the relative operation v* : m/H Um/H — P(H) is an
operation on (H,7,/H,m/H) defined by (G N H)"" = GY N H for each G €
71 UTg, where 7, /JH ={UNH :U € 7;}.

Lemma 3.62. Let v be an operation on a bitopological space (X, m1,72), H C
X and v* be the relative operation in the subspace (H, 7 /H,mo/H). If U is
vi-open in X, then U N H 1is v/ -open in H.

Theorem 3.63. FEuvery subspace of a pairwise v — Ty (resp. weak pairwise
v —="T1,7v; — 11, pairwise v — T, weak pairwise v — To,v; — Ts, pairwise v — 15
and strong pairwise v — Ta) is a pairwise v* — Ty (resp. weak pairwise v* —
Th, vy =T, pairwise v* =Ty, weak pairwise v* — Ty, v —Th, pairwise v* —Th
and strong pairwise v* — Ty ).

Proof. Follows directly from Lemma 3.62. O

Remark 3.64. The argument of Theorem 3.36 is true for the cases of weak
pairwise vy —1T1,~v; — 11, pairwise v — 17, weak pairwise v —T5, v; —Ts, pairwise
v — T and strong pairwise v — To spaces.

For different choices for « in Remark 3.64, we can write down a lot of
results, for example, we have the following
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Corollary 3.65. A bitopological space (X, T1,72) is weak pairwise § — Ty if
and only if for any two distinct points x and y of X, there exist a T;-open
set U and a 7j-open set V' such that either x € U,y & i — int(j — cl(U))
andy € Vie & j—intti — (V) ory € U, © & i —int(j — cl(U)) and
reViydgj—int(i—c(V)).

Corollary 3.66. A bitopological space (X, 11, 72) is weak pairwise § — Ty if
and only if for any two distinct points x and y of X, there exist a T;-open set
U and a 7j-open set V such that eitherx € U andy €V oryec U, andx €V
and i — int(j — c(U))Nj —int(i — (V) = ¢.

Corollary 3.67. A bitopological space (X,71,T2) is strong pairwise 6 — Ty if
and only if for any two distinct points x and y of X, there exist a T;-open set
U and a 7j-open set V such that x € U,y € V, and i —int(j — cl(U)) N j —
int(i —cl(V)) = ¢.

Theorem 3.68. Let v be an open and regular operation on a bitopological
space (X,711,72). Then (X,71,72) is pairwise v — Ty (resp. weak pairwise
~ — Ty, pairwise v — Ty, weak pairwise v — Ty and strong pairwise v — Ty ) if
and only if (X, Ty, Toy) is pairwise Ty (resp. weak pairwise Th, pairwise T4,
weak pairwise Ty, and strong pairwise Ty ).

Proof. 1t is straight forward by Proposition 2.9 and Remark 3.64 O

For different choices for v in Theorem 3.68, we can write down a lot of
results, for example, we have the following

Corollary 3.69. A bitopological space (X, 71, 72) is pairwise § —Tq if and only
if (X, 715, 7T2s) 1s pairwise Tp.

Corollary 3.70. A bitopological space (X, 11, T2) is pairwise 6 — Ty if and only
if (X, 715, 7T2s) is pairwise T} .

Corollary 3.71. A bitopological space (X, T1,T2) is strong pairwise 6 — To if
and only if (X, T1s,Tas) is strong pairwise Ts.

We finish this section by investigating general operator approaches of closed
graphs of mappings.

Definition 3.72. [13] Let (X, 7y, 72) and (Y, 0,02) be two bitopological spaces.
The cross product of the two spaces X and Y is defined to be the space
(X XY, p1, p2), where p; = 73 X 0.

Definition 3.73. Let 7 (resp. ) be an operation on the bitopological space
(X,71,72) (resp. (Y,01,02)). An operation p : 7y X 0oUTa X017 — P(X xY) is
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said to be associated with v and 3 if (U x V)? = U” x VP for each U € 7; and
V € ;. pis called regular with respect to v and g if for each (z,y) € X x Y
and each pj-open nbd W of (z,y), there exist a 7;-open nbd U of = and a
oj-open nbd V of y such that W?” C U7 x VA,

Theorem 3.74. Let p be an operation on X x X associated with v and . If
f: X =Y is a pairwise (v, B)-continuous mapping and (Y, 01,02) is a strong
pairwise 0 — Ty space, then the set A = {(x,y) € X x X : f(x) = f(y)} is a
pi-closed subset of X x X.

Proof. We show that cl;,(A) C A. Let (z,y) € X x X \ A. Then there
exist a o;-open set U and a oj-open set V such that f(z) € U, f(y) € V
and U? N VP = ¢. Moreover, there exist a 7;-open set W and a Tj-open set
S such that x € W,y € S and f(W?) C U” and f(S7) C VP. Therefore,
(W x S)? N A= ¢. This shows that (z,y) & cl;p(A) and so cl;p(A) C A. O

Corollary 3.75. Let p be an operation on X x X associated with v and v
which is reqular with respect to v and v. A space X is strong pairwise v — Ty
if and only if the diagonal set A = {(x,x) : x € X} is p;-closed in X x Y.

Theorem 3.76. Let p be an operation on X XY associated with v and 3. If
f: X =Y is a pairwise (v, 3)-continuous mapping and (Y,01,02) is a strong
pairwise 3 — Ty space, then the graph of f, G(f) = {(z, f(z)) € X xY} is a
pi-closed subset of X x Y.

Proof. The proof is similar to that of Theorem 3.74 O
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