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An isoparametric function on almost k-contact
manifolds

Adara M. BLAGA

Abstract

The aim of this paper is to point out an isoparametric function on
an almost k-contact manifold.

1 Introduction

Almost 3-contact manifolds were introduced by Kuo [2] and independently,
by Udriste [5]. To their class belong also 3-Sasakian and 3-cosymplectic man-
ifolds studied by Boyer and Galicki [1], whose properties were also analyzed
by Montano and De Nicola [4]. In this paper, starting with a proposal for
the notion of almost k-contact structure, we shall point out an isoparametric
function which can be associated in this framework, by generalizing a similar
construction initiated by Mihai and Rosca [3].

2 Almost k-contact manifolds

Recall that an almost contact manifold is an odd-dimensional manifold
(M’ (p7 f’ 77)7 Where

1. @ is a field of endomorphisms of the tangent space;
2. £ is a vector field (called the Reeb vector field);

3. nis a 1-form, such that
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e &% = —Irirany +n®E
e n(¢) =1,

where Ir(rpr) denotes the identity on the Lie algebra of vector fields.

Proposition 1 Any almost contact manifold (M, ®,&,n) admits a Rieman-
nian metric g (called compatible metric) with the properties:

9(®(X), ®(Y)) = g(X,Y) = n(X)n(Y),

9(& X) = n(X),
for any X, Y € T(TM).

We call (M, ®,¢,1n,9) almost contact metric manifold. In this case,
the Reeb vector field £ is orthonormal with respect to g [g(£,&) = n(§) = 1].

A natural generalization of almost 3-contact manifold [4] is given by the
following definition:

Definition 1 An almost k-contact manifold is an (n + k + nk)-dimen-
sional manifold M with k almost contact structures (®1,&1,m),--,(Pr, &k, i)
such that:

o O;0d; =6 lrrmy + 15 @&+ Zf:l gij1®

o 1i(&5) = 045
for any i,5,1 € {1,..., k}, where €, is the totally antisymmetric symbol.

It follows that ®;(&;) = Zle giji§ and 7, o ®; = Zle gijim, for any
i,j € {1,...,k}. A similar computation like in the almost contact case leads

us to ®;(&;) =0 and n; o ®; =0, for any i € {1,...,k}. Consider now the case

i # 7. Then
k

Pio®;=n; @&+ Z giji®
=1
and computing this relation on &; and respectively £;, we obtain

k
Z&'jl@l(fi) =0;(®;(&)) =&,
=1

for any ¢ # j. Multiplying & = ®;(®;(¢;)) with €;;; and summing over I, we

get
K
> einb = qulfb (®:(&5)) Zﬁm‘i’z &) = —0;(&)-
=1
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Then
k k
i) = *Ze?jufl = Zgijlfb
=1 =1

Computing ®? = —Ir(rary +1: @& for @5(X), with arbitrary X € I'(T'M),

we obtain

—®;(X) +ni(®;(X))& = DF(P;(X)) = Bil(Ps 0 D;)(X)]

k
= q)l[n](X)fz + Zgijlq)l(X

= Z‘Sz]l o(I)l )

It follows that

(771 © (I)J)(X)gi = + Z gljl i © (I)l )
k
= ¢;(X)+ Z giji[—0aX +m(X)& + ZEizp‘I)p(X
=1 -

k
= (X)) + Y _epm(X)E - @ Zsmm )&,
=1

for any X € T'(TM). Applying 7;, we find

k
(i 0 ®)(X) = eijim(X
=1

for any X € I'(T'M).

Proposition 2 Any almost k-contact manifold (M, ®;,&;,mi)1<i<k admits a
Riemannian metric g compatible with each of the k almost contact structures:

9(®i(X),2;(Y)) = g(X,Y) — ni(X)ni(Y),
9(&, X) = ni(X), (1)
forany X, Y e T(TM),i € {1,...,k}.

We call (M, ®;,&,m,9)1<i<k almost k-contact metric manifold. In
this case, the Reeb vector fields &1,...,&; are orthonormal with respect to g

9(&,&5) =n:i(&) = 045, for any i, 5 € {1,..., k}].
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3 Isoparametric function

Let (M, ®;,&,1m:,9)1<i<k be an almost k-contact metric manifold and define
‘H := N;_; kern; the horizontal distribution. Then the tangent bundle splits
into the orthogonal sum of the horizontal and vertical distributions,

TM =H® < &p,...,&6 > .

Consider the vector field £ = Zle Aiki, A € C°(M) and define the
1-form 71 :=i¢g. Then

k k k
n(X) = ieg(X) = 9(& X) = 9(Q_ Nicis X) = 3 Aig(€i X) = 3 Ami(X),

i=1

for any X € I'(T'M) and in particular for X = ¢,

k k
n(€) =D Ami(€) =D Xig&. &) =g(&,9) =] £ |- (2)
=1 i=1

Let V be the Levi-Civita connection associated to g. From Cartan’s struc-
ture equations, for {e;}1<;<; an orthonormal frame and 6 the local connection
form, we have Ve = § @ e, with 6] = \in; —A\;n;, 4, j € {1,...,k}. If we assume
that £ defines a skew symmetric connection, then 67(€) = 0 and dn; = n A n;,
ie{l,..,k}. It follows

0=d’n =dnAm)=dypAn —nAdy; =dypAn;—nA(mAn) =dyAn,

SO
0= (dn An:)(X,Y) = dn(X)n:(Y) — dn(Y)n:(X),

for any X,Y € I'(T'M). In particular, for X =&;, Y =¢&;, i # j,
0 =dn(&)ni(&5) — dn(&;)ni(&),
we find dn(&;) =0, for any j € {1,...,k}. Now, for Y =¢;,,

0 = dn(X)n:(&) — dn(&)ni(X) = dn(X),

for any X € T'(T'M) and so dn = 0.

Following the ideas of Mihai and Rosca [3], we shall prove that on an almost
k-contact manifold, || £ ||? is an isoparametric function. Let b(X) := ixg and
# :=b~! be the musical isomorphisms.



AN ISOPARAMETRIC FUNCTION

19

Assume that VX, = f&, f € C°°(M). Then #(d)\;) = f& < b~ 1(d\) =

f&i & dN\i =b(f&) =ife,9 = fie,g = fni and

0 = &N =d(fm)=df Ani+ fdn
df Ami + foAmp = (df + fn) Ams

implies df + fn = 0.
Set 2X =[| € |I* [= 9(¢,€)]. Then

I (3 N U |
dn = AT >—2d[g<zngz,ZAjéj>J—2d[ ST AN )

1<ij<lc
= od Y ANmE) =5d > Nddi] = sd Y
1<i,j<k 1<4,j<k 1<i<k
1
= 5 Z 2\dN;) = Z Ndhi= 3 Nifn
1<i<k 1<i<k 1<i<k
= £ > Ami=1n
1<i<k

)\2

and d(f + ) =df +d\ =df + fn =0 implies f + X = c¢(constant).

From the structure’s equations follows that

!
Vz& =\ Zﬁj(Z)fj —ni(2)§,

Jj=1

for any Z e T'(T'M), i € {1, ...,k} [3]. Therefore,

Lemma 1 For any Z € T'(TM), Vz£ = (2/\+f)z _1ni(2)¢;

—n(2)¢.
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Proof. Indeed,

k

Vz& = Z[Ain§i+Z(/\i)€i]
=1
k k

= 2D = m(2)8) + 2
k

k k
= D_oNID_ni(2)&] - n(2)6+)_dni(2)&
i=1 j=1 i=1

k

k
= &)’ [Z ni(Z)&] —n(Z)é + Z fni(2)&

k
= @+ Do m2)&] - (2,
for any Z e T'(T'M).

Theorem 1 Let on an almost k-contact metric manifold M a number of k-
smooth functions A\; such that for all i, the gradient vector field V\; is parallel
with & with the same factor f € C°°(M). Then, for the vector field £ :=

k ) , ; . .
Y iq Ai&is its norm is an isoparametric function on M.

Proof. Since {¢;} is an orthonormal set for g we have:

k

2A =) N

=1

and then: i i
VA= N&) = (= NQ_Ni&) = (e = & (4)
=1 i=1
Therefore,
| VA |I2= (¢ — M2\ (5)
Then,
div(VA) = (c — N)div€ — £(N), (6)
but

£ = 5E(9(6,6)) = 9(VeE,©) 7
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From:
Vel = (A + )€ —n()€ = (c = N, (8)

it results:
div(VA) = (¢ — N)[ke+ %2)\ =2\ = (e = N)[ke+ (k — 4))], (9)

which, for k = 3 gives the relation (2.24) of Rosca-Mihai.
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