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Viscosity approximation method for
m-accretive mapping
and variational inequality in Banach space

Zhenhua He!, Deifei Zhang!, Feng Gu® *

Abstract

This paper introduces a composite viscosity iterative scheme to ap-
proximate a zero of m—accretive operator A defined on Banach spaces
E with uniformly Gateaux differentiable norm. It is also shown that the
zero is a solution of some variation inequalities. The results in this paper
improve and extend the corresponding that of [3] and some others.

1 Introduction and preliminaries

Let E be a real Banach space and E* its dual space. Let J denote the
normalized duality mapping from E into 2 defined by J(z) = {f € E* :
(x, ) = ||z]|> = ||f|*}, where (-,-) denote the generalized duality pairing
between E and E*. It is well-known that if E* is strictly convex then J is
sing-valued. In the sequel, we shall denote the single-valued normalized duality
mapping by j.

Let K be a nonempty subset of . We first recall some definitions and
conclusions:

Definition 1.1 7T : K — K is said to be a L—Lipschitz mapping, if V
z,y € K, |[Te—Ty|| < L|lx—y||. Especially, if L =1, i.e. |[Tx—Ty| < [lx—y]l,
then T is said to non-expansive; if 0 < L < 1, then T is said to contraction
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mapping.

Definition 1.2 An operator A (possibly multivalued) with domain D(A)
and range R(A) in E is called accretive mapping, if V x; € D(A) and y; €
Ax;(i=1,2), there exists j(xo—x1) € J(x2—x1) such that (y2—y1, j(z2—2x1)) >
0. Especially, an accretive operator A is called m-accretive if R(I +1A) = E
for all 7 > 0.

Note that if A is accretive, then J4 := (I + A)~! is a nonexpansive single-
valued mapping from R(I + A) to D(A) and F(J4) = N(A), where N(A) =
{xr € D(A) : Az = 0}.

Definition 1.3. T : K — K is called pseudocontractive mapping, if there
exists j(z —y) € J(z —y) such that (Tx —Ty, j(x—y)) < |z—y|* Vz,y € K.

Remark. If T is pseudocontractive, then I — T is accretive, where I is an
identity operator.

Let S = {z € E : ||z|| = 1} denote the unit sphere of the real Banach space
E. F is said to have a Gateaux differentiable norm if the limit
o N2+ tyll — |

i
t—0 t

exists for each x,y € S; and F is said to have a uniformly Gateaux differentiable
norm if for each y € S, the limit is attained uniformly for x € S. Furthermore,
it is well known that if E has a uniformly Gateaux differentiable norm, then
the dual space E* is uniformly convex and so the duality map j is single valued
and uniformly continuous on bounded subsets of E. Let E be a normed space
with dim E > 2, the modulus of smoothness of E is the function pg : [0, 00) —
[0,00) defined by

tyl+le -yl
! .

x
pe(r) = sup( ! e = 1yl = 7.
The space E is called uniformly smooth if and only if lim, g+ pp7/7 = 0.
In 2006, H.K. Xu considered the following algorithm,

Tnt1 = apu+ (1 — o)y, xp,n >0, (1)

where u € K is arbitrary (but fixed), J,, = (I +r,A)~%, {a,} is a sequence
in (0,1), and {r,} is a sequence of positive numbers. Xu proved that if E
is a uniformly smooth Banach space, then the sequence {z,} given by (1.1)
converges strongly to a point in N(A) provided the sequences {a,} and {r,}
satisfy certain conditions.

Inspired by (1.1), R. Chen and Z. Zhu [3] studied the following two iterative
schemes:
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Ttny = tf(xt,nt) + (]. - t)JT'nt Ttnygy te (0, 1) (2)

and

Tpi1 = anf(xn) + (1 — ay)dr, x,, n>0. (3)

where J,, = (I+7,A)"!, o € (0,1) is arbitrary (but fixed). I denotes identity
operator.

Under appropriate conditions, R. Chen and Z. Zhu [3] proved that if E is
a uniformly smooth Banach space, then the sequence {z;,,} and {z,} given
by (1.2) and (1.3) converge strongly to a zero point of m—accretive operator
A, respectively.

Motivated by Chen and Zhu'’s work, in this paper, we study two new iter-
ative schemes in reflexive Banach spaces F with uniformly Gateaux differen-
tiable norm as follows:

2= tf(z)+ (1= 6)Syas, ¢ (0,1) (4)
and
Tn+1 = anf(xn) + (1 - an)yna (5)
Yn = ﬂn‘xn + (1 - ﬂn)Srnl'na n > Oa

where S, = (1 —-o)[+oJ., J, = ([ +rA)"1, S. =1 —0o)+0oJ,,, ], =
(I +7r,A)~t, o € (0,1) is arbitrary(but fixed), I denotes identity operator.
Especially, if §,, = 0, then (1.5) reduces to following iterative scheme:

Tpy1 = anf(xn) + (1 — @y)Sy, 2, n >0, (6)

Obviously, the iterative scheme (1.4) and (1.6) are still different from that
of (1.2) and (1.3), respectively.

Under appropriate conditions, this paper proves that {z;} defined by (1.4)
converge strongly to a p € N(A) which is a solution of some variational inequal-
ities in the framework of reflexive Banach spaces E with uniformly Gateaux
differentiable norm. At the same time, we also prove that {z,} converges
strongly to a p € N(A). The results obtained in this paper improve and
extend that of Chen and Zhu [3] and some others.

In what follows, we shall make use of the following Lemmas.

Lemma 1.1([2]). Let E be a real normed linear space and J the normalized
duality mapping on E, then for each x,y € E and j(x +y) € J(x +y), we
have .
Iz +ylI* < ll2ll* + 2{y, (= +y))-

Lemma 1.2(Suzuki, [6]). Let {z,} and {y,} be bounded sequences in a
Banach space E and let {3,} be a sequence in [0,1] with 0 < liminf,, . 3, <
limsup,,_, ., Bn < 1. Suppose z,41 = Bnyn + (1 — Bn)x, for all integers n > 0
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and limsup,, , oo (|[Yn+1 —Ynll = || Zn+1 —2n]]) <0, then, lim, o ||yn —2n| = 0.

Lemma 1.3([9]). Let {a,} be a sequence of nonnegative real numbers satis-
fying the following relation:

An+1 < (1 - an)an + anop + Y, N > Oa

if (i) apn €[0,1], > ap =005 (ii) limsup o, < 0; (iii) v, > 0, > <00, then
ap—0, as n— oo.

Theorem I(see,e.g.,[4,10]). Let A be a continuous and accretive operator on
the real Banach space E with D(A) = E. Then A is m—accretive.

Let p be a continuous linear functional on I*° satisfying ||u| = 1 = u(1).
Then we know that p is a mean on N if and only if

inf{an;n € N} < p(a) < sup{an;n € N}

for every a = (a1,as,...) € 1 . According to time and circumstances, we use
tn(ay) instead of u(a). A mean p on N is called a Banach limit if u,(a,) =
tin(ant1) for every a = (a, aq,...) € {*° . Furthermore, we know the following
result [8, Lemma 1] and[7, Lemmad4.5.4].

Lemmal.4([8], Lemma 1). Let K be a nonempty closed convex subset of a
Banach space E with a uniformly Gateaux differentiable norm. Let {z,} be
a bounded sequence of E and let yn be a mean on N.Let z € K. Then

o n = 2| = min pin [l —y|

if and only if iy — 2, (2 — 2)) <0, Vye K,

where j is the duality mapping of E.
Lemma 1.5([1, 5]). For A >0 and >0 and z € E,

Dhr=J, (%x—i— (1 — %) J)\x) .

2 Main results

Throughout this paper, suppose that

(a) F is a real reflexive Banach space F which has a uniformly Gateaux dif-
ferentiable norms;

(b) K is a nonempty closed convex subset of F;

(c) every nonempty closed bounded convex subset of E has the fixed point
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property for nonexpansive mappings.

Theorem 2.1. Let A : K — E be a m—accretive mapping with N(A) # 0.
Let f : K — K be a contraction with contraction constanta € (0,1), then
there exists x; € K such that

xr =tf(ze) + (1 —1)Sre, (1)
where S, = (1 — o)l + oJ, with J. = (I + rA)~! and o € (0,1), I denotes

identity operator. Further, as t — 0%, x; converges strongly a zero p € N(A)
which solutes the following variational inequality:

(p—fp).ilp—q) <0, VqgeN(A). (2)
Proof. Firstly, S, is nonexpansive mapping and F(S,) = N(A) # . Sec-
ondly, let ch denote a mapping defined by
Hiz=tf(x)+ (1 —1)S.z, Yte(0,1),VzeK.

Obviously, Htf is contraction, then by Banach contraction mapping principle
there exists z; € K such that

Ty = tf(l‘t) + (1 — t)STJJt.

Now, let p € N(A), then
[z — pll = [[E(f(ze) —p) + (L = ) (Srxe — p)|| < taflze — pll + t] f(p) — pll + (1 = )|z — p,
1£) — pl

— < =,
e - ol < M2

Hence {z;} is bounded. Assume that ¢, — 07 as n — oco. Set z, = =z,
define a function g on K by

9(x) = pnllTn — x||2
Let
C = {z € K; g(x) = min p, ||z, — yH2}~
yeK

It is easy to see that C is a closed convex bounded subset of E. Since ||z, —
Sran| — 0(n — o), hence

9(Srw) = pn||lzn — SrmHQ = fn| Sy — er”z < pnllTn — x||2 = g(x),

it follows that S,.(C) C C, that is C is invariant under S,. By assumption (c),
non-expansive mapping S, has fixed point p € C. Using Lemma 1.4 we obtain
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Taking x = f(p), then

pn(f(p) — p,j(zn —p)) < 0. (3)
Since
zr —p =t(f(ze) —p) + (1 = 1)(Srae — p),
then
[zi—pl|* =t(f (x:)=p, j(@i=p)) + (A=) (S 21— p, j(21=p)) <t(f(2t)=p, j(zi—p))+ (1=1) |2~ pl|*
Further,

lwe = pII* < (f(@e) = pi(we = ) = (F(@e) = f(p),5(xe = p)) + (F(p) = P, 5 (22 = P))-
Thus,
pallen =pI* < pnallzn —pl? + palf () = (20 — D).
it follows from (2.3) that
pnllzn — p)|* = 0.
Hence there exists a subsequence of {x,,} which is still denoted by {x,} such

that lim ||z, —p| = 0. Now assume that another subsequence {x,,} of {z,}
n—oo

converge strongly to p € N(A). Since j is uniformly continuous on bounded
subsets of E, then for any ¢ € N(A),we have

|<xm - f(xm)7j(xm - Q)> - <}5_ f(ﬁ),](ﬁ— Q)>|
= [{zm— f(@m)— (0= F(D)),j(@m — )+ (P — f(D)),j(xm —q)) — (P — f(D),j(D — q))|
< N = Ham—T= Hplllzm — all +1B = f (), j(@m — @) —j(@ — )| = 0 (m — 00)(4)

ie.,

P—10),i(p—q) = lim (znm — f(zm),j(xm = q))- (5)

n—oo

Since x,, = tf(zm) + (1 — t)S,2y,, we have
1-1¢

(I - f)xm = _T(I - Sr)mm»

hence for any g € N(A),
1—-1t

<(I - f)xmaj(xm - Q)> = 7T<(I - Sr)xm - (I - Sr)‘]aj(:cm - Q)> < Oa (6)

it follows from (2.5) and (2.6) that
(P—1(p),j(P—q)) <0. (7)
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Interchange p and ¢ to obtain

= 1f(P),i(p=p)) <0, (8)
ie.,
(p—p+p—fp),j0-p) <0, (9)
hence
5= plI* < (f(B) — p,j (D~ p))- (10)
Interchange p and p to obtain
15— plI* < (f(p) = P.j(p — D))- (11)
Adding up (2.10) and (2.11) yields that
2llp = pll* < (1+ o)l - pll (12)

this implies that p = p. Hence z; — p as t — 07 and p is a solution of the
following variational inequality

(p—f(p),ilp—q) <0, VqgeN(A).

This completes the proof of Theorem 2.1.

It is well known that the duality mapping j is identity mapping on Hilbert
space. Next we give an example for the variational inequality (2.2).
mm?), YV x S [a7b], a,b € Rl,a < b. By
Weierstrass Theorem we know that there exists xg € [a,b] such that

Example 1. Let Tx = %x2 —

Txrg = min Tz.
a<z<b

Moreover, there has following results:

(i) If o € (a,b), then T'zo = 0;

(ii) If zog = a, then T'xo > 0;

(iii) If xg = b, then T'xzo < 0.

By (i)-(iii), we have T'zo(x — xg) > 0, ¥V « € [a,b]. Thus the following
variational inequality is obtained by inner product of R':

(T'xg,x — xo) >0, Y€ la,bl. (x)
Notice that
MR S—;
Alal +[o1)

Let f(z) = mﬁﬁ x € [a,b], then it is obvious that f is a contraction.

Tz =

This shows that the variate inequality (x) is a special case of the variational
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inequality (2.2).

Theorem 2.2. Let A : K — E be m—accretive with N(A) # 0 and f : K —
K be contractive with constant a € (0,1). For given xy € K, let {x,} be
generated by the algorithm

Tpg1 = o f(xn) + (1 — an)yn
{ Yn = ﬁnxn + (1 - 5n)Sr”mn7 (13)

where S,, = (1—0)I+0J,, withJ. = I+r,A)~ {a,},{B.} C[0,1]. o €
(0,1) is arbitrary (but fixed). Suppose that {a,},{rn} satisfy the following
conditions:

(i)0<a, <1 foralln >0, lima,_. =0, £ a, = 0o,

(ii) 1, > e > 0 for all n > 0 and lim,, o0 |Tn41 — Tn| = 0,
then {x,} converges strongly to a zero p € N(A), where p = lim;_,o+ x; is a
solution of variational inequality (2.2).
Proof. We is easy to know that F(S,, ) = F(J. )= N(A) # 0 and S, is
nonexpansive. Since p € N(A), then p € F(S,, ). It follows from (2.13)

1yn = pll < llzn = plls 241 —pll < (1= (1 = a)on)|zn —pll + anll f(p) = pl,

which yields that
1/ (p) — pll '

|7 — pll < max{||zo — pl|, oo

Hence, {z,} is bounded and so are {y,} and {S,, z,}.
Let M be a constant such that for all n > 0,

max{||f(@ull, | f@nsall; [T 01 = nga [l [T s Enga [} < M.

Then from (2.13) and Lemma 1.5 we have

)
||Jr,,L+1xn+1—Jrnwn||s||xn+1—xn||+\1— " | (14)
Tn41
and
)
||Srn+1xn+1—srnxn||<||xn+1—wn|+'1— n |, (15)
Tn+1

Now, we shall show ||x,+1—2,| — 0 as n — co. We shall split two cases
to study it.

Case 1. If limsup,,_, ., Bn = 1, then it follows from (2.13) that
Tn+l — Tn = anf(xn) + (1 - an)(l - ﬂn)(srnxn - -Tn)7

which implies that ||z, — 2| — 0, as n — oc.
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Case 2. Let limsup,_ .. Gn < a < 1. Let v, = an, + (1 — 3,)(1 — ap)o,
_ To41—TntYnln — onf@n)+A=an)A=Bn)0TryTn pan

Yn = - ,le g, = o
_ _ [e7%WE Qp (1_a7ﬁ1)(1_ﬁn+1)0'J7‘n Ln+1 1 — Qo l_ﬁn UJTnxn
Ynt1 = Yn= ak f(l'n_H)——f(xn)-F +1 _( )( )

Tt Tn Tn+1 Yn

Qpt1 oy, 1—an)(1 = Bn)o

O ) — 22 ) + 0BT )
Tn+1 Tn Yn
+((1_an+1)(1 — ﬂ"""l) - (l_an)(l — 671)) Ut]rn+1xn+1a
Yn+1 Yn

which yields that

_ _ Qpt1 + (1—ap)(1 = Br)o 1 T
1=l < M+ [ @041 — Znll +—[1 = |M
Tn+1Tn Tn Tn Tnal
1— n 1- n 1-— n 1- n
=)= ) (a1 =), "
’ Tn+1 Tn ‘
Using the conditions (i-ii), from (2.16) we get that
limsup{Hyn-l-l_gn” - Hxn-irl_ﬂ’fn”} S 0. (17)
n—oo
Based on Lemma 1.2 and (2.17), we obtain lim, . |7, — z»]| = 0, which
ol
HIPHES lim || Zpi1 — 2n] = 0.
By case 1 and case 2 we know lim,, o ||Zn+1 — Zn| = 0.
Since [|zn41 = Ynll = an|| f(zn) = ynl — 0 as n — oo, then ||z — yull — 0
and
1
|zn — Sy, zn|| < T |zn — yn]| — 0 asn — oo. (18)
—a
Since

1
llzn — menH = ;”xn - Srnzn”v

it follows from (2.18) that ||z, — J,, zn| — 0 as n — oco.
Let r > 0 is a constant such that € > r > 0, then

|zn — Jrznll < flon — Jrnan + || Jrxn — Jrnan
r r
llzn — Jrnan + || Jrxn — Jr(rxn + (1 - 7)Jmmn)”

n T’ﬂ

2|@n — Jr, xn|| — 0(n — 00). (19)

IN
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It follows from (2.19) that ||z, — Sra,|| — 0 as n — oo, where S,x, =
(1—-0)xy + oJr2y. Let x; be defined by (2.1), i.e.,

Ty = tf(l't) + (1 — t)ert, Vite (O7 ].)

Then, using Lemma 1.1, we have
lze — @l = 6(f (xe) = 2n) + (L= )(Spwe — @)
<(1- t)2||Sr$t - xn||2 +2t(f(x¢) — wp, (2t — T0))
<(1- t)2(||ert = Srxp | + || Sran — $n||)2 + 2t(f(21) — ¢ + 24 — 0, J (T4 — 7))
< (14 82) |20 —2al2+ [Sr2n— 2all(2l2e = 2all+ [Srn —2all) +26(F (@) — 00, (20 — 20)s

hence,

t

(Fle) = wrg(wn = 2)) < G llae —anl® +

|Sr-2n, — Zn |
T(2||Zt = Zn || + [|Srzn — 20l),

let n — oo in the last inequality, then we obtain

t
lim sup(f(x:) — z¢, j(xn — x1)) < §M’,

n—oo
where M’ > 0 is a constant such that||z; — z,[|> < M for all t € (0,1) and
n > 0. Now letting t — 07, then we have that

lim sup lim sup(f (z¢) — ¢, j(@n — x1)) < 0.

t—0t+ n—oo

Thus , for Ve > 0, there exists a positive number ¢’ such that for any ¢ € (0,4"),

limsup(f(z:) — o, j (@ — x4)) < %

n—oo

On the other hand, By Theorem 2.1 we have 2y — p € F(S,) = N(A) as
t — 0. In addition, j is norm-to-weak* uniformly continuous on bounded
subsets of E, so there exists 6” > 0 such that, for any ¢ € (0,4”), we have

((F () =P (@n = p)) = (f2) = 21, 5 (20 — 21))]
< [(F)=p, 3 (@n=p)) = (f(0) =P, (@ x ) [+ (F(P) =, j (w0 —20)) = (f (20) =21, § (20— 20))]
< 1F®) = pllli(@n = p) = j(zn — @)l + 1+ )| 24 = pllllzn — 2]

3

< =
2

Taking 6 = min{d’, "}, for ¢t € (0,0), we have that
. . €
(f®) = p,j(@n —p)) < {f(2e) =@, j (@0 — 20)) + 5
Hence,

limsup{f(p) — p,j(x, —p)) < e, where ¢ > 0 is arbitrary,

n—oo
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which yields that
limsup(f(p) — p,j(zn —p)) < 0. (20)

n—oo

Now we prove that {z,} converges strongly to p. It follows from Lemma 1.1
and (2.13) that

zn1=pl*= lon(f(zn) = p) + (1 = an)(ya — )|
)2Hyn _p||2 + 2an<f($n) _paj(xn-‘rl _p)>
llzn = Dl + 200 (f(zn) = f(p) + f(B) = D, (2041 — P))

IN
_
|
=

3

I
—
-
[
Q
3

INIA

which yields that

1-(2—a)a a? 2 _
D I G o0 A AT n |2 n _ _
fonsn =l < 25 E= 0 2, 420 (1) )
a? 2a
=(1— Oy n— 2 n n— 2 n _ . o — 929
(1= )l I+ 1l 12 ), s ) (22)
where &, = % By bounduness of {z,,} the condition (i) and Lemma 1.3,

{z,} converges strongly to p. This completes the proof of Theorem 2.2.

Theorem 2.3. Let E and a.,, 8, satisfy the conditions of Theorem 2.2. Let
A: FE — E | be a continuous accretive mapping with N(A) # (. For given
xo € E, let {x,,} be generated by the algorithm (2.13), then {z,} converges
strongly to a zero p € N(A) which solutes the variational inequality (2.2).

Proof. It follows from Theorem I that A is m—accretive mapping. Then by
Theorem 2.2 we know that Theorem 2.3 is true. This completes the proof of
Theorem 2.3.

Theorem 2.4. Let E and «,, 3, satisfy the conditions of Theorem 2.2. Let
T : K — E, be a pseudocontractive mapping such that (I —T) is m—accretive
on K with F(T) # (). For givenxzq € E, let {z,} be generated by the algorithm

Tn4+1 = anf(xn) + (1 - an)yn (23)
Yn = ﬂnxn + (1 - ﬂn)Srnxny

where Sy, = (1 — o)l + oJ,, with J, = I +r,(I—T)) ' and0 <o < 1.
Then {x,} converges strongly to a a fixed point p € F(T) which solutes the
variational inequality (2.2).

Proof. Let A = (I —T), then A is m—accretive. Note that N(A) = F(T),

which yields that N(A) = F(T) # (). We complete the proof of Theorem 2.4
by Theorem 2.2.

(1= an)?llzn = pl* + 20mallzn = pllllents = pll + 200 (f(p) = P, (2041 = p))
(1= an)? 2 —pl* +analllen —pll* + [z —pl*) + 200 (f(p) = p: j(@ns1 —p))(21)
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If B, = 0, from Theorem 2.2-2.4 we have the following Corollary 2.5-2.7,
respectively.

Corollary 2.5. We choose K, E, A, S, , Tn,, such that they satisfy the
conditions of Theorem 2.2. For given zy € K, let {x,,} be generated by the
algorithm (1.6), then {x,} converges strongly to p € N(A) which solutes the
variational inequality (2.2).

Corollary 2.6. Let E and «,, satisfy the conditions of Theorem 2.2. Let
A: E — E | be a continuous accretive mapping with N(A) # (. For given
xo € E, let {x,} be generated by the algorithm (1.6) . Then {x,} converges
strongly to a a zero p € N(A) which solutes the variational inequality (2.2).

Corollary 2.7. Let F and K and «,, satisfy the conditions of Theorem 2.2.
Let T : K — E, be a continuous pseudocontractive mapping with F(T) # {).
For given xy € E, let {x,} be generated by the algorithm

Tn+1 = anf(xn) + (1 - an)Srn,xna (24)

where Sy, = (1 —0)I +oJ,, with J, = I +r,(I—T)) ' and0 <o < 1.
Then {x,} converges strongly to a fixed point p € F(T) which solutes the
variational inequality (2.2).

Remark 2.8. Since Corollary 2.5 is obtained under the coefficient «,, satis-
fying lim o, = 0 and 39 v, = 00, then it is an improvement of Theorem 3.2
of [3].

Example 2. Let

[0, if n = 2k; dr = % if n = 2k;
R ifn=2k—1. ¢TI L ifn=2k—1.

n’ n
where k is some positive integer. Obviously, the coefficient o, and r, sat-
isfy the condition of this paper. But because of X2 |apt1 — an| = o0,
20 |rny1 — rn| = oo, hence the coefficient o, and 1, do not satisfy the
condition of Theorem 3.2 of [3].

Remark 2.9. If F is uniformly smooth then E is reflexive and has a uni-
formly Gateaux differentiable norm with the property that every nonempty
closed and bounded subset of E has the fixed point property for nonexpansive
mappings(see, remark 3.5 of [10]). Thus, if E is a real uniformly smooth Ba-
nach space, then the results in this paper are true, too.
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