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An Extension of the Szász-Mirakjan Operators

C. MORTICI

Abstract

The paper is devoted to defining a new class of linear and positive
operators depending on a certain function ϕ These operators generalize
the Szász-Mirakjan operators (case in which ϕ is the exponential func-
tion). Furthermore, conditions when these operators have properties of
monotony and convexity are given.

1 Introduction

One of the main purpose of the approximation theory is to find how func-
tions can be approximated by simpler functions. A direction is to use the
linear, positive operators and consequently, a large number of authors have
established new properties of them. We discuss here the Szász-Mirakjan op-
erators

Sn : C2([0,∞)) → C∞([0,∞)) , n ∈ N,

given by the law

(Snf)(x) = e−nx

∞
∑

k=0

(nx)k

k!
f

(

k

n

)

, f ∈ C2([0,∞)).
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Obviously, these operators are linear and if f ≥ 0, then Snf ≥ 0, so they are
also positive. The Szász-Mirakjan operators was defined for the first time by
Otto Szász in the paper [9], where the original notation was

P (u, x) = e−xu

∞
∑

v=1

(ux)v

v!
f
( v

u

)

, u > 0.

These operators was also discussed in the paper [3], from a different point of
view, while in the paper [10] the convergence of P (x, u) to f(x) as u → ∞

was established. This fact was considered a generalization for the interval
0 ≤ x ≤ ∞ of the well-known properties of S. Bernstein’s approximation
polynomials in a finite interval, established in 1912.

The Szász-Mirakjan operators play a central role in the theory of approx-
imation, so they are intensively studied. For various extensions and further
properties and proofs, see for example [1], [5], [6], [7], [11]. Recently, one di-
rection for study more general versions of the Szász-Mirakjan operators was
given in [8], where a sequence of positive real numbers (αn)n≥0 was considered
to define the operators

(Sα
nf)(x) = e−

nx

αn

∞
∑

k=0

(

nx

αn

)k
1

k!
f

(

k

n

)

, f ∈ C([0,∞)).

In case αn = 1, the classical Szász-Mirakjan operators are obtained. Our idea
is to consider an analytic function ϕ : R → [0,∞) and to define the operators

ϕSn : C2([0,∞)) → C∞([0,∞)) , n ∈ N,

given by the formula

(ϕSnf)(x) =
1

ϕ(nx)

∞
∑

k=0

ϕ(k)(0)

k!
(nx)kf

(

k

n

)

, f ∈ C2([0,∞)). (1)

We will call (ϕSn) the ϕ-Szász-Mirakjan operators. In case ϕ(y) = ey, the
classical Szász-Mirakjan operators are obtained.

2 The Main Result

We remind first the following basic theorem, also called Popoviciu-Bohman-
Korovkin theorem. This result was first published by the Romanian mathe-
matician Tiberiu Popoviciu in [9] - unfortunately a local journal which was
not so known in the mathematics world of that time. After this, the result was
found independently by the Danish mathematician H. Bohman in [2], while
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the result was clear published by the Russian mathematician P.P. Korovkin
in his book [4]. Denote by

e0(x) = 1 , e1(x) = x , e2(x) = x2

the test functions. The result we are talking about is the following:
Theorem 2.1. Let Ln : C([a, b]) → C([a, b]), n ∈ N be a sequence of linear,

positive operators such that

lim
n→∞

(Lnej)(x) = ej(x) , j = 0, 1, 2, (2)

uniformly on [a, b] . Then for every f ∈ C([a, b]),

lim
n→∞

(Lnf)(x) = f(x),

uniformly on [a, b] .
Now, in order to establish the approximations properties of the new defined

operators (ϕSn)n∈N
, we give the following

Lemma 2.2. The ϕ-Szász-Mirakjan operators satisfy the following relations:

a) (ϕSne0)(x) = e0(x)

b) (ϕSne1)(x) =
ϕ′(nx)

ϕ(nx)
· x

c) (ϕSne2)(x) =
ϕ′′(nx)

ϕ(nx)
· x2 +

1

n
·
ϕ′(nx)

ϕ(nx)
· x.

Proof. From the fact that the function ϕ is analytic, it results that

∞
∑

k=0

ϕ(k)(0)

k!
· yk = ϕ(y),

then by derivation,

ϕ′(y) =

∞
∑

k=1

ϕ(k)(0)

(k − 1)!
· yk−1 and ϕ′′(y) =

∞
∑

k=2

ϕ(k)(0)

(k − 2)!
· yk−2.

a) We have

(ϕSne0)(x) =
1

ϕ(nx)

∞
∑

k=0

ϕ(k)(0)

k!
(nx)k =

1

ϕ(nx)
· ϕ(nx) = 1.

b) We have

(ϕSne1)(x) =
1

ϕ(nx)

∞
∑

k=0

ϕ(k)(0)

k!
(nx)k

·
k

n
=
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=
x

ϕ(nx)

∞
∑

k=1

ϕ(k)(0)

(k − 1)!
(nx)k−1 =

ϕ′(nx)

ϕ(nx)
· x.

c) We have

(ϕSne2)(x) =
1

ϕ(nx)

∞
∑

k=0

ϕ(k)(0)

k!
(nx)k

·

(

k

n

)2

=

=
1

n2ϕ(nx)

∞
∑

k=1

ϕ(k)(0)

k!
(nx)k

· [k(k − 1) + k] =

=
1

n2ϕ(nx)

[

(nx)2
∞
∑

k=2

ϕ(k)(0)

(k − 2)!
(nx)k−2 + nx

∞
∑

k=1

ϕ(k)(0)

(k − 1)!
(nx)k−1

]

=

=
1

n2ϕ(nx)

[

(nx)2ϕ′′(nx) + nxϕ′(x)
]

=
ϕ′′(x)

ϕ(x)
· x2 +

1

n
·
ϕ′(x)

ϕ(x)
· x.�

From this lemma, it results the following
Theorem 2.3. Let ϕ : R → (0,∞) be such that

lim
y→∞

ϕ′(y)

ϕ(y)
= 1 and lim

y→∞

ϕ′′(y)

ϕ(y)
= 1. (3)

Then the ϕ-Szász-Mirakjan operators satisfy

lim
n→∞

(ϕSn)ej = ej , j = 0, 1, 2,

uniformly on compact intervals and according with the Theorem 2.1, for every

f ∈ C ([a, b]) , it holds: lim
n→∞

(ϕSn)f = f, uniformly on [a, b] .

Proof. From the Lemma 2.2 and from the hypotesis (3), it results

lim
n→∞

(ϕSn)e1(x) = lim
n→∞

(

ϕ′(nx)

ϕ(nx)
· x

)

= x

and

lim
n→∞

(ϕSn)e2(x) = lim
n→∞

(

ϕ′′(nx)

ϕ(nx)
· x2 +

1

n
·
ϕ′(nx)

ϕ(nx)
· x

)

= x2.�

Remark that the exponential function ϕ(y) = ey satisfies the hypotesis (3), so
we have obtained the results from [8] in a general background. Furthermore,
note that our extension is consistent, if we take into account that there is a
large class of functions with the property (3), for example

ϕ(y) = yi ey , i ∈ N,
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or more general, the functions of the form ϕ(y) = P (y) ey, where P is any
polynomial function with non-negative coefficients. Other interesing particu-
lar ϕ-Szász-Mirakjan operators can be obtained. In general, by the product
differentiation formula, we have

ϕ(k)(y) = ey

k
∑

i=0

(

k
i

)

P (i)(y),

so

ϕ(k)(0) =

k
∑

i=0

(

k
i

)

P (i)(0).

Now, by replacing in (1), we obtain the following class of operators:

(PSnf)(x) =
1

P (nx) enx

∞
∑

k=0

1

k!

(

k
∑

i=0

(

k
i

)

P (i)(0)

)

(nx)kf

(

k

n

)

,

where P is any polynomial function with non-negative coefficients.
Other ideas for extensions is to consider certain function P in the previous

relation, not necessary a polynomial function.

3 Hereditary Properties

According with the usual procedures, we will study in this section the heredi-
tary properties (monotony and convexity) of the ϕ-Szász-Mirakjan operators.
Theorem 3.1. Assume that the analytic function ϕ : [a, b] → (0,∞) with

ϕ(k)(0) ≥ 0, for all integers k ≥ 0, satisfies

sup
y∈[a,b]

yϕ′(y)

ϕ(y)
≤ 1. (4)

Then if f is positive, then (ϕSnf) is also positive and increasing on

[

a

n
,
b

n

]

.

Proof. For
a

n
≤ x2 ≤ x1 ≤

b

n
, we have

(ϕSn)f(x1) − (ϕSn)f(x2) =

=
1

ϕ(nx1)

∞
∑

k=0

ϕ(k)(0)

k!
(nx1)

kf

(

k

n

)

−
1

ϕ(nx1)

∞
∑

k=0

ϕ(k)(0)

k!
(nx1)

kf

(

k

n

)

=

=

∞
∑

k=0

ϕ(k)(0)

k!
f

(

k

n

)[

(nx1)
k

ϕ(nx1)
−

(nx2)
k

ϕ(nx2)

]

≥ 0,
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because the function y 7→
y

ϕ(y)
is increasing on [a, b] and moreover,

y 7→
yk

ϕ(y)

with k ≥ 2 is also increasing.�
Theorem 3.2. Assume that the analytical function ϕ : R → (0,∞) with

ϕ(k)(0) ≥ 0, for all integers k ≥ 0 is such that y 7→ y/ϕ(y) is convex and

increasing. Then if f is positive, then (ϕSnf) is convex.

Proof. The functions y 7→ yk−1 and y 7→ y/ϕ(y) are convex and increasing,
so their product y 7→ yk/ϕ(y) is also convex. For x, y > 0, we have:

(ϕSnf)

(

x + y

2

)

=
1

ϕ
(

x+y

2

)

∞
∑

k=0

ϕ(k)(0)

k!

(

x + y

2

)k

f

(

k

n

)

=

=

∞
∑

k=0

ϕ(k)(0)

k!
f

(

k

n

)

(

x+y

2

)k

ϕ
(

x+y

2

) ≤

≤
1

2

∞
∑

k=0

ϕ(k)(0)

k!
f

(

k

n

)[

xk

ϕ(x)
+

yk

ϕ(y)

]

=

=
1

2
·

1

ϕ(x)

∞
∑

k=0

ϕ(k)(0)

k!
xkf

(

k

n

)

+
1

2
·

1

ϕ(y)

∞
∑

k=0

ϕ(k)(0)

k!
ykf

(

k

n

)

=

=
(ϕSnf)(x) + (ϕSnf)(y)

2
.

We obtained that

(ϕSnf)

(

x + y

2

)

≤
(ϕSnf)(x) + (ϕSnf)(y)

2

and by continuity arguments, (ϕSnf) is convex.�
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