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Differential Subordination and
Superordination For Analytic Functions

Defined Using A Family Of Generalized
Differential Operators

C. SELVARAJ' and K.R. KARTHIKEYAN#

Abstract

By making use of the generalized differential operator, the authors
derive the subordination and superordination results for certain normal-
ized analytic functions in the open unit disk. Many of the well-known
and new results are shown to follow as special cases of our results.

1 Preliminaries

Let H be the class of functions analytic in the open unit discd = {z :| z |< 1}.
Let H(a,n) be the subclass of H consisting of functions of the form f(z) =
a+ap2" + a1 2"+
Let

An={fE€H, f(2) =2+ an 12" + an22" >+ ...}

and let A = A;. Let the functions f and g be analytic in &. We say that the
function f is subordinate to g if there exists a Schwarz function w, analytic in U
with w(0) = 0 and | w(z) |< 1 such that f(z) = g(w(z)) for z € U. We denote
it by f(z) < g(2). In particular, if the function g is univalent in U, the above
subordination is equivalent to f(0) = ¢(0) and f(U) C g(U). Let p,h € H
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and let ¢(r,s,t;2) : C* xU — C. If p and ¢(p(2), 2p (2), 22" (2); z) are
univalent and if p satisfies the second order superordination

"

h(z) < d(p(2), 2p (2), 2% (2); 2), (1.1)

then p is a solution of the differential superordination (1.1). (If f is subordinate
to F', then F' is called to be superordinate to f) An analytic function ¢ is called
a subordinant if ¢ < p for all p satisfying (1.1). An univalent subordinant
q that satisfies ¢ < ¢ for all subordinants ¢ of (1.1) is said to be the best
subordinant. Recently Miller and Mocanu [6] obtained conditions h, ¢ and ¢
for which the following implication holds:

h(z) < d(p(2), 20 (2), 2% (2); 2) = q(z) < p(2).

With the results of Miller and Mocanu [6], Bulboaca [3] investigated certain
classes of first order differential superordinations as well as superordination-
preserving integral operators [4]. Ali et al.[2] used the results obtained by
Bulboaca [4] and gave the sufficient conditions for certain normalized analytic
functions f to satisfy

q1(z) < Z;(S) < g2(2)

where ¢ and go are given univalent functions in & with ¢;(0) = 1 and ¢2(0) =
1. Shanmugam et al. obtained sufficient conditions for a normalized analytic
functions f to satisfy

f(z)

2f'(2)

q1(z) < < q2(2)

and

27(2)
w2 e e

where ¢ and go are given univalent functions in & with ¢;(0) = 1 and ¢2(0) =
1.

For two analytic functions f(z) = Y .7 jan,z™ and g(z) = > .o, b,2", the
Hadamard product or convolution of f(z) and g(z), written as (f * g)(z) is

defined by
(fxg)( Z anby 2"

Let the function ¢(b, ¢; z) be given by

(b, c; z) Zi—) (c#0,—-1,-2,... :z€U)
n=0
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where (), is the Pochhammer symbol defined, in terms of the Gamma func-
tion I, by

() _T(@+n) 1 ifn=20
T a4+ D)(@+2) ... (z+n—-1) ifneN={1,2,...}.

Corresponding to the function ¢(a, ¢; z), we now define the following operator
Dy (a,0)f : U — U by

DY(b.c)f(2) = f(2) * d(b, c; 2)
D(b,e) f(2) = (1= A)(f(2) * ¢(b, ¢;2)) + A z(f(2) ¥ ¢(b,¢;2) (1.2)

DY'(b,¢) f(2) = DA(DY ™ (b,¢) f(2))- (1.3)
If f € Ay, then from (1.2) and (1.3) we may easily deduce that

(b)p—
(C)n—

where m € Ny = N U {0} and A > 0. We remark that, for a = ¢ we get
the operator recently introduced by F. Al- Oboudi[l], when b = ¢, A = 1 we
get the operator introduced by G. S. Saldgean [7] and for the choice of the
parameter m = 0, the operator D9 (b, c)f(z) reduces to L(a,c) an operator
introduced by Carlson Shaffer [5].

It can be easily verified from the definition of (1.4) that

L an2™, (1.4)

[

DY (bo)f(z) =z+ Y [L+(n—1)A]"

2D (b, c)f(2)) =bDY (b+1,6)f(2) — (b— 1) DY (b, c) f(2) (1.5)
and
Az(DY(b,c) f(2)) = DY (b,e) f(2) — (1= N DY (b, c) f(2). (1.6)

The purpose of this paper is to derive the several subordination results
involving the operator DY'(b,c)f(z). Furthermore, we obtain the results of
Shanmugam et al. [8] and Srivastava and Lashin[9] as special cases of some of
the results presented here.

In order to prove our subordination and superordination results, we make
use of the following known results.

Definition 1.1 [6] Denote by Q the set of all functions f that are analytic
and injective on U — E(f), where

E(f) ={¢eou: ;i_{réf(Z) = oo},

and are such that f(¢) # 0 for ¢ € OU — E(f).
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Theorem 1.1 [6] Let the function q be univalent in the open unit disc U
and 0 and ¢ be analytic in a domain D containing ¢(U) with ¢p(w) # 0 when
w € qU). set Q(z) = zq (2)d(a(2)), h(z) = 0(q(2)) + Q(z). Suppose that

1. Q is starlike univalent in U and

2. Re<zg(i§)) >0 forzel.

If
0(p(2)) + 2p (2)6(p(2)) < 0(4(2)) + 2q (2)d(a(2)),

then p(z) < q(z) and q is the best dominant.

Theorem 1.2 [/] Let the function q be univalent in the open unit disc U and
9 and ¢ be analytic in a domain D containing q(U) Suppose that

1. Re(iJ((f((Zz))))) >0 forz el and

2. 2q (2)9(q(2)) is starlike univalent in U.

If p € Hlq(0),1] N Q, with p(Ud) C D, and ¥(p(z)) + zp (2)d(p(2)) is univalent
in U and

Ia(2)) + 24 (2)6(a(2)) < I(p(2)) + 20 (2)$(p(2)),
then q(z) < p(z) and q is the best subordinant.

2 Subordination And Superordination For Analytic Func-
tions

We begin with the following

Dy (b+1,¢)f(2)

z

w
Theorem 2.1 Let ( ) € H and let the function q(z) be

analytic and univalent in U such that ¢(z) # 0, (z € U). Suppose that ZS(S)
is starlike univalent in U. Let
¢ 25 o 24(2) 24 (2) }
Res 14+ 2q(z2)+ —(q(2))” — + — >0 2.1
{14500+ Jep - 28 2L (2.1)

(a,0,8 8€C; f#0)
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and

U (b, e 1,6, 5,6, ) (2) = a+g[DT<b+Z1’C>f(Z>] M[DS”(HLC)J"(Z)]

? (2.2)
DY (b+2,0)f(2)
+6u(b +1) [D;n(b +1L,of(z) 1} '
If q satisfies the following subordination:
W (b e 1. €, 5,8, F)(2) < o+ €q(2) + 6(q(2))? + ﬁ3<(>)
(O(, 5767”7666; ﬂ,u#()),
then o
(DA (b +Z1,c)f(Z)> <qlz) (neC;p#0) (2.3)

and q is the best dominant.

Proof: Let the function p be defined by

p(z) == (DT(b—i— 1,¢)f(2)

z

“w
) (z€elU;z#0; f e A)
By a straightforward computation, we have

p(2)  [2DF0+1,0f(2)
_“{ Db+ 1,0)f(2) 1]'

By using the identity (1.5), we obtain

@ () DY (b+2,0)/(2)
_M[(b+1)DT(b+1,c)f(z) (b+ 1)}

By setting
O(w) := o+ Ew + 6 w? and o(w) == —,

it can be easily verified that 6 is analytic in C, ¢ is analytic in C \ {0} and
that ¢(w) # 0 (w € C\ {0}). Also, by letting

Q(z) = 24 ()bla(2)) = p7L2)
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and

h(z) = 0(q(2)) + Q(2) = a + &q(z) + 5(q(2))? + ﬁzs(z).

We find that Q(z) is starlike univalent in &/ and that

Re(zg((j))> _ Re{l + %q(z) + %(q(z))z _2(2) (Z)} > 0.

The assertion (2.3) of Theorem2.1 now follows by an application of Theorem
1.1.

Using arguments similar to those detailed in the Theorem(2.1) with the
equation (1.6), we have the following Theorem.

DY (o, C)f(2)>“

Theorem 2.2 Let < € H and let the function q(z) be analytic

z
. . 2q (z) .
and univalent in U such that q(z) # 0, (z € U). Suppose that B is starlike
q(z
univalent in U. Let
¢ 2, e 24 (2) zq"(Z)}
Red 14+ 2q(2)+ —(q(2))° — + — >0 2.4
{1480+ Sy - 2B 4 20 (2.4

(a,6,§ BeC; #0)

and

(2.5)
p[DX0.0f() }
0% | B r 2 Y
If q satisfies the following subordination:
O (e €,0.8.1)(2) < @+ €a(2) + a2 + 54 )
(o, 6, & p, BEC; B, #0)
then . p
(AN o) weinzo (26)

and q is the best dominant.
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1+ Az

1 + Bz’
0 <~ < 1,in Theorem 2.1, we get the following results.

For the choices ¢(z)

1 v
—-1<B<A<Tland q(z):<1+z> ,
-z

Corollary 2.3 Assume that (2.1) holds. If f € A and

\DT(b7 C,,LL7£,5, 6a f)(Z) <a +£

14+ Az 5 1+ A4z2\2 3 (A—B)z
1+ Bz 1+ Bz (1+ A2)(1+ Bz)

(o, 6, &, p, B €C; B,u#0), where WX (b, ¢, 1, &, 8,0, f) is as defined in (2.2),

then
Db+ 1,0)f(2)\" 1+ Az
=<
z 1+ Bz

(neC;u#0)

1+ A
and+z

1+ B> is the best dominant.

Corollary 2.4 Assume that (2.1) holds. If f € A and

v 2y

(v, 6, &, 1, B € C; B, # 0), where WY (b, ¢, 1, &, 5,6, f) is as defined in (2.2),

then (Des c>f<z>>“ y (1“) (1€ C; pu0)

1—=2

1 Y
and (1+Z> 1s the best dominant.

For special case when ¢(z) = be C\{0}), m=0;a=c=1,

1
T
d=¢=0,p=a=1land g = %, Theorem 2.1 reduces at once to the following
known result obtained by Srivastava and Lashin [9].

Corollary 2.5 Let b be a non zero complex number. If f € A, and

1zf"(2) 14z

14 =
3 f (2 1—2’
then 1
1 ) .
and ———, 1s the best dominant.

1—2)2
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Remark 2.1 We remark that Theorem 2.2 can be restated, for different choices
of the function q.

Next, by appealing to Theorem 1.2 of the preceding section, we prove the
following:

Theorem 2.6 Let q be analytic and univalent in U such that q(z) # 0 and Zj(g)
be starlike univalent in U. Further, let us assume that
2 €
Re ﬁ(Q(z)) + BQ(Z) >0, (6, B€C B#0). (2.7)

If feA,

0+ (DT(b—&— 1,e)f(2)

z

)M € H[q(0),1] NQ,

and U (b, c, 1, &, 8,9, f) is univalent in U, then

0+ €0l + () + 52 ) < e 0.0.1)

implies

o(2) < (Dz\"(b—i- 1,0)f(2)

z

m
) weciuto (238)
and q is the best subordinant where Uy (b, c, 1, €, 5,0, f) is as defined in (2.2)

Proof: By setting

I(w) == a+Ew + dw? and  ¢(w) ::g

)

it can be easily verified that ¥ is analytic in C, ¢ is analytic in C\ {0} and
that ¢(w) # 0 (w € C\ {0}). Since ¢ is convex (univalent) function it follows
that,

<q<z>>2+%q<z> S0 (5.6 0€C;B#£0)

7)o [2
Resata) ~ |3

The assertion (2.8) of Theorem2.6 follows by an application of Theorem 1.2.

Combining Theorem 2.1 and Theorem 2.6, we get the following sandwich
theorem.
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Theorem 2.7 Let q; and g3 be univalent in U such that g1(z) # 0 and g2(2) #

0, (z €U) with 20 (2) and 222 (2) being starlike univalent. Suppose that q;
q1(z) 2(z)
satisfies (2.7) and qo satisfies (2.1). If f € A,

(D;\”(b +1,0)f(2)

z

“w
) M@ and (b 6.65)
18 univalent in U, then

2q,(2)

2
a+€q1(2) +0(q1(2))" + 8 0 (2)

< \IIT(ZJ, C,,Uqga/B;(S?f)(z)

2qy(2)

<+ Eqa(2) +6(qa(2))* + 8 ©(2)

(a, 0, &, iy, B€C; B, #0) implies
(o < (LIS

z

) Lga(z) (HET; p#0)

and q1 and qo are respectively the best subordinant and the dominant.
By taking m = 0 and b = ¢ in Theorem 2.7, we have
Corollary 2.8 Letq; and g2 be univalent inU such that q1(z) # 0 and g2(2) #

0, (z €U) with 20 (2) and 222 (2) being starlike univalent. Suppose that q1
a:1(2) ¢2(2) ,

satisfies (2.7) and qz satisfies (2.1). If f € A, (f (2))* € H[q(0),1] N Q, and

letW(u, &, 3,6, f);=a +§[f/ (z)}” + (5[]‘/(2)]2“ + %ﬁ;f){,(g) 1s univalent in U,

then '

ot eqr(=) + (@) + 821 L wue 5,5 5)(z)

q1(2)
Lot Eaa(z) + 3(@(x)? + 572

2(2)
(a, 8, & p, B €C; B, #0) implies
a(z) < (f'(2)" < @(z) (LECiu#0)
and q1 and qo are respectively the best subordinant and the dominant.

Remark 2.2 We note that all the results in [8] follows as a special case of
our results.
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