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A Weighted Hermite Hadamard Inequality for
Steffensen—Popoviciu and Hermite-Hadamard
Weights on Time Scales

Cristian DINU

Abstract

In this paper, we present a weighted version of the Hermite-Hadamard
inequality for convex functions on time scales, with weights that are al-
lowed to take some negative values, these are the Steffensen—Popoviciu
and the Hermite-Hadamard weights. We also present some applications
of this inequality.

1 Introduction

In the past years, new developments in the theory and applications of dy-
namic derivatives on time scales emerged. This study can be considered an
unification of the discrete theory with the continuous theory. Also, it is a
tool of the utmost importance in many computational and numerical appli-
cations. A combined dynamic derivative, so called ¢, (diamond-«) dynamic
derivative, was introduced as a linear combination of the well-known A (delta)
and V (nabla) dynamic derivatives on time scales. Using the delta and nabla
derivatives, the notions of delta and nabla integrals were defined. We assume,
throughout this paper, that the basic notions of the time scales are well known
and understood. For the basic rules of calculus on time scales, please refer to
[1, 2, 4, 8, 12, 13].

The classical Hermite-Hadamard inequality gives an estimation, from be-
low and from above, of the mean value of a convex function. The aim of
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78 CRISTIAN DINU

this paper is to establish a full analogue of this inequality if we compute the
mean value with the help of the delta, nabla and diamond-« integral and some
classes of weights that are not necessarily positive.

The left hand side of the Hermite-Hadamard inequality is a special case
of the Jensen inequality.

In [11], a generalized version of the diamond-a Jensen’s inequality was
proved, for positive weights:

Theorem 1 Leta,b e T andc,d € R. Ifg € C([a,b]T, (¢,d)), h € C([a,b]T,R)
with f: [h(8)[Oas >0 and f € C((c,d),R) is convex, then

<]}f |h<s>|g<s><>as> J21R($)|f(9(5))Oas
fl==3 < sa :
Ji |h(8)[Oas J21R(8)[Oas

In [4], C. Dinu proved several versions of the Hermite-Hadamard inequality
for positive weights.

In section 2, we give our main results, regarding the weighted version of
the Hermite-Hadamard inequality.

2 Hermite-Hadamard Inequality

Let T be a time scale and let a,b € T. The aim is to prove that the Hermite—
Hadamard inequality is also true, even if there are used weights that are not
positive on the entirely time scale interval. More exactly, the research focuses
on the classes of weights that satisfy the following inequality:

; <J;f g(t)w(t)%t) _ L Fa®)uw(t)0at

Sy w®)0at Sy wt)0at
M — Las®uw®oat [2gtwt)oat
[ w(®)0at J2w(t)0at
< T —m f(m) + - J(M).

(1)

An immediate version is given by nonnegative weights, but there are also
some weights that are allowed to take negative values and they also extend
that inequality; these are the a-Steffensen—Popoviciu weights for the left side
of the inequality (1) and a-Hermite-Hadamard weights for the right side of

(1).
2.1 The a-Steffensen—Popoviciu weights

Definition 1 Let T be a time scale and g : T — R a continuous function.
The continuous function w : T — R is an a-Steffensen—Popoviciu weight for
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g on [a,b]r (abbreviated a-SP weight) if

b b
[ w@out=0 wa [ rg0)uwou =0 )

for every f : [m, M] — R continuous convex function, where m = infie(q ), 9(1)
and M = sup¢i, 4. 9(1)-

Some conditions of end positivity for a-SP weights in the case that ¢ is
a nondecreasing function are necessary. Thus, the following Lemma is impor-
tant; it improves Theorem 1.5.7 in [7] due to T. Popoviciu (see also [9]):

Lemma 1 Let T be a time scale and g : [a,blr — R a nondecreasing contin-
uous function and f : [g(a),g(b)] — R be a piecewise linear convex function.
Then f is the sum of an affine function of g and a linear combination, with
positive coefficients, of translates of the absolute value function of g, that is,

N
Flg(t) = ug(t) +v+ > cilg(t) — g(t:)],
i=1
where u,v € R and ¢y, ...,cn are suitable nonnegative coefficients.

Proof: The interval [g(a), g(b)] is divided in N intervals [z, z1], [21, 23],

, [en—1,2N], with g(a) = zo < ¢(t1) = z1... < znx = g(b), such that
the restriction of f to each interval is affine. If ux + v is the restriction of f
to [xo,x1] and uix + vy is the restriction of f to [x1,x2], then u < u; from
the convexity of f and the same holds for each of the other intervals. Then
f(g(t)) — ug(t) — v is a nondecreasing convex function which is equal to 0
on [tg,t1]. Then we have a constant ¢; > 0 such that f(g(t)) —ug(t) —v =
c1(g(t) — g(t1))" on [to, t2]. Reiterating the argument, it yields:

N—-1
Fla(t) =ug(t) +v+ > eilg(t) — g(t:) ",
=1

where ¢y, ..., cy are suitable nonnegative coefficients.

Replacing the positive part with modulus by means of the formula y= =
(ly| +y)/2 ends the proof. B

Using the same methods as T. Popoviciu in [10] and Lemma 1 we get the
following lemma, which characterizes the a-SP weights for a nondecreasing
function g on a time scale.

Lemma 2 Let T be a time scale and w be a continuous function defined on T
and a,b € T such that f;w(t)oat > 0. Then w is an a-Steffensen—Popoviciu
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weight for a nondecreasing continuous function g : [a,blr — R if and only if it
verifies the following condition (called of end positivity):

T b
[ (6@~ g@)uw0at 20 and [ (glt) - g0t =0, (3

for every x € [a,b]r.
If the following stronger (but more suitable) condition holds

T b
0< / w(t)Oat < / w(t)Oat  for every x € [a,b]r, (4)

then w is also an a-Steffensen—Popoviciu weight for the nondecreasing contin-
wous function g.

Proof: It is obvious that (2) implies (3) since the positive part of any
linear combination of ¢ is a nonnegative continuous and convex function on
[a, b]']r

The other implication is based on Lemma 1. If f is nonnegative piece-
wise linear convex function, then f is a finite combination with nonneg-
ative coefficients of functions 1, (g(¢t) — g(z))* and (g(z) — (¢£))™ and so,
J2 £g)w(t)0at > 0.

If f is just a continuous convex function, then it can be approximated by
piecewise linear convex functions thus giving that (3) implies (2).

The implication (3) = (4) is immediate using the fact that g is nonde-
creasing. W

It is obvious that all the positive weights are a-SP weights, for any con-
tinuous function g and every « € [0,1]. But there are some a-SP weights that
are allowed to take negative values.

Corollary 1 Let T =R, g : [a,b] — R, g(t) =t and w : [a,b] — R be a
continuous function. Then w is a SP weight for g on [a,b] if and only if

/bw(t) dt > 0, /w(x —tw(t)dt >0 and /b(t —z)w(t)dt >0,

for every x € [a,b]. If the following condition holds

b T b
/w(t)dt>0 and 0§/ w(t)dtg/ w(t)dt  for every x € [a, b,

then w is also a SP weight for g on [a,b].
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It follows that w(t) = t2 + a is an a-SP weight for g(t) = t on [—1,1] if
a>—1/3.

Corollary 2 LetT=Z,neN,a=1,a=1,b=n+1,¢g:{1,...,n+1} = R,
g(i) =i, withxqy < a9 < ...<x, andw : {1,...,n+1} = R w(i) = w;. Then
w is an 1-SP weight for g on {1,....,n + 1} (or, w; are SP weights for x;) if
and only if

zn:wi>0, Zwl Tin )>0 and Zwl Ti— Tm) > 0,
i=1

for allm € {1,...,n}. If the following condition holds

Zwi >0 and 0< Zw, < Zwi, for all m e {1,...,n}.
i=1 i=1 i=1

then w; are also SP weights for x;.

We will denote A([m, M]) the set of all affine functions defined on [m, M].
For a continuous function f : [m, M] — R, we can attach its lower envelope

[(&) = sup{h(z)[h € A([m, M]), f = h}

and its upper envelope
f(@) = inf{h(z)|h € A(lm, M]), f < h}.

Some of the properties of f can be seen also in [7, Lemma 4.2.2]. We will use
here the convexity of f and the fact that f < f and also f = f for convex f.
If g: T — [m, M] is a continuous function, we will denote

I gewt)0at
f: w(t)Qat

Obviously, &4 .,o € [m, M]. If h is an affine function on a time scale T, then
there exist u,v € T such that h(t) = ut + v. Then

Sy hg@)w(t)0at _ [y (ug(t) +v)w(t)0at

= = h(2g,w,a)-

fa ()Oa fa ()Oat

The previous steps allow the following theorem:

Lgw,a =
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Theorem 2 (A complete weighted Jensen inequality). Let a,b € T and

m,M € R. If g € C([a,b]r, [m, M]) and w € C([a,b]t,R) with f (t)0at > 0,
then the following assertions are equivalent:

(i) w is an a-SP weight for g on [a,b|r;

(ii) for every f € C([m, M],R) convex function, we have

2 gttyw ) I F(g(®)w(t)0a -
f( IR <><>a T w00 ?

Proof: The implication (i) = (ii). Since f is convex, then f = f and,
with the above notation, we have

f(xg,w«l) = i(xgﬂu,oc) = SUP{h(xq,w a)lh € A([m, M]), f > h}

Ju o JOal ) ¢ A(fm, M >h}
{ f ()<>a [l € A(lm, M), f >

ff Oat
K ()<>a

For the last inequality, we have used f;(f(g(t)) — h(g())w(t)Ount > 0 since
w is an a-SP weight for g and f — h > 0 is convex.

The implication (i) = (i) is clear if we consider f¥ instead of f, in (5). W

The inequality (5) gives a better version of Jensen’s inequality for time
scales, than Theorem 1 (see also [11]), since we allow w to take some negative
values. Moreover, the weighted version of Jensen inequality is true if and only if
that weight is an o-S P weight for g and so, we have a complete characterization
of all the weights that make the Jensen’s inequality true.

2.2 The a-Hermite-Hadamard weights

Definition 2 Let T be a time scale and g : T — R a continuous function.
The continuous function w : T — R is an a-Hermite—Hadamard weight for g
on [a,blr (abbreviated a-HH weight) if

b b
/ W(t)0ut >0 and o f(f t))w(t)t of M= Ty g, Towa ~ Mgy
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for every f : [m, M] — R continuous convex function, where m = infyc(q ), 9(t)
and M = sup¢q 4, q(t).

We will give some conditions of end positivity for a-H H weights in the
case that g is a nondecreasing function, with the arguments used by C. P.
Niculescu and A. Florea in [6].

Lemma 3 Let T be a time scale and w be a continuous function defined on
T and a,b € T such that f; w(t)Oat > 0. Then w is an a-Hermite-Hadamard
weight for a nondecreasing continuous function g : [a,bly — R on [a, bt if and
only if it verifies the following condition :

for every s € [a,blr.

Proof: Let m = g(a) and M = g(b). Using an easy approximation
argument, it can be proven that the inequality (6) is true for all continuous
convex functions f € C([m, M],R) if and only if it is true for all functions
f € C2(lm, M, R).

In the same time, it is well known (see, for example, [7]) that every function
from C?([m, M],R) can be represented in the form

M
@) = S fm) + =D + [ o)) o
where (z—m)(M—y)
e m <z <y< M,
G(r,y) = —

=) Mz) i <y <a <M

is the Green function associated to the second order derivative operator d2/ dt?
and the boundary condition u(m) = u(M) = 0. Substituting x by ¢(t) and y
by g(s) and denoting ¢/, (t) the right derivative of g in ¢, we get

#60) = S0 g+ D g0+ [ Glato) ()5 (05D (),

—-m M—m

L=m)M—9(s) jrq <t <5<,

quqq.

M—-—m
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Multiplying the above equality by w(¢) and taking the diamond-« integral
with respect to t, if f € C?([m, M],R), we have

SR w0t M= tgua . Tguwa—m
Pw(t)out M -m Fm) = =3 = T
ey M) g —m T
_ffw(t)oat/a _f(g(t)) M —m ™ M—mf(M)] (£)0at

1 b [ rb
= fbw(t)<>t/ G(g(t),9(s))f"(9(s))d’ (s) ds] w(t)Out
= fbw(t)<>t/ " (9(5))g’(s) G(g(t),g(s))w(t)%t] ds.

Since f is a convex function from C?([m, M]), then f” > 0 and since g is a
nondecreasing function, then g/, > 0. So, the inequality (6) holds if and only
if

b
| clat0. 9650t <o

for all s € [a, b]r, that is inequality (7). B

Until now, we have characterized the weights that make the left part of
the Hermite-Hadamard inequality true and also the ones for the right part.
The question that arises naturally concerns the connection, if any, between
this two classes of weights on time scales. The next theorem emphasizes the
relation.

Theorem 3 Let T be a time scale and g : T — R a continuous function. Ev-
ery a-Steffensen—Popoviciu weight for g on [a,blr is an a-Hermite-Hadamard
weight for g on [a,blt, for all o € [0,1].

Proof: It suffices to prove that an a-Steffensen—Popoviciu weight for g
on [a, b]r makes true the right side of Hermite-Hadamard inequality. For that,
we will define the functional

LT g@)wt)at
[P w(t)0at

where f is the upper envelope of f. As it was shown before (see, for example,
[7]), p is sublinear. In the same time, we define the following linear functional

L: A(fm, M) > R, 1(h) = h(2g.u.a).

p: C(lm, M]) =R, p(f)
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Obviously, p = I on A([m, M]). According to the Hahn-Banach extension
theorem, there exists a linear functional L : C([m, M]) — R that extends !
and

L(f) <p(f) forevery fe C([m,M]).

If f is a continuous function on [m, M] with f <0, then L(f) < 0. Indeed, if
f <0, then f <0and L(f) < p(f) <0, (since w is an a-SP weight for g).
Moreover, if f is a continuous convex function on [m, M], then —f is concave
and

2 =Flg(t)w <)<>a f;’— g(E)w(t)Out

L(—f)<p(=f) = T w()0 fbw(t)o t

)

that is,

f flg@®)w(t)0a
S w(#)0at

for every continuous convex function f.
Now, we consider the affine function h : [m, M] — R given by

—m).

Obviously, we have h(g(t)) > f(g(t)) for all t € [a,b]y. Then L(f —h) <0
and, since L is linear, we have L(f) < L(h) = l(h) = h(xg.u,a), (since h is
affine) which can be rewritten, using (8), as

M-z x —
at < g, W, g, w,x
<>a/af )0t < ST (g 4 Tt T

Corollary 3 (A weighted version of Hermite-Hadamard inequality) Let T be
a time scale and a,b € T. Let g : T — [m,M] be a continuous function,
f i m,M] — R be a continuous convezx function and w : T — R be an
a-Steffensen—Popoviciu weight for g on [a,blr. Then

M—-—m M—-—m
(9)

Remark 1 If we consider concave functions instead of convex functions, the
above Hermite—Hadamard inequality (9) is reversed.

M — w,o w,o
f(Zgwa) < o / f(g (£)0at < L9 0y Tgwia T oy
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Corollary 4 (The continuous case). Let T = R, g : [a,b] — [m,M] and
w : [a,b] — R be continuous functions such that w is a SP weight for g on
[a,b]. Let f:[m,M] — R be a continuous convez function. Then we have

b g(Hw(t) dt 1 b
f(ﬁﬁgd; )SI%wmhlﬂme@&

M — S gyw(t) dt JegWw()dt
[P aw(t) dt [Paw(t) dt
< < 4 M).
< O pm) 4 L ()

Corollary 5 (The discrete case). Let T=Z,neN,a=1,a=1,b=n+1,
g:{l,..,n+1} > R, g(i) = x;, withm =1x1 < a9 < ... <zpy1 =M and
w: Al ..,n+1} - R, w(i) = w;, such that w; are SP weights for x;. Let
f:[m,M] — R be a convex function. Then we get

>
1 1w1

i=1
M — 21 TiWs iy miwi m
Doieg Wi Dig Wi
< —==1 == f(M).
« T IE iy 2 Ty

Corollary 6 (The quantum calculus case). Let T = &Ng>1l,a=¢,b=q"
with 1 < n. Let g: {¢', ¢, ....,q"} — [m, M] and w : {¢', ¢, ....q"} — R an
«a-SP weight for g. For every convex function f : [m, M] — R, we have

T

f<042?71q"9( qw(q'

q') +
adlis qiw(g’) +

(1—a) >0, qig(qi)w(qi)>
(1- )Z?:lJrl q'w(q")
ad> i ¢ flg(@)w(g) + (1 —a) 30, ¢ f9(g))w(q")
a X" giw(g) + (1—a) 0, qw(gh)
M _ X Sadtg(a)w(@)+(1—a) iy, ¢ g(a)w(d)
a1 grw(g)+(1—a) S0, qiw(gf) F(m)
M—m
ay it d'e(d)w(@)+A-a) Y1,y a'g(a)w(a’)
QZLI dw(g)+(1—a) X7, 4 dw(q?)
M—-—m

+
+

IN

+

f(M).
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Example 1 (i) Let g : [a,blr — [m, M], with m > 0 and f : (0,+00) —
(0,4+00), f(t) =tP. An easy calculus shows that f is convex on (0, +00)
for B € (—00,0] U [1,4+00) and concave on (0,+00) for g € [0,1]. Let
w: [a,bly — R be an a-SP weight for g. Then

b B b
[ w(t)g@0at\” _ [ wlt)g’(H)0at
Jlw®oat ) T [l w(t)0at
M _ Lle®a®0at [Lw®)g®)0at
[Pw#)0at 8 P w(t)0at 8
< a a
- M—-m me M—m M7,
if B € (—00,0] U[L,+00) and
b B b 8
(fa w(t)g(t)%t) o Ju w)g? ()0t
Jrw®oat ) T [l w(t)0at
M _ Lle®a®0at [Lw®)g®)0at
[Pw#)0at 8 TP w(t)0at 8
> a a
= M—-m me M—m M7,

if 8 €[0,1]. In the cases f =0 or 3 =1, the above inequalities become
equalities.

(i) Let g : [a,bly — [m, M], with m >0 and f: (0,400) — R, f(t) = logt.
Let w: [a,blr — R be an a-SP weight for g. Since f is concave, we get

g (ffw(t)g(t)%t) L2 w0 log(g(0) Ot

S w(t)Oat I w(t)Oat
Sl w()g(t)0at JPwt)g(t)0at
N M JEw(t)0at log(m) + To®oat " log(M)
- M—m M—m ’

(i) Let T=Z, neN,a=1,a=1,b=n+1,g:{l,..,.n+1} = R,
g(i) =z, withm =1 < 22 < ... < xpy1 = M and w : {1,...,n+
1} = R, w(i) = w;, such that w; are SP weights for x; and we suppose
that 37 w; = 1, (otherwise, we divide each w; by Y27 w;). Since
log : [m, M] — R is a concave function, we have
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n+1 n+1

log (a i zw; + (1 —« Z xlwz> >« Zwl log(x;)+(1—a) Z w; log(z;)
i=1 1=2

> Int1 7 @ i ziwi — (1—a) ZZHF; T g (a1)
Tn+1 — T1
a TiW; 11—« ntl T;W; — T
E L ( )Z —= ‘ IOg(xn—O—l)a
Tn4+1 — L1

that is,

log (amlwl + Zwiwi +(1- a)mnﬂwnH)

=2

> awq log(z1) + Z w; log(x;) + (1 — a)wpy1 log(Tnt1)

i=2
n
x —ariwy — Y .o ryw; — (1 —a)x w
2 n+1 1W1 2172 Wy ( ) n+1Wn+1 log(xl)
Tn+1 — T1
n
aziws + Y o Tiw; + (1 — Q)Tpp1Wni1 — 21
10g(£”+1)’
Tni41 — 21
or,
n n+1 n+1
@ E xiw; + 1 — § Tw; > H ozwl H )(1—(1)11171
i=1 1=2

> xgmnﬂ_a Zi:l miwi—(l—a) pOpars fﬂz‘wq‘,)/(zn+1—m1)

(eX i, mwi+(1—a) i) wiwi—21) /(21 —21)
xn+1 .

If a =1, then we obtain

log <i IEz’LUz) > iwi log(;)
i=1 i=1

> M — Z?:l ZT;W;

> U em log(m) +
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The left side of the above inequality gives a weighted version of the well-
known arithmetic-mean geometric-mean inequality for SP weights:

n n
Z Tiw; > H(ﬂfz)w
i=1 i=1

while the right side gives us:

n n n
1_[(1,1)71)I Z xgxn+1_z i=1 xiwi)/(xn+1_xl) . $£§f=1 xiwi_xl)/(xn+l_$l).
1=1

(iv) Let T=¢", ¢>1,a=1,b=q" and a = 1. Let g: {l,q,....q"} —
[m, M], g(¢") = z; and w: {1,q,...,¢"} — R, w(q’) = w;, such that w;
are SP weights for x;. For every convex function f : [m,M] — R, we
have

y (zz:} qw) L Ty d s
Z?:_ol q'w; B Z?:_ol q'ww;
€ g () e (M),

Using Theorem 2 we can give improved versions of the results obtained in
[11], such as Holder’s inequality.

Theorem 4 (Holder’s inequality). Let T be a time scale, a < b €T, f,g €
C(la,b]1), [0, +00) and w € C([a,b]r),R such that wg? is an a-SP weight for
fg~9/?, where p and q are Hélder conjugates (that is, 1/p +1/q = 1 and
p>1). Then we have

b b 1/p b 1/q
| b10g(t)0at < ( / h(t)fp(t)%t> ( / h<t>gq<t><>at> .

The proof follows the algorithm of the proof of Theorem 4.1 in [11], after
we notice that we can apply Theorem 2 to the convex function x — zP for
p > 1, and we replace g by fg~%? and w by wgq.

Acknowledgment. The author is highly thankful to the referee for his
valuable comments and suggestions.
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