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Strong convergence of the Modified
Halpern-type iterative algorithms in Banach
spaces

Yeol Je Cho, Xiaolong Qin and Shin Min Kang *

Abstract

The purpose of this paper is to introduce a modified Halpern-type
iteration algorithm and prove strong convergence of the algorithm for
quasi-¢-asymptotically non-expansive mappings. Our results improve
and extend the corresponding results announced by many others.

1. Introduction

Let E be a real Banach space, C' a nonempty subset of F and T : C' — C
a nonlinear mapping. A point x € C is said to be a fized point of T provided
Tz = x. Denote by F(T) the set of fixed points of T'.

Recall that the mapping 7' is said to be non-expansive if

1Tz =Tyl <z —yl, Va,yeC.

T is said to be asymptotically non-expansive if there exists a sequence {k,, }
of real numbers with k,, — 1 as n — oo such that

[T"z = T"y|| < knllz —yll, Va,yeC.

The class of asymptotically non-expansive mappings was introduced by
Goebel and Kirk [7] in 1972. They proved that, if C' is a nonempty bounded
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closed convex subset of a uniformly convex Banach space F, then every asymp-
totically non-expansive self-mapping T of C' has a fixed point in C. Further,
the set F'(T) of fixed points of T is closed and convex. Since 1972, many au-
thors have studied the weak and strong convergence problems of the iterative
algorithms for such a class of mappings.

In 1976, Halpern [8] introduced the following explicit iteration for a single
non-expansive mapping:

(1.1)

xg € C, chosen arbitrarily,
Tnt1 = apu+ (1 — )T, Yn>0.

He pointed out that the conditions
(C1) limy— o0 = 0;
(C2) Ziozl Qn = 00,

are necessary in the sense that, if the iteration scheme (1.1) converges to a
fixed point of 7', then these conditions must be satisfied. It is well know
that the process (1.1) is widely believed to have slow convergence because the
restriction of condition (C2). To improve the rate of convergence of process
(1.1), one cannot rely only on the process itself.

Recently, hybrid projection algorithm has been applied to approximate
fixed points of non-expansive mappings and its extensions (see [1,9,10,12-21,23-
27,29,30] and the references therein).

Martinez-Yanes and Xu [13] proposed the following modification of the
Halpern iteration for a single non-expansive mapping 7" in a Hilbert space. To
be more precise, they proved the following theorem:

Theorem MX. Let H be a real Hilbert space, C' a closed convex subset of H
and T : C — C a non-expansive mapping such that F(T) # (. Assume that
{an} C (0,1) is such that lim,,_,o otp, = 0. Then the sequence {x,} defined by

xg € C, chosen arbitrarily,

Yn = anxo + (1 — ap )Ty,

Cn={2€C: lyn — 2|1 < |z — 211> + an(l|zol? + 2(zn — 0, 2))},
Qn={2€C:{xg—xn,x, —2) >0},

ZTn+1 = Po,ng, %0, VYn >0,

converges strongly to Pp(Tyo.

Subsequently, Qin et al. [18] improved Theorem 3.1 of Martinez-Yanes
and Xu [13] from non-expansive mappings to asymptotically non-expansive
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mappings still in the framework of Hilbert spaces. Recently, Qin and Su [17]
further improved the result of Martinez-Yanes and Xu [13] from Hilbert spaces
to Banach spaces. To be more precise, they proved the following theorem:

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach
space, let C' be a monempty closed convexr subset of E, let T : C' — C be a
relatively non-expansive mapping. Assume that {an} is a sequence in (0,1)
such that lim, . a, = 0. Define a sequence {x,} in C by the following
algorithm:

xg € C chosen arbitrarily,

Yn = J HanJzo + (1 — an)JTxy,),
Cp={veC:ow,yn) <and(v,zo) + (1 — an)d(v,x,),
Qn={veC:{(Jryg— Jan,x, —v) >0},

Tp+1 = e, ng, o, Yn >0,

where J is the single-valued duality mapping on E. If F(T) is nonempty, then
{xn} converges to I pr)mo.

Very recently, Plubtieng and Ungchittrakool [15] also considered the hybrid
projection algorithm to modify the Halpern iteration (1.1) and obtained a
strong convergence theorem for a pair of relatively non-expansive mappings in
the framework of Banach spaces, see [15] for more details.

Motivated and inspired by the research going on in this direction, we mod-
ify the iterative process (1.1) for closed quasi-¢-asymptotically non-expansive
mappings (see below) in the framework of Banach spaces. Our results improve
and extend the corresponding result announced by many others.

2. Preliminaries

Let E be a Banach space with the dual space E*. We denote by J the
normalized duality mapping from E to 28" defined by

Jo={f"€E" (o, f*) ==l = |/I?}, VzeE,

where (-, -) denotes the generalized duality pairing. It is well known that, if
E* is strictly convex, then J is single-valued and, if £* is uniformly convex,
then J is uniformly continuous on bounded subsets of F.

Also, it is well known that, if C' is a nonempty closed convex subset of
a Hilbert space H and P : H — C is the metric projection of H onto
C, then P is non-expansive. This fact actually characterizes Hilbert spaces
and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [3] recently introduced a generalized projection operator ¢
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in a Banach space F which is an analogue of the metric projection in Hilbert
spaces.
Let E be a smooth Banach space. Consider the functional defined by

(2.1) ¢(x,y) = |lz|* = 2(z, Jy) + |lyll*, Vz,y € E.

Observe that, in a Hilbert space H, (2.1) reduces to ¢(z,y) = ||z — y||* for all
x,y € H. The generalized projection Il : E — C'is a mapping that assigns
to an arbitrary point € E the minimum point of the functional ¢(z,y), that
is, [Icx = Z, where Z is the solution to the following minimization problem:

(2.2) 8(,2) = inf 9(y,).

The existence and uniqueness of the operator IIx follow from the properties
of the functional ¢(z,y) and the strict monotonicity of the mapping J (see,
for example, [2,3,6,11]). In Hilbert spaces, IIc = Pc. It is obvious from the
definition of the function ¢ that

(2.3) (lyll = ll2lD?* < ¢y, 2) < (lyll + ll=])?,  Va,y € E.

Remark 2.1. If E is a reflexive, strictly convex and smooth Banach space,
then, for all z,y € E, ¢(x,y) = 0 if and only if z = y. It is sufficient to
show that, if ¢(z,y) = 0, then z = y. From (2.3), we have ||z|| = ||y||. This
implies (x, Jy) = ||z||* = ||Jy||>. From the definition of J, one has Jz = Jy.
Therefore, we have z = y (see [6,28] for more details).

Now, we give some definitions for our main results in this paper.

Let C be a nonempty, closed and convex subset of a smooth Banach E and
T a mapping from C' into itself.

(1) A point p in C is said to be an asymptotic fixred point [22] of T if C
contains a sequence {z,, } which converges weakly to p such that lim,, o ||, —
Tz,|| = 0. The set of asymptotic fixed points of T' will be denoted by F(T).

(2) A mapping T from C into itself is said to be relatively non-expansive
[4,5,11,12,17] if
F(T) = F(T) £0, 6(p,Tx) < é(p,2), Vo €C,pe F(T).

The asymptotic behavior of a relatively non-expansive mapping was studied
in [4,5,22].

(3) The mapping T is said to be relatively asymptotically non-expansive
[1,19,21,23] if

F(T)=F(T)#0, o, T"z) < knd(p,x), VeeC, peF(T),



STRONG CONVERGENCE 55

where k, > 1 is a sequence such that k, — 1 as n — .

(4) The mapping T is said to be ¢-nonexpansive [16,20] if
¢(Tx, Ty) < d(w,y), Yo,y eC.
(5) The mapping T is said to be quasi-¢-non-expansive [16,20] if
F(T)#0, ¢(p,Tx) < é(p,x), Vel pe F(T).

(6) The mapping T is said to be ¢-asymptotically non-expansive if there
exists some real sequence {k,} with k,, > 1 and k,, — oo as n — oo such that

o(T"x, T"y) < kno(x,y), Vz,y e C.
(7) The mapping T is said to be quasi-¢-asymptotically non-expansive if

F(T)#0, ¢p,T"z) < knd(p,x), Vzel, peF(T).

(8) The mapping T is said to be asymptotically regular on C' if, for any
bounded subset K of C,

limsup{|| 7"z — T"z||: 2 € K} = 0.

n—oo

(9) The mapping T is said to be closed on C if, for any sequence {z,} such
that lim,, . T, = zo and lim, . Tz, = yo, then Txy = yjo.

Remark 2.2. The class of quasi-¢-nonexpansive mappings and quasi-¢-
asymptotically non-expansive mappings are more general than the class of rel-
atively non-expansive mappings and relatively asymptotically non-expansive
mappings, respectively. The quasi-¢-nonexpansive mappings aggl/ quasi-¢-
asymptotically non-expansive mappings do not require F'(T) = F(T'), where
F(T) denotes the asymptotic fixed point set of T' (see [4-6] for more details).

Remark 2.3. A ¢-asymptotically non-expansive mapping with F(T) # () is a
quasi-¢-asymptotically non-expansive mapping, but the converse may be not
true.

Next, we give some examples which are closed quasi-¢-asymptotically non-
expansive mappings.

Example 2.4 (Qin et al. [16]). Let E be a uniformly smooth and strictly
convex Banach space and A C E x E* be a maximal monotone mapping such
that its zero set A~10 is nonempty. Then J, = (J+rA)~1J is a closed quasi-¢-
asymptotically non-expansive mapping from E onto D(A) and F(J,) = A~10.
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Example 2.5 (Qin et al. [16]). Let II¢ be the generalized projection from
a smooth, strictly convex and reflexive Banach space F onto a nonempty
closed convex subset C' of E. Then Ilg is a closed quasi-¢-asymptotically
non-expansive mapping from E onto C with F(Ilg) = C.

A Banach space E is said to be strictly convez if || Z2[| < 1 for all z,y €

E with ||z|]| = |lyll = 1 and & # y. It is said to be wuniformly convez if
limy, oo ||Zn — yn|| = 0 for any two sequences {z,} and {y,} in E such that
]l = llynll = 1 and limy, oo || =32 || = 1.

Let U = {z € E : ||z|| = 1} be the unit sphere of E. Then the Banach
space FE is said to be smooth provided
t —
o) Ll gl ]
t—0 t
exists for each =,y € U. It is also said to be uniformly smooth if the limit (2.4)
is attained uniformly for x,y € E. It is well known that, if E is uniformly

smooth, then .J is uniformly norm-to-norm continuous on each bounded subset
of E.

In order to the main results of this paper, we need the following lemmas.

Lemma 2.1 ([11]). Let E be a uniformly conver and smooth Banach space
and {xn}, {yn} be two sequences of E. If ¢(xn,yn) — 0 and either {x,} or
{yn} is bounded, then x,, — y, — 0.

Lemma 2.2 ([3]). Let C be a nonempty closed convex subset of a smooth

Banach space E and x € E. Then zo = llgz if and only if

(o —y,Jor — Jxg) >0, VyeC.

Lemma 2.3 ([3]). Let E be a reflexive, strictly convex and smooth Banach
space and C a nonempty closed convex subset of E. Let x € E. Then

oy, llex) + o(Ilew, z) < ¢(y,x). Yy e C.

Lemma 2.4. Let E be a uniformly convexr and uniformly smooth Banach
space, C' a nonempty, closed and conver subset of E and T a closed quasi-
@-asymptotically non-expansive mapping from C into itself. Then F(T) is a
closed convex subset of C'.

Proof. The closedness of F(T') can be deduced by the closedness of T'. Next,
we show that F(T) is convex. for z,y € F(T) and ¢t € (0,1), put p = tx + (1 —
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t)y. It is sufficient to show T’p = p. In fact, we have

¢(p, T"p)
= |IplI> = 2(p, JT"p) + | T"p|?
= [|Ipll* — 2(t + (1 = t)y, JT"p) + | T"p|]?

(2.5) = |lpll* = 2t(z, JT"p) — 2(1 — t){y, JT"p) + | T"pl|*
= [Ipll* + té(x, T"p) + (1 — t)(y, T"p) — tl|z||* — (1 = 1) [yl?
< |lpll* + knt(z,p) + k(1 — t)¢(y, p) — tllzl|* — (1 — 1)[ly|?
= (kn — D(tllz)* + (1 = D)llylI*> = [[pl?).

Let n — oo in (2.5) yields that lim, o ¢(p, T"p) = 0. We, therefore, apply
Lemma 2.1 to see that T"p — p as n — oo. Hence

TT"p=T""'p—p

as n — 00. By the closed-ness of T, it follows that p € F'(T"). This completes
the proof.

3. Main results

Now, we are ready to give our main results in this paper.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth Banach space E andT : C — C' a closed quasi-¢-
asymptotically non-expansive mapping with a sequence {k,} C [1,00) such that
kn, — 1 as n — oo. Assume that T is asymptotically regular on C, F(T) #
0 and F(T) is bounded. Let {x,} be a sequence generated by the following
manner:

xg € E chosen arbitrarily,

€ =C,

z1 = e, zo,

yn = J anJrr + (1 — ) JJT )],

Cny1 =12 € Cpn: ¢(2,yn) < d(2,20) + an M},
Tny1 = U, 21, Yn >0,

(3.1)

where M is an appropriate constant such that M > ¢(w,x1) for all w €
F(T). Assume that the control sequence {ay,} in (0,1) satisfies the following
restrictions:

(a) limy 00 ay =0,
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(b) (1 —an)k, <1 foralln >0.
Then {x,} converges strongly to llpryx;.

Proof. First, we show that C,, is closed and convex for all n > 1. It is obvious
that C7 = C is closed and convex. Suppose that C}, is closed and convex for
some h € N. For any z € C}, such that

?(z,yn) < &(z,21) + anM.
This inequality is equivalent to
2(z, Jxp) — 2(z, Jyn) < llanl® — lynll® + an .

It is to see that Cj41 is closed and convex. Then, for all n > 1, (), is closed
and convex.

Next, we prove that F(T) C C,, for all n > 1. F(T) C C; = C is obvious.
Suppose that F(T) C C}, for some h € N. Then, for all w € F(T) C Cp, one
has

d(w,yn) = p(w, J o Jay + (1 — o) JT"xp))

= ||lw||* = 2(w, apJxs + (1 — ah)JThxh>
+ ||ahJ:E1 + (1 — Ozh)JThl‘h||2
< ||wH2 —2ap(w, Jx1) — 2(1 — ap)(w, JThmh>
+anllz|? + (1 = an) | Tz
=apd(w,z1) + (1 — ah)gb(w,Thxh)
< app(w, 1) + (1 — an)knd(w, zp)
= ¢(w,$h) - [1 - (1 - ah)kh]é(wa Z‘h) =+ ah¢(w7l‘1)
< d(w,zp) + apM,
which shows w € Cp41. This implies that F(T) C C, for all n > 1. From
xn, = Ilg, 21, one sees
(3.2) (xn — 2z, Jx1 — Jxp) >0, Vz e,
Since F(T) C C), for all n > 1, we arrive at
(3.3) (@p —w,Jz1 — Ja,) >0, Ywe F(T).

From Lemma 2.3, one has

¢($naxl) = (b(HC”xlaxl) S ¢<w,$1) - (b(wamn) S (b(waxl)

for all w € F(T) C C, and n > 1. The sequence ¢(x,,x1) is, therefore,
bounded.
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On the other hand, noticing that =, = Ill¢,x; and z,41 = ¢, 71 €
Cr41 C C,, one has

¢(zn, 1) < P(Tpt1, 1), Yn > 1

Therefore, {¢(x,,x1)} is nondecreasing and so the limit of {¢(x,,x1)} exists.
By the construction of C,,, one knows that C,, C C), and z,, = Pc, x1 € Cp,
for any positive integer m > n. It follows that

(b(xma xn) = ¢((Em7 HCnxl)
(34) g ¢($m,$1) 7¢(Hcﬂ,x1axl)
= ¢(@m, 1) — B(Tn, T1).
Letting m,n — oo in (3.4), one has ¢(x,,z,) — 0. It follows from Lemma
2.1 that ., — 2, — 0 as m,n — oo Hence {z,} is a Cauchy sequence in C.
Since F is a Banach space and C is closed and convex, one can assume that

xn —peC (n— o0).

Finally, we show that p = Ilg(r)21. To end this, we first show that p €
F(T). By taking m = n+ 1 in (3.4), one arrives at

(3.5) lim ¢(zpi1,2n) =0.

From Lemma 2.1, it follows that
(3.6) nlir& |€n+1 — zn] = 0.
Noticing that z,+1 € C,+1, one obtains
¢(xn+1a yn) < ¢(xn+1a xn) + an M.

It follows from (3.5) and the assumption (a) that

lim (b(xn-i-lvyn) =0.

n—oo
Thus, from Lemma 2.1, one has

(3.7) im0 — gl = 0.

Notice that
|27 — yn” < an — $n+1|| + Hanrl - ynH
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It follows from (3.6) and (3.7) that
(58) Jim o, = g = 0.
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
(3.9) nan;O [ Jzn, — Jyn| = 0.
On the other hand, we have
|Jyn — JT"zp|| = anl|JTz1 — JT 2,y ||.
By the assumption (a), one sees that
nh—{%o | Jyn — JT" x| = 0.

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we
obtain
(3.10) lim |y, — T"x,|| = 0.
n—oo
On the other hand, one has
|2 — T"2pll < |20 — g1 | + [Znt1 = Ynll + [|yn — T 20|

From (3.6), (3.7) and (3.10), it follows that lim, . || T2, — x| = 0. Noting
that z,, — p as n — 0o, one has

(3.11) Tz, —p (n— 00).
On the other hand, one has
[Ty — pl| < Ty — T | + | T2y — pl|-
Thus it follows from the asymptotic regularity of 7' and (3.11) that
T g, —p (n— o).

That is, TT"x, — p. From the closedness of T, one gets p = T'p.
Finally, we show that p = Ilp(7yz1. From z,, = llc, 71, one has

(3.12) (xn —w,Jxy — Ja,) >0, Ywe F(T) C C,.
Taking the limit as n — oo in (3.12), we obtain

p—w,Jzy —Jp) >0, Ywe F(T),
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and hence p = llp(ry71 by Lemma 2.2. This completes the proof.

Remark 3.2. Theorem 3.1 improves the corresponding results of Martinez-
Yanes and Xu [13] and Qin et al. [18] from Hilbert spaces to Banach spaces.
Theorem 3.1 also improves Qin et al. [20] from quasi-¢-nonexpansive mapping
to quasi-¢-asymptotically nonexpansive mappings.

In Hilbert spaces, Theorem 3.1 is reduced to the following result.

Theorem 3.3. Let C be a nonempty, closed and convex subset of a real
Hilbert space H and T : C'— C be a closed asymptotically quasi-nonerpansive
mapping with a sequence {k,} C [1,00) such that k, — 1 as n — co. Assume
that T is asymptotically reqular on C, F(T) # 0 and F(T) is bounded. Let
{zn} be a sequence generated by the following manner:

xo € H chosen arbitrarily,

C, =C,

x1 = Pe, zo,

Yn = anx1 + (1 — ap) T2y,
Cn1={2€Cn:llz—yall® < llz — 20 |® + an M},
Tny1 = Po,,, 71, Yn >0,

where M is an appropriate constant such that M > ||w—mx1||? for allw € F(T).
Assume that the control sequence {ou,} in (0,1) satisfies the restrictions:

(a) lim,— ooty =0,
(b) (1 —ap)k, <1 foralln>0.
Then {x,} converges strongly to Pp(ryx;.

Remark 3.4. Theorem 3.3 improves Theorem 3.1 of Martinez-Yanes and Xu
[13] in the following senses:

(1) from non-expansive mappings to asymptotically quasi-nonexpansive
mappings.

(2) from computation point of view, the hybrid projection algorithm in
Theorem 3.2 is also more simple and convenient to compute than the one
given by Martinez-Yanes and Xu. To be more precise, we remove the set
13 ” 3

Q. in [13].

Next, we give a strong convergence theorem for an infinite family of quasi-
¢-asymptotically non-expansive mappings.

Theorem 3.5. Let C be a nonempty, closed and convexr subset of a uni-
formly convex and uniformly smooth Banach space E and {T;}ier : C — C
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a family of closed quasi-¢-asymptotically non-expansive mappings such that
F =, F(T;) # 0. Assume that T; is asymptotically regular on C' for each
i €I and F is bounded. For eachi € I, let {a,;} be a sequence in (0,1) such
that

(a) lim,, . Qn i = 0,

(b) (1 —api)kn; <1 foreachicl.
Define a sequence {x,,} in C in the following manner:

xg € C chosen arbitrarily,

Yn,i = J_l[aminO + (1 - an,i)JTinxn]a

Cn,i = {Z eC: ¢(Za Z/n,i) < ¢(27In) + O‘n,iQ}v
(313) Cn = miEI Cn,i7

QO = C?

Qn = {Z € anl : <-73n —z,Jxog — J$n>}7

Tnt1 = le,ng, 7o, Yn >0,

where Q) is an appropriate constant such that Q > ¢(w,xq) for all w € F.
Then {x,} converges strongly to Ilpxg.

Proof. We first show that C,, and @Q,, are closed and convex for each n > 0.
From the definition of C),, and @Q,, it is obvious that C,, is closed and @Q,, is
closed and convex for each n > 0. We show that C,, is convex for each n > 0.
Indeed,

Cni={2€C:d(2,yni) < d(2,2n) + niQ}
is equivalent to
Cnyi = {2 € C: 2(z, Jan) — 2(z, Jyni) < l|znll® = [ynill* + @niQ}-
This shows that C,, ; is closed convex for each n > 0 and i € I. Therefore, one

has C,, = ﬂie 7 Chn,i is closed convex for each n > 0.
Next, we show that FF C C), for alln > 0. Forallw e F C C and i € I,
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one has

(W, Yni) = S(w, J o i Jxo + (1 — an ) JT] )
= ||lw|* = 2(w, anJwo + (1 — i) JT 2)
+ llan,iJxo + (1 = i) JT] ] ®
< wl||? = 20 i (w, Jzo) — 2(1 — a i) (w, JT z,,)
+ am,illzol|? + (1 — ) | T, 12
< anip(w, o) + (1 — an ) p(w, T} xy,)
< (W, o) + (1 — an i) kn,ip(w, 2),
= d(w,zn) — [1 = (1 — api)kni]p(w, 27) + anid(w, z0)
< d(w, xp) + 0 i Q,
which yields that w € (), ; for all n > 0 and ¢ € I. It follows that w € C;, =
(ic; Cn,i- This proves that ' C C,, for all n > 0.
Next, we prove that F' C @, for all n > 0 by induction. For n = 0, we have
F C C = (Qg. Assume that F' C Q,,_1 for some n > 1, we show that F' C Q,

for the same n > 1. Since x, is the projection of xy onto Cp,_1 N Q,—_1, We
arrive at

(3.14) (Xn — 2z, Jxg — J2p) 20, Vz€Cpro1 NQp_1.

Since F' C C,,—1 N Qp—1 by the induction assumptions, (3.14) holds, in par-
ticular, for all w € F. This together with the definition of @, implies that
F C @y for all n > 0. Noticing that z,4+1 = Il¢,ng, zo € Qn and x,, = Ilg, o,
one sees

(3.15) O(n,0) < G@ns1,70), Y > 0.

We, therefore, obtain that {¢(xy,x0)} is nondecreasing. From Lemma 2.3, it
follows that

¢(xn, x0) = ¢(llg, w0, x0) < (W, w0) — P(w, ;) < P(w, x0)

for all w € F C C,, and n > 0. This shows that {¢(z,,x0)} is bounded. It
follows that the limit of {¢(z,,xo)} exists. By the construction of @, one
knows that Q,, C Q, and z,, =1lg, xo € Q,, for any positive integer m > n.
Notice that

¢($ma xn) = ¢(xm7Hano)

(3.16) < ¢(2m, 20) — (g, w0), xo)
= ¢(Tm, o) — ¢(2n, o).
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Taking the limit as m,n — oo in (3.16), one gets ¢(z,, ;) — 0. From Lemma
2.1, it follows that x.,,, —x,, — 0 as m,n — oo and so {z, } is a Cauchy sequence.
Since F is a Banach space and C'is closed and convex, one can assume that

zp, = q€C (n— o).

Finally, we show that ¢ = [Ipxg. To end this, we first show that ¢ € F'. By
taking m =n + 1 in (3.16), one arrives at

(3.17) d(Tpt1,2n) — 0 (n— 00).
From Lemma 2.1, one has
(3.18) Tpi1 —Tp — 0 (N — 00).
Noticing that z,4+1 € C,41, one obtains

(Tnt15Yn,i) < O(@Tnt1, Tn) + aniQ-
It follows from the assumption on {a, ;} and (3.17) that

nlingo &(Tnt1,Yn,i) =0, Viel.

Thus, from Lemma 2.1, one obtains
(3.19) nlL»H;o lznt1 — Ynill =0, Viel.

On the other hand, we have ||Jy,; — JTiz,| = anillJxo — JT) 2, By
the assumption (a), one sees

lim ||Jyn,; — JT'z,|| =0, Viel.

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we
obtain

(3.20) lim |y,,; — T}'z,|| = 0.

n—oo
On the other hand, one has
lzn — T ol < 20 — gt + [|Tn41 — yml” +[Yni — T @n]-

From (3.18)-(3.20), one sees that lim,, . ||7]"2y — 2, || = 0. Noting that =, —
q as n — 00, one has

(3.21) T 'z, —q (n— ).
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On the other hand, one has
T an — qll < Ty — Twn|| + 1T — gl

It follows from the asymptotic regularity of T; and (3.21) that T i"“acn =
T, T x, — q as n — oo. From the closed-ness of T}, one gets ¢ = T;q for each
1 € I, that is, ¢ € F.

Finally, we show that ¢ = IIpxo. From x,, = Ilg, xo, it follows that

(3.22) (xn —w,Jzg — Ja,) >0, Yw € F.
Taking the limit as n — oo in (3.22), we obtain
(g —w,Jxg — Jqg) >0, Ywé€EF,
and hence ¢ = IIgpxzy by Lemma 2.2. This completes the proof.
In Hilbert spaces, Theorem 3.5 reduces to the following theorem.

Theorem 3.6. Let C be a nonempty, closed and convex subset of a Hilbert
space H and {T; }ier : C — C a family of closed asymptotically quasi-nonexpansive
mappings such that F = (\;,c; F(T;) # 0. Assume that T; is asymptotically
regular on C for each i € I and F' is bounded. For each i € I, let {ou,;} be a
sequence in (0,1) such that

(a) 1imn_,oo Oén’i = O}
(b) (1 —api)kn; <1 foreachiecl.

Define a sequence {x,,} in C in the following manner:

xg € C chosen arbitrarily,

Yn,i = ;%o + (1 — o i) I @0,

Cri={2 € C:|lz = ynll” < llz — 2l + ,:Q},
C= ﬂie[ Ci,

Qo =C,

Qn={2€Qn_1:{xn— 2,20 — )},

Tnt1 = Po,n@,To, Yn >0,

where Q is an appropriate constant such that Q > ||w — zo||* for all w € F.
Then {z,} converges strongly to Prxg.

Remark 3.7. Theorem 3.6 improves Theorem 3.1 of Martinez-Yanes and Xu
[13] from a single non-expansive mapping to an infinite family asymptotically
non-expansive mappings. Theorem 2.2 of Qin et al. [18] is also a special case
of Theorem 3.6.
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