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A NOTE TO THE UNIPOTENCY OF THE
IDENTITY COMPONENT OF THE GROUP
OF ALGEBRA AUTOMORPHISMS*

Miroslav Kures

Abstract
The properties of the group of automorphisms of local algebra are
investigated in the following way: an algebra is called dwindlable, if
there is an infinite sequence of automorphisms converging to the canon-
ical epimorphism onto the underlying field; we confront this property
with the possessing of a non-trivial torus of the identity component of
the group of algebra automorphisms.

Introduction

We study local commutative finite dimensional algebras A over an infinite field
K with characteristic 0, we also assume that they are split, i.e. A/J4 = K,
where J4 is the Jacobson radical of A. Dominantly, the identification

K[l‘l,...,l‘n]/i

is used, K{z1,...,zy] being the algebra of polynomials in n indeterminates
over K and i an ideal. (We write shortly algebra hereafter.) Special cases of
such algebras are Weil algebras (K = R) playing an important role in modern
differential geometry. Geometric problems, namely classifications of natural
lifts to bundles of contact elements, (cf. [3], [4]) also initiate the problem of a
description of algebras A having the fized point subalgebra

SA={a€ A;¢(a) =a for all $ € Aut A}
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trivial, i.e. isomorphic to K. Some known results about this problem and
the correspondence of S A with natural lifts of geometric objects to bundles of
contact elements are described in [3], [4] and [5].

We reckon two papers about automorphism groups of commutative alge-
bras as key for our research: the first written by R. David Pollack [6] and
the second written by Francisco Guil-Asensio and Manuel Saorin [1]. Both
are indicative of the identity component G4 as a crucial tool for a systematic
approach to properties of A.

For an algebra A in question, we call the order of A the minimum ord(A)
of the integers r satisfying J(A)"*! = 0. Further, the integer

w(A) = dim(J(4)/7(A))

is called the width of A. Let Aut A be the group of automorphisms of A, id 4
the identical automorphism and G4 > id4 the connected identity component
of Aut A. A group which is simultaneously an algebraic set, i.e. alocus of zeros
of a collection of polynomials, is called an algebraic group; Aut A is naturally
an algebraic group. We have a canonical morphism of algebraic groups

ea: Aut A — GL(J(A)/J?(A))

and its kernel Uy is then a closed subgroup consisting of merely unipotent
elements (i.e. such automorphisms ¢ for which id4 —¢ is a nilpotent endo-
morphism of A); of course, GL(J(A)/J?(A)) reads as GL(w(A), K). The
group Uy is connected and hence contained in G 4.

Let D(n,K) be the subgroup of diagonal matrices of the linear group
GL(n,K). When T is an algebraic group isomorphic to D(m, K) for some
m, then T is said to be a torus. The dimension of the maximal tori of an
algebraic group is called the rank; if G4 does not contain any torus (G4 is of
rank 0), then G4 = Ua. We recall some further results.

Proposition 1 ([1]). A. The morphism €4 is surjective if and only if A =
Klz1, ... zp)/{x1, ..., 2)" Tt for some r € N.

B. The image of the morphism €4 contains D(n, K) if and only if A is
monomial.

C. If an algebra A with w(A) = 2 have G4 = Uy, then ord(A) > 4.

As K is contained in A-algebra, the canonical algebra homomorphism
ka: A — K can be viewed as the endomorphism k4: A — A. We say
that A is dwindlable, if there is an infinite sequence {¢,}22; of automor-
phisms ¢,, € Aut A such that ¢, — x4 for n — oco. For the sake of comple-
tion, we recall also some our existing results about the fixed point subalgebra
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SA={a€ A;¢(a) = a for all ¢ € Aut A}, namely with respect to its triviality
(the isomorphism with K).

Proposition 2 ([4], [5]). A. If A is a dwindlable algebra, then SA is trivial.
Nevertheless, there are also non-dwindlable algebras with trivial SA.

B. If Uy = G4, then SA can be both nontrivial and trivial.

New results

Propositions 1 and 2 formated conjectures giving a rise of this paper. We have
obtained the following.

Proposition 3. If A is dwindlable, then G 4 2 Ug.

Proof. We have an infinite sequence {¢,}52; of automorphisms ¢, € Aut A
such that ¢, — k4 for n — oo. It is not restricting to consider all elements
of this sequence as different. In general, individual automorphisms ¢, lie
in diverse connected components of the group Aut A, which are the cosets
modulo the identity component G4, cf. [1]. However, in a certain connected
component H there is a subsequence {¢,, }7° |, n1 < ng < ..., with the same
limit. The component H is a coset modulo G4 in Aut A, hence there exists
an automorphism ¢ € Aut A such that H = 1(G4). Applying .=}, we have the
sequence {t™(¢n,)}72,. All automorphisms ¢ of A are of the form

0
1 &
¢1
Ty Pl(xla"'7xn)
o
Tn +—  Pp(zr,...,z5),

where P; are polynomials without absolute terms. It must be
. 1 o o . _ .
¢, P =0 = G, O =

nevertheless, the automorphism ¢! is of the form (1), too: it follows the
sequence {t™(¢n, ) }72, has the limit x4 as well and, moreover, all its elements
belong to G4. However it is impossible that all these elements are in the
kernel with respect to e. (Surely, only automorphisms with P;(x1,...,2,) =
x; + Qi(z1,...,x,), © = 1,...,n, are in this kernel, @Q; being polynomials
without absolute and linear terms; indeed, it is impossible to choose a sequence
converging to k4 formed only with automorphisms as above.) Thus, G4 2
Ua. O
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Our second result is concentrated on algebras of the width 2. Their im-
portant role in algebraic research is known and we refer to [1] for a number of
various results.

Proposition 4. If A is an algebra with w(A) = 2 and rank(Aut A) > 0, then
A is dwindlable.

Proof. Tt is easy to verify that homogeneous (i.e. the ideal i in the expression
A = Klzi1,...,z,]/i is homogeneous) algebras are dwindlable, cf. [4]. So,
we assume A is non homogeneous. The condition rank(Aut A) > 0 reads as
the connected identity component G4 of Aut A contains a nontrivial torus. It
means that

¢: 1w— 1
1

xr— oxr
¢2

y— By

(where at most one of the coefficients «, 3 equals 1) is an automorphism (in
a suitable basis). Let « # 1. It is no restriction to assume a < 1 (because we
can take the inverse automorphism in the contrary case).

First, we look into the case 6 > 1. As A is non—homogeneous, there is a
non—homogeneous binomial P with the following properties:

(i) Pei

(ii) if P = My + M3 is a decomposition of P into monomials M;, Ms, then
M1 ¢ iand Mg ¢ i

To show the existence of a P as above, we argue as follows: a non-homogeneous
polynomial belonging to i, whose monomials are not belonging to i, satisfying
(i) and (ii) exists in every set of generators of i; of course, it is a binomial in
a suitable basis. As i = j + J(A)2" A+ (J(A) being the Jacobson radical
generated by x and y and j an ideal generated by polynomials of the order
at most ord(A)), the degree of such a binomial is less or equal ord(A). The
monomials M; are of the form M; = k;z%y’ i = 1,2. If we evaluate ¢(P),
we obtain

G(My) = kra® g7 ay™, ¢(Ma) = kaa 37222y,
As ¢ is an automorphism,

aal ﬁbl — aag/@bQ
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holds. If 3 =1, then
a1 = ag and b1 75 b2. (2)

If > 1, then
a; < a2,b1 < by ora; > ag,bl > bo. (3)

We see that we can reorder (regardless of both incoming cases (2) and (3)) the
monomials as follows: A .
P= Ml + MQ;

where a1 < as, by < by (we write M, = l%ix&iygi, i =1,2). It means deg My =
G2 +by=degM; + N =a; + b1+ N, N € N. Now, if we multiply P with

By o
A—xaz a1

132 7?)1
)
ks

Y

we obtain .
p = M{ + Mg’ _ ]%Qxagybg + Z_gm%rdly%_al'
1

Now, deg P’ = deg Mé = 209 — a1 +2by — by = 2 deg My — deg My = deg M, +
2N. Tt reads that the polynomial P’ has higher degree than P. If Mé € i,
then also M{ =M, € i, a contradiction. If not, we use the binomial P’ in
place of P and repeat the procedure. The process stops with the mentioned
contradiction because of the form of i. Hence g < 1.

Finally, we construct the infinite sequence of automorphisms from powers
of ¢. Evidently, {¢"}52; (with a < 1, 8 < 1) is coming to k4. O

We have the following corollary.

Proposition 5. If A is an algebra with w(A) = 2 and rank(Aut A) > 0, then
SA is trivial.

Proof. This follows directly from Proposition 2A and Proposition 4. O
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