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Boundedness conditions of Hausdorff
h-measure in metric spaces

Alina Barbulescu

Abstract

The fractal dimensions are very important characteristics of the frac-
tal sets. A problem which arises in the study of the fractal sets is the
determination of their dimensions. The Hausdorff dimension of this type
of sets is difficult to be determined, even if the Box dimensions can be
computed. In this article we present some boundedness conditions on
the Hausdorff h-measure of a set, using their Box dimensions.

Subject Classification: 28 AT78.

1 Background

The calculus of the dimensions is fundamental in the study of fractals. The
Hausdorff measures and the h-measures, the box dimensions, the packing di-
mensions are widely used and in many articles the relations between them are
given ([5] - [8]).

In the papers [1] - [4] we gave some boundedness conditions for a class of
fractal sets, in R™. This type of conditions is important in order to prove
theorems concerning the module and the capacities and the relations between
them ([10]).

In this paper we work in metric spaces and we give some boundedness
conditions of the Hausdorff h - measures.

Definition 1. Let (X, d) be a metric space.
If ro > 0 is a given number, then, a continuous function h(r), defined on
[0,70), nondecreasing and such that hr%h(r) = 0 is called a measure function.
T —
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If0 < d < oo, E is a subset of (X, d) and h is a measure function, then,
the Hausdorff h-measure of E is defined by:

Hh(E) = gﬂlnf{ZhOUzD B C UUIL 0 < |U1| < (5}

where | | denotes the diameter of the set Uj.
Particularly, when h(r) = r*,0 < s < 0o, then the s-dimensional Hausdorff
measure of E, denoted by H*(E), is obtained.
The Hausdorff dimension of a nonempty set E C X is the number defined
by
dimpyg E =inf{s: H*(E) =0} =sup{s: H*(E) = oo}.

Remark. There are definitions where the covering of the set E is made with
balls. The relation between the new measure, denoted by H; and Hj is:
Hy(FE) < Hj(E). Thus,

H},(E) < 00 = Hp(E) < oo,

H,(E)=0= Hy(E) =0,

and
Hy(E) > 0= H;(E) > 0.

Definition 2. Let § be a positive number and E be a nonempty and
bounded subset of the metric space (X, d). Let Ng(E) be the smallest number
of sets of diameter at most 3 that cover E. Then the upper and lower Box
dimension of E are defined by:

dimgFE = Hw; dimpE = lim M.
s—0 —logp 5o —logf

If these limits are equal, the common value is called the Box dimension of E
and is denoted by dimp F.

Definition 3. Let 1,92 > 0 be functions defined in a neighborhood of
0 € R™. We say that 1 and @2 are equivalent and we denote by: o1 ~ @3,
for x — 0, if there exist r > 0, Q > 0, satisfying:

1

@501(1”) < pa(z) < Qpr(x), (V)z € R, Ja] <,
where for x € R™, v = (z1, ..., ), x| = Y1, z7.

An analogous definition can be given for x — oo. In this case, p1 ~ @2
means that the previous inequalities are valid in all the space.
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Remark. In what follows, if U is a set in a metric space, particularly in
R”, |U| means the diameter of U and if x € R™, |z| has the significance given
in the definition 3.

In the second part of the paper we shall use the following results:

Lemma 1. ([6]) If E is a set in R2, then

dimy E < dimgFE < dimgE.

Remark. The previous lemma remains true in a nonempty compact metric
space.

2 Results

Theorem 1. Let (X, d) be a nonempty compact metric space, with dimy X =

s. Let h be a measure function such that there is m > 0, with @ > m.

Suppose that there exist Ao, a > 0 such that for any set E C X, with
|E| < Ao, there is a mapping ¢ : E — X such that:

ad(z,y) < [Eld(p(x), ¢(y)), (V)z,y € E.

Then Hp(X) > 0.

Proof. First, it will be proved that H*(X) > o®.
Suppose that 0 < H*(X) < a®. Then, given 0 < § < min{)o, §}, there

are the sets Uy, ..., Ug, with |U;| < 6, for i = 1,2, ...,k and X C Ule U; such

that
k
Z |le|6 <o’
=1

and so
k
Z |Ui|t < Oét,
i=1

for some t < s.
By the hypotheses of the theorem there are the mappings ¢; : U; — X
such that

d(z,y) < o HUild(e(z), ¢()), (V)z,y € U; =

K2

_ _ _ _ 1
| 1(Uq)| = sup d(yp; 1(35)790' l(y)) <a 1|Ui||Uq| < 55 =
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o (U < a7 |U ' |U" =

k k k k
DD e Wl < aT QU Ul < o
i=1 g=1 i=1 q=1

But X C Uf,q:1 lo; H(U,)[t. Therefore X has a covering by sets of dia-
meter less than %5, with the same bound on the t-th power of the diameters.
Repeating the argument, we see that there are coverings V; of X, with dia-
meters at most 27", such that > |V;|* < af. Tt follows that H!(X) < of and
dimyg X =t < s, which is a contradiction.

So, H5(X) > a® > 0.

If {U;}ien C X with |U;| < & such that X C |J;=,, then:

Sonui =3 {8 e d > w3 o =

i=1

Hy(X)>aH*(X)> m-a®>0.

Proposition 1. Let (X, d) be a nonempty compact metric space, with
dimpyg X = s. Let h be a measure function such that there is M > 0, ht(f) <M.
Then Hp(X) < M - H5(X).

Proof. Let 6 > 0 and {U; };en~ be a covering of X with sets with |U;| < 4,
(V)i € N*.

o0 o0 h, UZ . o0 .
i=1 i=1 v i=1

Hy(X) < M- H*(X).

Remarks. 1. In the theorem 1 it was also proved that H*(X) > 0.

2. The Theorem 1 and the Proposition 1 give boundedness conditions for
the Hausdorff h-measure of a compact metric space X, if h(t) ~ t*.

Indeed, if h(t) ~ t°, there is Q > 0, satisfying:

é-tsgh(t)gQ-ts,(v)t>0.

In the hypotheses of the mentioned theorems, for m = % and M = Q,

S< 1
b < =
—Q

0< CHY(X) < Hy(X) < Q- H*(X).

Ol =
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Theorem 2. Let (X, d) be a nonempty compact metric space, with dimpy X =
s < 00. Suppose that there exist a,rg > 0 such that for any ball B in X of
radius v < ro there is a mapping ¥ : E — B such that:

ard(z,y) < d(¥(x),¥(y)), (V)z,y € X.

Let h be a measure function such that there is M > 0, with ht(f) < M. Then
Hy, (X) < Ms.

Proof. Following the proof of the theorem 4 [6], it results that
dimpX =dimpX = s

and H*(X) < oo. Using the relation (5), it results that Hp(X) < Ms.

Examples.
1. Self-similar sets. For i = 1,....)k, let ¢¥; : R™ — R" be contracting
similarity transformations, i.e.

where 0 < ¢; < 1 and d is the Euclidean metric. Then, there is a unique
nonempty compact set F' C R™ that is self-similar ([8]), i.e.

If s = dimgy(F) and h is a measure function as in the Theorem 2, then
Hy, (F) < 00.

2. Dynamical repeller. If f is a C1™" conformal mapping on a Riemann
manifold with mixing repeller J ([5]), s = dimyJ and h is a measure function

such that there is M > 0, with ht(f) < M, then Hp(J) < oo.

In ([5]) it was proved that in the previous hypotheses, 0 < H*(J) < oo.
Using the Theorem 2, it results Hy,(J) < cc.

Theorem 3. Let (X, d) be a nonempty metric space, E C X, E # 0,
compact and h be a measure function such that Hj(E) < co. Let F be the
family of the closed sets in the topology induced by the metric. Suppose that
there is ¢ : F — R such that ¢ is subadditive and ¢ satisfies the conditions:

a. (F)>0,(V)F CF.

b. If F D E, then o(F) > b > 0, where b is a constant.

c. There is a constant, k # 0, such that o(F) < kh(|F).
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Then, H} (E) > b/k.

Proof. Let 6 > 0. If {U;} is a sequence of open discs that cover E, with
|Ui| <6, it will be proved that Xy, h(U;) > 2.

Since E is a compact set,

n
(neN*:E=|]JU.
i=1
We can take closed discs, Ui’, UZ-/ D U;, with the radius % close enough to

‘g | , such that

h(|U;]) < (1 + ) (Us)),

where € > 0 is small enough.
Then,

Thus, Hj,(E) > L.

Remark. The previous theorem remains true if F is replaced by the set
G of the open sets.
The Theorem 3 is a generalization of the sufficiency of the Theorem 1 [9].

Theorem 4. Let (X, d) be a nonempty metric space, E C X, E # ),
compact and h be a measure function such that Hj(E) < oo and h(t) ~
P(t)eT® t >0, where P and T are the polynomials:

Zajt]p>1a17éOT thﬂ

Jj=1

with positive coefficients. Then H} (E) > 0.
The result remains true if p>2,a1 =0 and § > 0.

Proof. Let us define the function:

¢:F =Ry, o(F)=|F|,(V)F €F.
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It will be proved that the function ¢ satisfies the conditions of the Theorem
3.

Since h(t) ~ P(t)eT® t > 0, there is Q > 0 such that:

1

g Mo < P(t)e™™ < Q- h(t), (V)t > 0.
We obtain easily the results:

a. |[F|>0,(V)F €F.

b. If F D E, then ¢(F) = |F| > |E|.

So, b from the previous theorem is |E| > 0.

c.

p(F) _ |F| | P(FeT(FD
W(IF]) ~ h(IF) — P(F)TUFD h(F)) =
7] Q
S @ BAR)ITED < gy

Using the previous theorem we deduce that:

1B

Hy,(E) > 0 > 0.

Remark. Another function that could be used to prove the Theorem 4 is:
¢ F =Ry, ¢(F) = |F(E|,(V)F €F.
a. |[F|>0,(V)F €F.

b. If F O E, then (F) = (E) = |E| > 0.
C.

W(F) _[FOE| _  [FONE|  P(F)eTIFD
R(IF))  R(IF[)  P(F])eT(FD wF)
|F Q
=6 PENTTFD = &b ay k.

So, 1 satisfies the hypotheses of the Theorem 4.
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