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Preface

The Conference of the Romanian Mathematical Society for 2000 was held at ”Ovidius’
University in Constantza, in the end of May. The organizers, members of the Depart-
ment of Mathematics in the "Ovidius” University, one of them being the dean of our
faculty, tried to do the conference going smoothly. It was a pleasure and a honor
for us to organize this conference; Viviana Ene, Dan Pavel, Elena Popescu, Magda
Stavrositu, Cristina Flaut, Alina Barbulescu have done a their best in preparing the
conference. We decided to publish some of the papers (after a refereeing process) in
our journal. Now we are accomplishing this task. The editors of the two volumes are
dr. Viviana Ene, dr. Alina Barbulescu and dr. Mirela Stefanescu. As the diversity
of the topics did not give us the possibility of putting papers in sections (in spite of
the fact that the conference has had sections!), we rather liked the lexicographical
ordering. This is always better for such situations! All the authors are, in fact,
specialists in mathematics. Usually we publish in our journal papers in languages
as English, French, German. This time we have done an exception, since we wanted
to respect the choice of some Romanian authors to use their mother language and
because of the readers of this volume, who are Romanians. Hoping that other coll-
cagues will like the volumes, we are wishing the Romanian Mathematical Society a
new century of successful activity.

Editors
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A PAIR OF JORDAN TRIPLE SYSTEMS OF
JORDAN PAIR TYPE

Eduard Asadurian and Mirela Stefanescu

Abstract

A Jordan pair V = (V*,V7) ia a pair of modules over an unitary
commutative associative ring K, together with a pair (Q4, @-) of quadratic
mappings Q, : V° — Homg(V~7,V7), ¢ = =, so that the following
identities and their liniarizations are fulfielld for ¢ = +:

JPL Dau(2,4)Qs(x) = Qu(z)D-o(y, )

JP2 Do (Qs(z)y,y) = Do(z,Q-0(y)z)

IP3 Qo (Qo(z)y) = Qu(z)Q -0 (y)Qo ().

Here, Do (z,y)2z = Qo (2, 2)y := Qo (x + 2)y — Qo (z)y — Qu(2)y-

According to an example with quadratic mappings @, : V7 —
End (V™7), we get a little different approach and we define the concept
of a pair of Jordan Triple Systems of Jordan Pair type.

1 Introduction
Let Dn be the dihedral groups of degree n, more precisely
Dn =< a,b : ]al =n, ]bl = Q’ba —- an—lb S

Usually, the elements of D, are written in the form a®0?, 0 < i < n —1,
0 < j <1, so that the underlying set of this group is

D, =<a>U<a>b, if nis an odd number,
or
D,=<a’>U<a’®>aU<a®>bU<a® > ab, if nis an even number.

If we use the notation p @, r for the sum modulo m in the abelian groug
Ry, ={0,1,...,m — 1}, then the multiplication in D, is given by the rule:

(aibj) (akbl) - ai@,,(-—i)"kbl@zj (1:
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Indeed, because ba* = a*"V*h = a=*b = a™*b, we obtain

N a{+’»’bl, if j=0,
(o't} (a*¥!) = at kol if j=1andi>k,
a™ Rl if j=1andi <k,
_ [ ai®nkptro if j=0,
T afeeERpE L =1

— aiea,,(—nfkbzem

Therefore, D, = R, & R», where the group structure on R, @ R» is defined
via the composition

(1, 7)(k, 1) = (1@, (1)K, L @5 7).

2 Some properties of the
group algebra of D,

Let K be afield and let K [D,] be the group algebra of D,, over K. Then K[D,,]
is unitary associative algebra of dimension 2n over K, noncomutative if n > 2.
A basis of K[D,] over K is the set of vectors {a*t/|0 <i<n—1, 0<j <1}
with the multiplication (1).

If we look carefully the multiplication table of K[D,] , we distinguish two
cases, depending on n being an odd and an even number. _
When n is an odd number, let Tt be the K-vector subspace of K[D,,] with
the basis < a >, and let T~ be the K-vector subspace of K[D,,] with the basis

< a > b. Then the multiplication table in K[D,]| =TT & T is

T T
T+ [T+ [T~ (2)
T T~ [T+ -

When 7 is an even number, let 4;, As, A3 and A4 the K-vector spaces of
K[D,] with the bases < a* >, < a* > a,< a® > band < a® > ab, respectively.
Then the multiplication table of the algebra K[D,] = A4 & 4> ® A3 ® Ay is

| AL | As | As | Ay
Ar | AL | As | Az | Ay
As | Ao | A1 | Ag | A3 (3)
Az | As | A | A1 | Az
A4 A4 ./4.3 As ./41
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Denote {i,7,k} = {,j,k}. Then the table (3) shows that A;A; = A, =
A;A;, so that the multiplication table can be arranged in the following form:

LA A A A
A A A A A
A | A A Ak [ A (4)
A TA TA A | A
A [ A [ A5 | A | A

Finally, if 7% = A; @ A; and T~ = A; & Ay, then the table (4) becomes (2).
Therefore, except for the detailed table (3), the K-algebra K[D,] decompost
in K[D,] = T+ @ T, with multiplication table (2).

3 A pair of Jordan Triple Systems

Let T = (T*,T) the pair of K-vector spaces defined in the previous
section §2.

Unlikely the Jordan pairs, where we have to do with quadratic mappings
Qs : T° - Hom (T7°,T7), 0 = #*, the decomposition of K[D,] =T+ & T,
via table (2), leads to the quadratic mappings @, : 7° — End (7=9). More
exactly, foranyz € T? andy € T7?,0 = %, the product zyz € T~7. Thus the
assignements z — @Q, () : y = zyz, give rise to maps @, :'T? = End (T7),
o = . Does the pair Q = (Q+,Q-), defined above, verify the conditions
JP1-JP3? For, supposing the characteristic # 2, these conditions become the
following linear identities:

JP1" {zy{zzz}} = {z{yzz}a},

IP2" {{zyz}yz} = {z{yzy{z},

JP3" {{zyz}z{zyz}} = {z{y{zzz}y}=z}.
for all z,z € T and y € T77, where {zyz} := Q,(z,2)y = D,(z,y)z =
Q(z + 2)y — Q(z)y — Q(z)y. Studying the succesion of the signs in JP1’ and
JP2' we conclude that the pair @ = (Q4, Q) cannot satisfy these axioms or
others of their type. Concerning JP3, the permited succesions of the signs in
the JP3' lead us to consider, in addition to products zyz, with x € T and
y € T77, the products zzz, with z,z € T?. So, every K-vector space T7
together with the quadratic applications P, : 79 — End(T?) defined by the
assignments r — P,(x) : £ = zzz, is a Jordan Triple System; that is, the
following identities and their liniarizations hold:

JTS1 L,(z,y)P,(z) = Py(z)L,(y,x),

JTS2 Ly (Ps(x)y,y) = Lo (2, P (y)2),

JTS3 Py (Pr(z)y) = Po(z) P (y) P (), :
where Ly{(z,y)z = P,(z,2)y = Py(z + 2)y ~ P, (2)y — P, (2)y.
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Finally, the condition JP3 is replaced by the following three connective
relations between the mapping P, and Q,:
(CRl) Qo (Pc (x)y) = Qo(z')Qo(y)Qo(m)a i
for all z,y € T,
(CR2) Py (R@-+(2)y) = Q-0 (2)Qs (y)Q-0 (2),
forallz €e T77, y € T7;
(CR3) Qo (Q-s(z)y) = Pa(x)Q—o(y)Pa(x)a
forallz e T77, yeT°.
In this way, we are led to the following definition.

Definition 3.1. Let Tt and T~ be two Jordan Triple Systems relative to the
quadratic mapping P, : T7 = End(T%), 0 = &. Let Q, : T7 — End(T~°),
o = =+, be two quadratic applications. We say that T = (T+,T7) is a pair
of Jordan Triple Systems of Jordan pair type if the connecting azioms
CR1-CR3 and their liniarizations are fulfielled for o = +.
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SOME INTERPOLATION RESULTS FOR
THE COMPLETELY BOUNDED
OPERATORS

Cristina Antonescu

Abstract

Recently prof. N. Tita had introduced the approximation numbers
for completely bounded operators and he had considered some operator
ideals on operator spaces, [11].

Using the K-real method of interpolation, [2], [6], [7], [13] we obtain
some interpolation results for these approximation ideals.

1 Preliminaries

1.1 Lorentz and Lorentz-Zygmund sequence ideals and operator
ideals

Since our constructions and implicit our results are closed related to the
Lorentz and Lorentz-Zygmund sequence spaces we shall recall, for the begining,
some notions and results related to these sequence spaces. We presume that
the sequence spaces cg, [,, where 0 < p < o0, and the notion ”quasi-normed
operator ideal” are known. We use the usual notation L(E,F) for the
Banach space of all linear and bounded operator acting between the Banach
spaces E, F, and L for U L{(E,F).

E,F Banach spaces
Definition 1 ([10])
For z = {zp},, € leo, let sn(z) :=inf {0 > 0:card{i: |z;| > 0} <n}.

Remark 1 ([10])

Key Words: Operator space, completely bounded map, approximation numbers of a
completely bounded map, the K-real method of interpolation.
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If the sequence & = {x,},, € lo is ordered such that |z,| > |Tn41], for any
natural n, then s, (z) = |z,,].

Proposition 2 ([10])
The numbers s, (z) have the following properties:

L ||z|l = s1(2) > s2(x) > ... >0, for all z = {z,,},, € leo,

2 8npm-1 (& +y) < sul@) +sm(y), forallz ={z:}; € loo,y = {yi}; € loo,
andn,m € {1,2,..}, where z +y = {z; + v},

3. Spgm—1 (-y) < sp(x)-sm(y), forall z = {z;:}; €loo,y = {yi}, €lo,
andn,m € {1,2,..}, wherez -y = {z; - yi}

i

4. If . = {z;}, € lo and card {i : z; # 0} < n then s, (z) = 0.

Let us remark the similarity between the definition of s, (z), where z =
{zn},, € lo, and the definition of the n-th approximation number of a
linear and bounded operator acting on Banach spaces, T € L{E, F').

Definition 3 ([§], [9])

Let E, F' be Banach spaces and let T € L(E, F).. The n-th approximation
nummber of T', a, (T'), is defined by

an (T):=mf{||T - S||: S€ L(E,F), rank(S) <n},
n=12,..
Remark 2 ([8], [9])

There were proved the following properties for the sequence {a, (T)}
properties similar to those of the sequence {s, (z)},, [],[]-

n?

L TN =ai(T) > ax(T) > ... >0, for all T € L(E, F),

2. pm—1 (T+S) < an(T)+am(S), forall T,S € L{E, F)
and n,m € {1,2,..},
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3. antm—1(T0S) < an(T) am(S), foral T € L(F, F),S € L(E, F)
andn,m € {1,2,..},

4.a, (T) =0, dimT < n,

5.an (Ig) =1, if dimE > n, where Ig (z) =z, forallz € E.
Definition 4 ([12])

Let 0 < p,g < 00. The Lorentz sequence spaces are defined as follows

x 1 q
g = qz={z:}; €co: |zl , =2 [i%—ﬁ - 8; (z)] < oo}, if 0 < g < oo,
i=1

respectively lp oo 1= {z = {2z}, € o : 17|l o +=sup i -5 (z) < oo} , and the

Lorentz operator spaces are defined by

Ly = {T e L:|Tl,, =Y [iF 74 a(D)] < oo} ,

i=1

if 0 < g < o0, respectively
.1
L, = _{T € L:||Tll, o :=sup i¥ - ai (z) < oo} .

Definition 5 ([12])

Let 0 <p<o0,0<g<o0and —o0 < ¥ < oo. The Lorentz-Zygmund
sequence spaces are defined by

N [.i 1 N q
lpgny = {-’” €co: ||73||p,q,7 ::Z [” " (1+1logi) si (m)] <o,
i=1
if 0 < g < o0, respectively
1 N
lpooy = {x €cy: ||a:||pyoo,7 =sup ¢r - (1+1logi) -si(z) < oo} ,
1

and the Lorentz-Zygmund operator spaces are defined by

A [.1o1 T q
L = {TeL:nTHp,m =3 [iF7F (1 + logi) i (a)] <oo},

i=1
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if 0 < ¢ < oo, respectively

L = {T eL:|IT| :=sup 7 - (1 +logi) -a;(z) < oo} )

IR
Proposition 6 ([12])

We have the following inclusions: Iy, .40 € Ipy.gy if O < pp < p1 < 00,
0 < go,q1 < 00, respectively [, ;o Cly 4, if 0 <p<00,0< qo <@g <00 (We
say that the Lorentz sequence spaces are ”lexicographic ordered”.)

Proposition 7 ([12])

The following inclusions are true lyg 4+, C. lp, 4,9, f 0 < po < p1 < 00,
0<g<oo, =00 < 7,7 <00, gy Clpgynf0<p<oo,0< g <q <
00, ¥ > 0 and lp g, C lpygry,, if 0 < p <oo,0<qg< 00,7 > 7. (Wesay
that the Lorentz-Zygmund sequence spaces are ”lexicografic ordered”.)O

We continue by giving some basic facts about the classical real interpolation
method, called the K-method, and the interpolation result proved for the
sequence spaces above introduced.

An introduction on interpolation theory can be find, for example, in [2],
[15], and for details on interpolation properties of Lorentz sequence spaces we
recommend [6], [7], [12].

Definition 8 ([2],[8])

For a compatible couple {Xp, X ), in the sense of the interpolation theory,
of normed or quasi-normed spaces, and ¢t > 0 consider the and the space
Xo + X1 := {x: there are zg € Xy, 71 € X; such that £ = ¢ + 21} and the
functional:

K (t,z) :=1inf {||lzo | Xol| + ¢t ||z1 | Xall: 2 = 20 + 21,25 € X;,i=0,1}.

Let 0 < 8 < 1 and 0 < g < oo. The interpolation space (.XQ,Xl)ey{l is
defined as follows:

1

o0
_ dt
(X0, X1)p, =z € Xo+ X1 :|lzlly, = / (0K (t,2)]" T <
0

if ¢ < o0, and
(X0, X1)g 00 := {z € Xo+ X1t |1zllp oo ::stug t7% K (t,z) < oo} .
>

It is easy to prove that [|-[|, , are quasi-norms, for any 0 < ¢ < 1 and
0<qg< oo
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Theorem 9 (reiteration theorem) ([6])

If (Ao, A1) is a couple of quasi-normed spaces and (Ey, E;) is a couple of
interpolation spaces, where E; = (A07Al)gl.,(“ ,0<8:<1,00#60,0<q; <
00, 2 = 0,1, then (Ey, El),\,p = (Ag, Al)o,p with equivalent, quasi-norms. Here
6=(1-X)-0g+A-6,,0<A<land0<p< 0.

Proposition 10 ([6], [12))

Let 0 <po<p1 <00,0<¢g<o0and0<8 <1 Then (l,,o,l.,,l)g’q =lpq

where % = %ﬁ + ’%, the two quasi-norms being equivalent.

Proposition 11 ([6], [12])

— 1 _ 1-8 : :
(!povgo>lp1,a1)g,, = lpgo where 5 = == + %, the two quasi-norms being

Let 0 < pp < p1 < o0, 0 < ¢o,q1,¢ < o0 and 0 < @ < 1. Then
]
A Po P’
equivalent.

Proposition 12 ([14])

1. Let 0 < pp < p1 < 00,0 < q0,q1,9 < 00, 0 < 79,7, < o0 and

L _ 170 , 0
0 < 8 < 1. Then (lpo,qono,lphqh.,l)qu C lpg,y, where > = =% + - and

P
y=(1-8) - 7%+0 7.

1.2 Operator spaces. Completely bounded maps

The notion of "operator space” is intermediate between "Banach space”
and ”C"-algebra”.

Definition 13 ([10], [11])

By an operator space we mean a closed subspace of L(H), the space of
all linear and bounded operators T': H — H, for some Hilbert space H.O

We shall frequently invoke an abstract characterization of operator spaces
which uses the notion of matricial structure.

We denote always by M, the space of the complex n x n matrices equipped
with the usual operator norm so M, is identified with L{I7).

Definition 14 ([10], [11))

By a matricial structure on a vector space E we mean that, for any
natural n, we are given a norm on the space M,,(E) of all n x n matrices with
entries in E.

So in particular for n = 1 we have a norm on E.

We will say that it is complete if all these norms are complete.
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Definition 15 ([10], [11])

Let E be a vector space endowed with a matricial structure. We say that
we have an Lo, —matricial structure if these norms satisfy the following
relations

Lole ®yllyy,, = max {llzll,,, llyll,,}

2. lo-z - B, < Mledl - l1zll, - I8, for all z € Mn(E), y € My(E), a,B €
M,.0

Remark 3 ([10], [11])

It was proved that for any L., —matricial structure on a vector space E
there is a Hilbert space H and an embedding of E into L(H) such that the
norm from the matricial structure on M, (E) coincides with the norm induced
by the space M, (L(H)). If the structure is complete the subspace of L(H)
will be closed.

Conversely every subspace F of L(H) is equipped with a natural L.e-
matricial structure by giving to M, (E) the norm induced on it by M, (L (H)) .

Thus operator spaces can be viewed as vector spaces equipped with a
complete L., —matricial structure.

Definition 16 ([10], [12])

Let E C L(H;) and F C L(H>») be operator spaces. Let u: E — F be a
" linear map and
Un  (245);; € Mu(E) = (u (zij));; € Mn(F). We say that u is completely
bounded, c.b., if sup |[u,]| < 0o and we define |[u||, , :=sup [Jun]| .
k13 n

Let E C L(H;) and F C L(H:) be operator spaces. We denote by
cb (E,F):={u:E — F:uis completely bounded}.

We shall always consider c.b. (E, F') equipped with |-, , -

We denote by ¢.b. := U ch (E,F).

E,F operator spaces

1.3 Approximation numbers of completely bounded operators.
Operator ideals generated by the approximation numbers

Definition 17 ([12])

Let E C L(H,), F C L(H,) be operator spaces and let u € ¢.b. (E, F).
The n-th approximation number of u, a5 (u), will be defined as follows

aft (u) :=inf{|lu—all,, :a€cb (E,F), rank(a) <n},n=12, ...
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Remark 4 ([12])

From the definition it follows that |[ul|,, = a$? (u) > a§® (v) > ... > 0.

Proposition 18 .

Let E C L(H,), F C L(H,) be operator spaces and let u;,us € ¢.b. (E, F).
The following inequality is true for every n,m = 1,2, ..., a.fl'_l;'m_l (ug +us) <
alt (u1) + a%b (uy).

Proof. Let uy,uy € ¢.b.(E,F) and m,n = 1,2,... We fix ¢ > 0 arbitrary.
There are a;, with rank (a;) < n, and a», with rank (a3) < m, such that

lus = @l < a5% (w) + §, lluz - asl, . < a5 (ug) + 5. We obtain

a"fl.—li)—.m-—l (ul + u'l) <
<l ua +u2) — (@1 + a2,

<Hlur —aall . + llue —aall.,
€
2
€ being arbitrary it follows that aS% _; (u; + u2) < a%% (w1) + aSl (u2) .0

Remark 5 .

<
<

_ .
<ot (w) + 5 +ap” (w) + 5 < ap” (m) +ap’ (w) +e.

In [12] N. Tita had considered a subclass of ¢.b., the quasi-normed operator
ideal ®—c.b. := {u €ch.:lul|$” =@ ({ag® (w},) < oo} , ® being a symmu
norming function, the construction being similar to that of the operator
ideal L{. :

We can introduce, also, other operator ideals similar to the operator ideals
Lia, Lia.y-

Definition 19 .
Let E C L(H,), F C L(H,) be operator spacesand 0 < p < 00,0 < ¢ < 00,

—-00 < v < 0. We denote by
Lebyg (B, F) =

= Queeh (BF): [ully = (i [n575 - ag? (u)]q)« <oy,

n=1
if 0 < g < o0,
2.chp o0 (E,F) = {u €cb.(EF): ||u||;';o :=sup [n% -att (u)] < oo} :
and ¢.bp 4 1= U ¢.bp g (E, F) respectively by

E,F operator spaces

3.chp g~ (B, F) =
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n=1

&, 1_1 T b 0\ @
1. du€ch (B,F): lu" = (3% [n 7 (1 +logn) afl"(u)] <oob,
if0<g< oo,
d4.cby oo (B F) =

1. {u €cb (E,F): ||u||p oo ‘=SUP [n% 1+ logn)7 it (u)} < oo} ,and
Cbp gy i= U cbp g~ (E,F).

E,F operator spaces

Remark 6 .

Let E C L(H,), FF ¢ L(H>) be operator spaces and 0 < p < 00,0 < ¢ < o0,
~00 <y <00, u € cb (EF). Then u € c.byq(E, F) & {a&® (u)}n € lpg,
respectively u € c.bp g (E, F) & {a%® (u)} € Ly

Proposition 20 .

Let 0 < p < 00, 0 < g < 00, ~00 < 7 < 0o. Then (cbyg, 154 ).
(c bp.q,vs ||u||p y 7) are quasi-normed operator ideals.

Proof. Is similar to the proof of the fact that Lp 3, L%ﬁ the classical Lorentz
operator ideal generated by the approximation numbers, are quasi-normed
operator ideals ([8],[9],[12]).00 .

We shall establish here some properties useful for the interpolation results
announced in the abstract, properties which are similar to the classical case

of LYY, Lt +-
Theorem 21 .

The following inclusions are true: ¢.bpy.q, € ¢.bp, 4, for 0 < pg < p1 < 00,
0 < q,q < oo, respectively Chpg Cclpy, for 0 <p<oo,0< g <q £
co,and ||u||p o < ||u|| p.go fOT ANY U € C.bp gq.
Proof. Let 0 < pp < p1 < 00,0 < qo,q1 € 00. U € Chpyg & {a%b' (u)}, €
bowzo C lprn = {05 (W)} €1y 4, © u € by, 4. Similar result the second
inclusion.d

Theor‘em 22 .

The following inclusions are true c.bp, 4,4, € ¢-0p; 4,7, for 0 < po < p1 < 00,
0 < g,£ o0, and any 7y,7;, respectively c.by 4oy C c.bp g, for 0 < p < o0,
0<gq <q <o00,7v>0.
Proof. We follow the same idea with the previous theorem, this time using
the lexicografic order of the Lorentz-Zygmund sequence spaces.O
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Theorem 23 .

For any 0 < p,q < 00, 0 < « the following equivalences are true:
n
lu€ecby, o {a5t (W)}, €l & {% > agt (u)} € lpgs
k=1 y

3 n
Proof. It results from the similar equivalence true for the Lorentz sequence
space.Od

2 Interpolation results for the completely bounded
operators

Theorem 24 .

Let Hi, H, be Hilbert spaces and £ C L(H,), F C L(H;) operator spaces.

If0 < po <p1L < 00,0< ¢g<00,0<8 < 1then (c.by, (E,F),cbp, (E,F))eyq =
c.bpy (E, F), where % = 11’;09 + pil, the quasi-norms being equivalent.

Proof. Let 0 < pp < pp < 00,0 < g < 00,0 < 8 < 1. It is known
that, For every T € L, K (t,T, LS,‘},),L;;;’) ~ K (£, {an ()}, ) Ipo, Ip, ), Wwhere

”» ”

~” indicates equivalence with constants that not depend on #,7, [1]. In the
same way we can prove that, for every u € c.bp, q,, K (t,u,cbyy,cbp,) ~
K (t,{a%® (u)}_,lpo,lp, ) - Hence by the definition of the interpolation spaces

niPos .
u € (cby, (B, F),cby, (E, F))y, & {a%? (u) € (Uporlpi)g , - But (Lo, Ip, )y ,
lpq, Where ;7 = 1,,;09 + p%, with equivalent quasi-norms, so {a&® (u)} €

lpg & u € cby,(E,F). In conclusion u € (c.by, (E, F),cbp, (E, F))y , &
u € ¢.bpq (E, F), and we have equivalent quasi-norms .0

Corollary 25 .

Let Hj, Hs be Hilbert spaces and E C L(H;), F C L{H,) operator spaces
If0 < po <p1 < 00,0< go,q1,9 < 00,0 <8 < 1then (c.bpy g0 (E,F),cbp q (
cbpg (B, F), where L = 1=¢ 1 2 'the quasi-norms being equivalent.

Proof. By the above theorem and the reiteration theorem.O

Theorem 26 .

Let Hy, H, be Hilbert spaces and E C L(H, )}, F C L(H,) operator spaces
If0 < po < pp < 00,0 < go,q1,9 < 00, 0 < 75,7, 0 <8 < 1 ther
(C'bpo,qo,"/o (E) F) ’c'bply(lly’h (E’ F))g’q g c-bp,q,'y (E, F), where % = 11);00 + 1%
and y=(1-8) -v,+6 7.

Proof. N. Tita had proved the following result:
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Proposition 27 .

Let E,F be Banach spaces, 0 < pg < p1 < o0, 0 < qo,ql,q < 00,0 <
Yo,71 < 0 and 0 < 6 < 1. Then (Lfg0 worvg (B F), LN (E,F)) C

8¢
qu,(E Fy, where = 11);09+ p% andy=(1-6)-v+8-v,.
Taking account of the similarity between L,(,‘;zqo,»,o and c.by, ¢q,, W€ Can
prove the inclusion from our theorem.O

Remark 7 .

1. Other interpolation results for the spaces ¢.b, 4,4 (E, F)can be obtained
by using the "real interpolation method with functional parameter”
owed to C. Merucci. Results of this kind have been obtained by F. Cobos, for
the ideals L;,(;),qo,yo in [4].

2. We have determined,by means of estimates of Claude Merucci interpolation
method, some interpolation results for the sequence spaces of the type l(q;a)p,
where 1 < p < 0,

1

koo, = (7 ={zi}; € loo el (Zal s; (2)) ) < o0

, a = {a;},, being sequences of real numbers of a certain type, also, results,
of the same kind, concerning the interpolation of the operator classes

1
(Zanan >p<oo ,

n=1

12, 6.0 - {rese.m [, |

(1.
Using the same ideas we can, also, obtain similar results for the operator
ideals c.bg
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ABOUT THE POSITIVITY OF THE
HAUSDORFF H - MEASURE

Alina Barbulescu

Abstract

The purpose of this paper is to generalize the theore:ms 8.6. and
8.11. from [1], which give the estimation of the Hausdorff measure of a
set.

1.Introduction

e We denote:
R*"=RxRxX..XxR
— ——

o= ()

the norm of x, (V) z = (21,22, ..., 2n) € R

d(z,y) = sup |z ~y|,(V)z,y € R,
z,ye€E

the distance between x and y;

d(E) = sup d(z,y),(V)E C R”,
T, yEE

the diameter of E.

17
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e If E C R",5,6 € Ry, let H} be the number
(o]
Hy =inf Y d(E:)°,
i=1

inf beeing over all the sets {E;};. . C R™, with d(E;) < 4, covering all
poins of E and:

H}(E) =lim Hj(E) =sup Hj(E),
§—0 5>0
the s-dimensional Hausdorff exterior measure of E.

The restriction of HS on the field of the H:-measurable sets, denoted by
H? | is called the s-dimensional Hausdorff measure of E

o If E C R", s € R, the unique real number, denoted dimE, which
satisfies:

H°(E) =c0if0<s<dimE and H*(E) =0if dimE < s < o
is called the Hausdorff dimension of E.

A H®-measurable set, A C R™ such that 0 < H*(E) < oo is called a s -
set.

Let E be a subset of R™ and 6 > 0. A § - parallel body of E is the close
set of the points situated at the distance é from E, that is:

E|, = "nf |z —y| < 6.
[E]s {zGR inf |z yl_}

The Hausdorff metric is defined on the set of all compact and nonvoid
subsets of R™ :
A(E,F)=inf {6 : E C [F]; and F C [E];}

Let h(r) be a continuous function, defined on [0, 7¢) , (o > 0), nondecreasing
and such that lir% h(r) =0, called a measure function.

Let £ C R'g_t')e a bounded set, § € Ry. If:
Hps(E) =inf ) h(p;)

inf beeing over all coverings of E with a coutable number of spheres of radius
p; <6, we define the Hausdorff h-measure of E by:

Hy(E) =lim Hy5(E).
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e Let ¢,,p, > 0 be functions defined in a neighborhood of 0 € R*. W
denote by:

@1 ~ @, forz — 0,

if there is r > 0, @ > 0, satisfying:

591(0) < 93(a) < Qe (o), (Vo € R Ja] <

e A mapping ¢ : R® = R" is called a contraction if |[¢(z) — ¥(y)| -
cle —y|, for all z,y € R™*,where ¢ < 1.

The ratio of the contraction is the infimum value of ¢ for which thi
inequality holds for all x,y.

A contraction that transforms every subset of R™ to a geometrically simila
set is called a similitude.

e A set E C R™is called invariant for a set of contractions v,,%,,...,%,
if
E =2 4.(E).
2 4(E)
o If {1,/1j }j::l 5 m is a set of contractions, let denote the transformatio

of subsets of R" defined by: ¢(F) = ﬁll ¥, (F).
]:

We denote the iterates of ¥ by: ¥°(F) = F and ¢**1(F) = ¢ (" (F)) fo
k>0.

e If V is a bounded open subset of R™,an osculatory packing of V is
sequence of closed balls {B;};c . such that, for each j, B; is the larges

ball (or one of the largest) contained in V— IfC/l B;.

=

The Apollonian packing is obtained if V is the interior of a curvilinia
triangle in R?.
E=V- '”:/11 B; is a close set, named the residual set of the packing

1=

2. Known results

Lemma 1 Given a set of contractions {z/zj}
ratios r; < 1 there exists a unique

L on R™ with contraction
i=1,2,....m
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Fard dificultate se aratd cd dacd = € R, Vk = 1,n, atunci

1 1 1 On—r(ZT1,Z2,-..,Tn)
Or|l—y— -y — | = : , Vr=0,n,
1 I2 T 011(11;2:2; e ,il'n)

si cad

O_(_]‘_ __1_ 1): U(zlam?.w")mn)'

1’171'2"”’13_11 Un(zlax2y-'-azn)
Fiea,b € R, a < b, s =a+ b € R si functiile continue
f R R, g :R - R%, k=1,n cuproprietitile

- existd ¢ € R\ {1} astfel incit f(s — z) = c- f(z),Vz € [a, 0],

- gi(z) gi(s —z) = 1,Vz € [a,b],Vk = 1,n.

In conditiile enuntate mai sus demonstram :

Teorema 1. Are loc egalitatea:

b
/ F(3) oy (@), g2(2), .. gn(2)) - dz =

C

b
= 55 [ @) (0100, 02(0), - 9n(a) s =

n b
:cfl Z/ f(z) - Ingg(z) : dz,
k=1"¢

n condititle precizate anterior.
Demostratie. Demonstram mai intai urmatoarea :

Lemd. Dacd h: [a,b] = R, este o functie integrabild, atunci

/{;bh(z) :dx:/abh(a%—b—x):dm.

Demonstratia lemei. Facem schimbarea de variabild

t=p(z)=a+b—z,cuy(z)=~1,pla) =b, p(b) = a si atunci :

/:h(:didx=—/ah(a+b—t):dt:/abh(a+b~z)dz

b

(10)
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ceea ce incheie demonstratia lemei.

Sa trecem acum la demonstratia teoremei 1.
In relatia (10) considerdm h : [a,b] = R,

h(.’E) = f(l‘) ’ 11’10’(91 (Z‘),gg(l’), R )g‘n(z))

si astfel obtinem :

) .
1=/ £(2) o (g (2), ga(3), - ., gul2)) i =
b .
:/ fs—z) -Ino(gi(s —z),92(s — z),...,gn(s — 2)) dz =

:c'/bf(””)'ln" (glza:)’gz}m"“’gntz)) =

( ) 92(1')) . ..,gn(.’I})) _
- / fe Yo gl( ),92(2), -, ga(2)) =

=c-/ (@) no(g (@), g2(2), . ., gn(a)) da —
b
—c-/ (@) Tnon(91(2), 02(2), ... gu(2)) do =

b
:c~]—c~/ f(z) -Inop(g(z),g2(2), ..., gnlx))dz =

b n
=c~I—c-/ (f(m)-Zlngk(z)) r=c- I—cz (z) - Ingp(z) dz
@ k=1

k=170

de underezulti cid: (c—1)-I=c-Y,_, f: f(z) - Ingi(z) dz adici relatia
din enunt.

Corolar 1.1 Dacd v : R = R este o functie continud §i tmpard iar
gr(z) = (k + 1)) k =1 n, atunci in conditiile teoremei 1 avem:
b
I=/ f(z)-Ino(g:1(z),g2(),...,gn(z d.'r—-— Z )-In(k+1)“®dg=
a Iv 1 a

n

¢ b
= S0 f@)-u(z)- In(k +1)dz=—

c—1
k

b
k+1)-/ f(z) u(z)dz=

—_17a k=
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_c-Inf(n+1)})
= p— / flz (11)
Corolar 1.2. Dacd g1(x) = ¢g2(z) := ... gn(z) = g(z) , unde g : [a,b] = R

au proprietdtile cerute in teorema I, atunci (9) devine :

b
/ flz) - In(l + g(x))"dz = / flz) - Ing™(z)dz &

<:>n-/ f(z) - In(1 + g(z))dz = n-/ f(z) lng(z)dz &

<:>/ f(z) In(1 + g(=) / flz) In flz (12)
Aplicatii
A.1.1. Dacd in corolarul 1.1 considerdm a + b = 0si ¢ = —1 rezultd ci f

este o functie impara si atunci :

b
/_b (@) 1n0(g1(2), 92(2), ..., ga()) dz =

LG b
% ;/ ) - Ingi(z)dz = %-ln((n+1)!) /_bf(m)-u(rc)d:z: (13)

Dacd in (13) ludm n = 2, obtinem cd

b b
/ F(z)-1n (1+2u<m> + gule) +6“<w>)dz= %.me-/_bf(x)-u(x)‘dz. (14)

—b

In cazul in care b = %, f(z) =sin2z, u(z) = sinz, din (14), rezultd

/ sin2z - In (1+251113; +35111:1; +65m.~u) dr =
/-3

% 2
—-In6- / sin2z - sinz dx = 3 In6.
Prin urmare am obtinut solutia Problema 23271 propusd de D.Acu in Gazeta
Matematicd nr. 5/1995 pag 233.

A.1.2. Dacd in corolarul 1.2, a+ b =0, 6 > 0 5i ¢ = —1 rezultd ca f este
impara g1 atunci :

/ f(&) In(l + g(z / f(z) - Ing(z (15)
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Daci in (15) ludm g(z) = d“*), unde d € R \ {1} iar u: [~b,b] = R este o

functie impara , rezultd :

b o) 1 b
/_bf(a:)~ln(1+d )dm:i-lnd-/_bf(x)-u(z)dx.

(16)

Deoarece functia f-u : [a,b] = R este o functia pari din (16) deducem c¥

b b
/ £(@) - In(1 +d*®) dz = Ind - / (@) - u(z)dz.
—b 0
Pentru cazul f = v din (17) obfinem :
b b
/ f(z) In(1+d"®)de=Ind / *(z)dz,
—b 0
de unde, pentru b = 1, rezultd :
1 1
/ fz) -In(1 +d/*)dz =Ind - / f3(z) dz.
—1 0
Din (19), ludnd f(z) = z, obtinem ci:

1 1
" . 1
/ m-ln(1+di)dz:lnd~/ z%dr = = -Ind.
-1 Jo 3
Teorema 2. In aceleagt conditii din teorerna 1, are loc relafia:

b 2 2c
| £@) 10 0(01(2),02(0), . 9 (@) do = -

b
. / f(z) - Ino(gi(z),...,9:.(2)) Inon(g1(z),..., gulx)) dz—

C

b B
= [ 1@ W nla@.92(0). . u(@)de

Demonstratie. Notim :

b
J = / flz) - In*0(g1(z), g2(z), . . ., gn(x)) dz

si atunci, conform lemei, avem:

b
J = / f(s—1x) - In%o(gi(s — 2),92(s — x),...,gn(s ~ 7)) dz =

(17)
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dr =

—c. / flz n2 o(g1(z), g2(z), ..., gn(T))
Tn0 gl( ) g)( ) >gn(z))

=¢ / @) (no(gi(z),. .., gn(2)) —Inon(g(x),. .., gn(x)) dz =
b '
= c-/ f(z) - In?o(gi(z), 92(x), ..., gn(z)) dz—
b
_20/ f(@)Ino(g1(z), g2(z),. .., Gn(2))on(g1(2), 92(x), ..., gn(x)) da+

fe. / F(2) 10 (01 (), g2(2), . .., gn(@))dz

(/f YIno(gi(xz g.n(:v))lnan(gl(a:),...,gn(x)) dz—

- / F(@) 107 00(1(2), 92(2), .., gal2)) da
a
si astfel teorema este demonstrata.

Corolar 2.1. Daci g1(z) = g2(x) = ... = gn(z) = g(z), atunci

(/b f(z)-In?(1 +g(x)>~d:c =

, b b
= _° (2/ f(z)-In(l + g(z)) - Ing(z)dx — / f(z) - 1n g(a:)) dz (21)

c—1

Aplicatia 2.1. Daci in (21), g(z) = e“*) unde u : [a,b] = R este
continud §i u(s - z) = u(z), vz € [a, b], atunci :

b
/ F(z) (1 + e®))da =

:c ( /fx) In(1 + e“®)). dm—/ flz )dac (22)

Dacd in (22),a+b=10,b> 05l f = u, atunci f este impara §i prin urmare

/ " fle) (4 ) dr = / " PG (2
—b J—b
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In sfarsit, dacd in (23), b= 1si f(2) = z, atunci

1 1
/ z-1n*(1 + e*) dx = / 2% - In(1 + €°) dz. (24)

-1 J-1
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SIRURI DE TIP EULER DEFINITE PRIN
POLINOAME

D.M. Batinetu - Giurgiu si Augustin Semenescu

Fie P € R4[X], grad : P = m € N* un polinom de gradul n adica
P=apX™+a; X" +ay X"+ .. +amaX +an

cuag € RY.
Vom numi sir de tip Fuler definit de polinomul P un sir

7mn
P'(k)
(zn)nZIa I, = —lnP(n)+,§W, (1)
unde
P =mapeX™ '+ (m—-1)a, - X%+ (m— 2)a2X'”_3 . F 2am 2 X + A

este derivata polinomului P.

Teorema 1. Oricare ar fi polinomul P € Ry[X], grad : P = m € N*
sirul de tip Buler (z,)n>1 definit de polinomul P este convergent.

Demonstratie. Considerdm sirul constantei lui Euler
n 1
(’Yn)nzl)’\/n =-lnn+ Z E
k=1

despre care stim c& este convergent cdtre celebra constantd a lui Euler, v =
0,577215664901532. . .

S& mai considerdm sirul (un)n>1, Un = m -7, — T, despre care vom

demonstra cd este convergent adicd existd v = llm wu, € R, de unde va
n—0

rezulta cd existd lim z, = lim (m-v, —u,) =m-v—u, adicd sirul (z,)n>1

N—00 n—o0 -

este convergent, ceea ce va demonstra enuntul.

33
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Este evident c¢i :

Up =m-7y, — Tn =0 P(n) —Inn™ +m Z-}lg k =
k=1 k=1
P(n) ~~m-P(k)—k-P'(k)
=1 ¥n € N*. 2
nnm +,§ k- Pk) , n € (2)
Prin urmare,
U, = 1In: P(n) +
n'm

+zn:m-a0'km+m-a1-k"”_l+m-a2-km‘2+...+m-am_1-k+m-am_

Pt k- P(k)
- m-ag- k"™ 4+(m -1 -a; - k™ + .+ 20,1 -k A @y k _
Pt k- P(k)
=In: Pn)
nm
4 2 1.ay - kMR +2-a2-km‘2+...+(m—1)~am_1-k+m-am
k=1 k- P(k)
Vn € N*. (3)
In continuare tinem seama c3 lim i(,ff) = ap §i notdm
n—r oo
n
= t-a k™t — N*. 4
n=3 () ) e @

Este evident cd yn4+1 > yn, Vn € N* adicd sirul (yn)n>1 este strict crescator.
Totodati , s& demonstram ca :

m m—t m—i
-k -k

Sic i _
0<yn= Z k p(k) < Z ao km+1 -

1 n m 1 m nn 1
=—_'Z<Zt'a"w> Sa_'lrsﬁtaéﬁlat'ZZki‘H =

do k=1 \k=1

m n
m Z 1 .
- a lr<ntagfn a t ( ki+1> ’ Vn € N*. (5)
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Dacd tinem seama cd girul (vp)n>1 , Vn Zk L k(+1 , t >0, este
convergent, rezulta ca el este marginit. Prin urmare, existd M > 0 astfel incat
v, < M, Vn € N*.

Tindnd seama de marginea sirului (v,)n>1, din relatia (5), deducem ¢4 :

0 <y, < — M- max a;, VneN"
ag a<t<m
adicd sirul (yn)n>1 este marginit superior.
Deoarece (yn)n>1 este strict crescator si marginit superior rezultd ci el este
convergent adicd existd y = lim ¥, € R .
=300

Conform relatiei (3) avem :
P )
n:hl-n(%)-kyn, V7L€N*. (6)
Din (6), rezultd ci existd :

P(n
lim u, = hm Y + In ( lim L) =y+lnag € R,
n—r o0 m
adicd sirul (un)n>q este convergent.
Cu aceasta teorema 1 este demonstratd adica sirul (zn)n>1 este convergent
si im z,=m v—y—1Inay € R.
n—00

In [7] prin aplicatia 12, Mihdly Bencze arati ci §irul (Zn)n>1 de termen
general z, = —In (n+vVn?+1) + 3/, Tl este convergent cu
lim z, = 0,498114385959..

n—oo

In continuare ne propunem s3 generalizim acest rezultat.
Pentru aceasta fie m € R3; a,b € R, i functia

F:R}, - R, F(z) =In (V2™ +a + Va" +

functie care este derivabild cu derivata f = F': R; = R,

m—1

_m . z
fla) =14 (zm+a)(zm+b)

Cu ajutorul acestor functii, construim girul de numere reale, (zn)n>1,

Tn = ~F(n)+ i:f(k) = —In(v/n™ + a + V™ + b)+
k=1

m—1

5 T G

Fa)nm+b)
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S3 observam cé, dacd a = b = 0, atunci :

z'nz——ln(Q'\/TW)-i-% Z

| =

n
7 1 m .
ln2—5<lnn—g E>:—1n2+3~7n, Yn € N*.

k=1

Prin urmare, in acest caz, sirul (z»)z>1 este convergent si

lim m,b=—ln2+%-’y. (8)

n-—300

In continuare vom considera a # 0 sau b 7 0 si vom demonstra:

Teorema 2. Pentru orice m > 0 31 orice a,b € Ry cua+b > 0 sirul
(Zn)n>1 definit prin relatia (7) este convergent.

Demonstratie. Fie (y,)n>1 sirul de termen general

™m m
yn:—-'y,n—a;n=—5-1nn+ln(\/nm+a +vn™m +b)+

m n Em—1 \/nm +a+ \/nm +b
- =In +
N k™ + a) (k™ + b) ™
" .,
1 km—l
"”-Z(r _ ) neN". (9)
@ 2\k Jomra) (nrD)
S3 observam ci lim ——V”mi‘}fn— Vb — 2, de unde deducem c :
n—o00 n

V™ a4+ /™ 4+ b

lim In - =In2. (10)

n—300 nm

S& notdm :
n F
1 km—l
= - — , m€EN™ 11
; (k \/ka+a)(km+b)> (1D
5l atunci :
m m b . .

yn = In VR a+ v/ + LT wn, Vn €N (12)

o2
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Rezultd atunci c¢a :

() — 0 YT ARV g

n’lTL

m m
ﬂTnZE"Yn—yn:?

Dacd vom ardta ca sirul (u,)n.>1 este convergent, din (12) rezultd ci sirul
(Yn)n>1 este convergent iar din (13) deducem ca sirul (z,,)n>1 este convergent
cu

m
lim z, = — - (v—- lim u,)—In2. (14)
n—oo 2 n—00

Deoarece , % SR S % - ";—n_l =0, Vk € N*, rezultd cd girul

(k™ +a) (™ +b)
(un)n>1 este strict crescitor.

Totodats avem :

B n 1 ~ fm—1 3 n \/(knl +a) - (k™ +b) — k™
Un = Z (k: \/(kvn +a)(k™ + b)) N Z k- \f(km + a) (k™ + b)

k=1 k=1

_ Z (km + (1) (km + b) _ k.'Zm
k- \/ km+a)(k7”+b) (\/(k”‘—i—a)(k’"—f-b)—}-km)

Z (a4 b)K™ + ab <
k- \/7777. + a km + b) (\/(km 4 a)(km + b) + k.m)

n

- a+b+ab)k’" 1 ,

Deocarece m + 1 > 1 rezultd ci sirul (hp)n>1, hn = Y.peq mesr eSte
convergent si atunci girul (A,),>1 este marginit. Prin urmare existd A > 0
astfel incat h, < A, ¥n € N*. Din relatia (11) deducem ci u,, < (a+b+ab)A =
B, ¥n € N*. Prin urmare existd B > 0 astfel incat u,, < B, ¥n € N*, ceea ce
aratd cd girul (un)n>1 este marginit superior.

Deoarece (un)n>1 este strict crescdtor i marginit superior rezultd cd el

este convergent. Deci existd lim u, =u € R*
n— o0

Din relatia (14), obtinem cd existd lim z, = % -(y —u) —In2 € R, ceea
n—rCO

ce aratd convergenta sirulul (z,)n>1.
Cu aceasta teorema 2 este demonstrata.

Aplicatie. Dacd a =0, b =1 atunci

—In(n+vn*+1)+ +Z\/k’—



38 D.M. BATINETU - GIURGIU §I A. SEMENESCU

si, conform teoremei 2, rezultd cd girul (z,),>1 este convergent. Am obtinut
astfel aplicatia 12 din [7].

Bibliografie

1. Batinetu-Giurgiu M.D., Asupra unor probleme ale lui Mihail Ghermdnes-
cu. Constante Euler-Ghermdnescu, Gazeta Matematicd seria B, Nr.10/
1993, pag.341-343.

2. Batinetu-Giurgiu Maria, Batinetu-Giurgiu M.D., In legdturd cu sirurile
constantelor lui Fuler 51 A.G. Iouchimescu, Gazeta Matematicd seria B, -
Nr.9/1995, pag.430-441.

3. Batinetu-Giurgiu Maria, Batinetu-Giurgiu M.D., Siruri de tip Euler-
Toachimescu, Lucrarile Seminarului CREATIVITATE MATEMATICA,
Universitatea de Nord din Baia Mare, Facultatea de Stiinte, vol.7 (1997-
1998), pag.13-20.

4. Bitinetu-Giurgiu Maria, Batinetu-Giurgiu M.D., Convergenta unor girurt
de tip Euler, Gazeta MatematicX seria A, Nr.4/1998, pag.266-273.

5. Batinetu-Giurgiu M.D., About Mihdly Bencze sequence, Octogon Mathema-
tical Magazine, vol.8, Nr.1, April 2000, pag.195-197.

6. Batinetu-Giurgiu M.D., Semenescu Augustin, Asuprae unor siruri de tip
Euler, A treia Conferintd Anualid a S.S.M.R., Universitatea din Craiova,
mai 1999.

7. Bencze Mihdly, Generalization of Euler constant, Octogon Mathematical
Magazine, vol.6, Nr.2, October 1998, pag.98-100.

Colegiul National ”Matei Basarab”,
Str.Matei Basarab 32,

sector 3, Bucuresti, 70096,
Romania

Politehnica Bucuresti,

Splaiul Independentei 313, sector 6 ,
Bucuregti, 77206,

Romania



goNuS

Cy

o v

An. St. Univ. Ovidius Constanta Vol. 8(1), 2000, 39-44

LINEAR FEEDBACK FOR OPTIMAL
STABILIZATION BY BOUNDARY
CONTROL OF SEMILINEAR HEAT
EQUATION

Maria Batinetu-Giurgiu

An optimal stabilization by boundary control problem attached to semiline-
ar equations with analytic semigroups is considered. The case of semilinear
heat equation is included and discussed. The optimal control, that stabilizes
the evolution minimizing a quadratic performance index, is got and characteri-
zed under the feedback form.

Using [1] we give some results concerning the semilinear equations with
analytic semigroups. For that we consider the initial value problem for a
semilinear equation

du(t) — :
o T Aut) = F(tu(t) 1

u(to) = zo

which occurs often in the applications. The operator —A from (1) is the
infinitesimal generator of an analytic semigroup T'(¢), t > 0 on a Banach space
X.

DEFINITION 1. A function u which is differentiable almost everywhere
on [to,T] such that v’ € L*(0,T;X) is called a strong solution of the initial
problem (1) if u(to) = zo and u'(£) + Au(t) = f(t,u(t)) a.e. on [to,T].

A continuous solution u of the integral equation
-t
u(t) = T(t — to)uo + / T(t — s)f(s,u(s))ds, -(2)
Jio
will be called a mild solution of the initial value problem (1).

39
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In the sequel we are going to assume conditions on the operator A, on the
semigroup T'(t), t > 0 and on the function f such that we will be able to
obtain unique global strong solution of the initial value problem (1).

So, through all our considerations we will assume that —A is the infinitesi-
mal generator of an analytic semigroup 7'(t) on the Banach space X. For
convenience we will also assume that T'(t) is bounded, that is ||T'(¢)|| < M for
t > 0, and that 0 € p(—A), i.e. —A is invertible.

We note that if —A is the infinitesimal generator of an analytic semigroup
then —A — af is invertible and generates a bounded analytic semigroup for
« > 0 large enough. This enables one to reduce the general case where —A4
is the infinitesimal generator of an analytic semigroup to the case where the
semigroup is bounded and — A is invertible.

iFrom our assumptions on A it follows see [1] Section 2.2.6 that A* can
be defined for 0 < & < 1 and A® is a closed linear invertible operator with
domain D(A®) dense in X. The closedness of A~ implies that D(A%) endowed
with the graph norm of 4%, i.e. the norm |||z||| = ||z|| + ||4%z||, is 2 Banach
space. Since A® is invertible its graph norm ||| - ||| is equivalent to the norm
llz|le = ||A%z||. Thus, D(A*) equipped with the norm || - ||, is a Banach
space which we denote by X,. From this definition it is clear that 0 < a <
implies X, O Xg and that the imbedding of Xz in X, is continuous.

Assumption (F). Let U be an open subset of R x Xo. The function
f U — X satisfies the assumption (F) if for every (t,z) € U there is a
neighborhood V C U and constants L > 0, 0 < vy < 1 such that

1f (b1, 21) = flt2, z2)| < L[ty — t2]” + |lz1 — 32][a) (3)
for all (t;,z;) € V.

THEOREM 1. Let 0 € p(—A) and let — A be the infinitesimal generator
of an analytic semigroup T(t) satisfying ||T(t)|| < M fort > 0. Let f :
[to,0) x Xo — X satisfy (F). If there is a continuous nondecreasing real
valued function k(t) such that

(&2 < k@1 +||z]lo) for t2to, z € Xa (4)

then for every zo € Xo the initial value problem (1) has a unigue solution u
which exists for all £ > 1.

Next we restrict our attention to applications which are related to the
solution of initial value problems for partial differential equations. In the
applications of the abstract theory, it is usually shown that a given differential
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operator A is the infinitesimal generator of a Cy semigroup in a certain concrete
Banach space of functions X. Further on we will consider the case of parabolic
equations.

DEFINITION 2. Let Q2 be a bounded domain in R™ with smooth boundary
AN. Consider the differential operator of order 2m,

A(z,D) = > ax(z)D® (5)

|a}<2m

where the coefficients aq(x) are sufficiently smooth complez-valued functions
of z in ). The principal part A'(z, D) of A(z, D) is the operator

A(z,D)= > aq(z)D. (5"

|a|=2m

The operator A(z, D) is strongly elliptic if there exists a constant ¢ > 0 such
that

Re (-1)"A'(z,§) > cl¢]™™ (6)
for all z € Q and £ € R™.

DEFINITION 3. Let A = A(z, D) be a strongly elliptic operator of order
2m on Q. We set 4,, 1 < p < 0o, as being the operator associated with A
defined by

D(Ap) = W2™P(Q) N Wg™(Q) (7)

and
Apu = A(z,D)u for we D(4,). (8)

We note that the domain D(A,) of A, contains C§°(§1) and it is therefore
dense in L?(Q?). Moreover A, is a closed operator in LP(£2).

THEOREM 2. Let A(x, D) be a strongly elliptic operator of order 2m
on a bounded domain 2 with smooth boundary 90 in R™ and let 1 < p < 0.
If A, is the operator associated with A then — A, is the infinitesimal generator
of an analytic semigroup on LP(Q).

With these the problems considered in [4] and [5] could be treated as
we have shown above. We just want to emphasize that in [4] the authors
assumed that the nonlinear term f satisfies a suitable growth condition at oo,
that allows superlinear growth of | f|. For such a case the method of iterated
logarithms is used.
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Using the ideas from [2] and [3] the optimal stabilization by boundary
control of a semilinear heat equation is studied. A feedback solution is obtained
that stabilizes the evolution minimizing a quadratic performance index.

Let A, B, C be constant matrices of m xm, m x k, 2xm type with A stable,
G a constant matrix, semipositive definite of m xm type, N a constant matrix,
strictly positive definite of k x k type, U = LE([1, o0); RN, () € C([r,o0; R),
zo € R™, K : [0,1] x [0,1] = R integrable having the following property of
positivity '

/0 / K(z, )x(@)x(©) dz e >0, (V)x() € C'(I,00); R),

D = {(t,z)|t€[0,00), z€]0,1]}.

Let us consider the following boundary value problem

[T ey
= z v = v1 (t) . o0
o) = €200, ) = (29 ), (€ o.00) o
dz
n = Az + Bu(t), uel
y(0,z) = w(z), (V)ZL‘ € [0) 1], Z(O) =20

\

The problem (9) can be transformed into a initial value problem for which one
can apply T.1. About the function f from (9) we make the assumption that f

satisfies the assumption (F). Let ( Z" ) be the solution of the problem (9)
U

corresponding to the control u(-).
We associate to the problem (9) the following quadratic cost functional

I, uo:/mf((T>Jﬁ(mdu (10)
HaaE ‘

where

F(( )= [ [ k@ om0 0 des

u

+ < Ga(t)2(t), 2(t) > + < Nu(t),u(t) > . (11)
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The optimal control problem consists of finding a control function @ € U
so that

J((p>(ﬁ)§J<(p>(u),(V)u€U (12)
Z2p 20

A straightforward calculation leads us to the following representation of
the cost functional

oy () eec (2) (1)
20

+ < u, Ru >, (13)

where R : U — U is a selfadjoint operator and r, p have the following property:

OO

i, From the hypothesis of positivity imposed to G, N, K it follows that

zZ0

J( 20 )(u)=<u,Ru>_>_6]]u]|2, §>0. o (14)

(From (14) using a theorem of minimizing coercive forms it follows the
existence and uniqueness of the optimal control @ ( 0 ) (+), for the problem

20
(9), (12) and this admits the representation

u( ’ >(t):—R_lr<< i ))(t). ' (15)

20

Let X = {( Z ) 1} € ¢([/,0};R), § € R\ a column vector}. We endow

the space X with the following scalar product:
1
g1 g2
< , >= g (x)dr+ < 21,23 > .
(Z1><Zz> /091()92()90 1,22 >R

THEOREM 3. LetV (( ;‘0 )) be the optimal value of the cost functional
0

V(( Lp)) = J U . Then there exists H : X = X a
Zp (SO) ((p)
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selfadjoint operator, so that V (( ¥ )) =< ( v ),H( v ) >.
20 20 20

The proof follows the ideas from [3].

THEOREM 4. The optimal control ﬁ( o ) admits the representation

Zo
under the feedback form

()
U t)=~-N"'(OB"H .
(<p>() ( )<2(t)>(¢>
20
For proof see [3].
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ELABORAREA DE SOFTWARE APLICATIV
INTELIGENT

Gheorghe Cidpatina

In lucrare este expusi o tehnologie de elaborare a Sistemelor Informatice
(SI) cu functionare in timp real, care permite utilizatorului final de sine
statdtor si fard asistentd din partea elaboratorului, pe de o parte, sd formuleze
si si rezolve probleme noi din domeniul siu de activitate, iar pe de altd
parte, sd efectueze modificirile necesare ale produselor software in procesul
exploatarii SI, fard a afecta fiabilitatea acestora.

Produsele software aplicative, elaborate de autor si implementate la diverse
unitdti economice, satisfac aceste restrictii din motiv ¢, produsele software au
o arhitectura originald si sunt elaborate conform unei tehnologii informationale
proprii.

Domeniu de Activitate - DA (t) este numitad o totalitate de obiecte (esente)
si relatiile dintre acestea, de proceduri de transformare ale acestor obiecte
in procesul solutiondrii problemelor din acest domeniu [1]. Elaborarea de
software aplicativ pentru rezolvarea problemelor dintr-un oarecare D A(t) este
echivalentd cu realizarea modelului semantic a acestui domeniu pe calculator.

Vom numi Universul unei (unui set de) Probleme - UProb(t) o submultime
a DA(t), folositd In procesul solutiondrii pe calculator a problemei (setului de
probleme) date.

Un DA(t) constd din unul sau mai multe U Prob(t):

DA(t) = UProby (t) U...U UProb,(t).

Notam prin CONCEPTE multimea de obiecte gi relatii ale DA(t), pentru
care se solicitd elaborarea de software aplicativ :

CONCEPTE = {OBIECTE,RELATII}.

In baza multimii CONCEPTE se elaboreaz3 limbajul profesional numit Limbaju
Utilizatorului (LU). Acesta este un limbaj neprocedural, care permite utilizatoru
lui final de sine statétor si fird asistentd din partea elaboratorului s formuleze
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si sd rezolve probleme din domeniul de activitate DA(¢). Software aplicativ,
destinat rezolvirii pe calculator a problemelor din DA(t), este dotat cu un
procesor al LU.

In multimea CONCEPTE selectam submultimea

CV AR(t) = {Cuvar;(t) : i =1,...,4} a ciror semantici este variabili, adici
evolueaza.

Conceptele acestei submultimii pot fi reprezentate sub forma de reguli:

REGULAL : IF Cvar;(t) & (t < t2) THEN < semantica Cvar;(t) >,
REGULA2: IF Cvar;(t) & (t1 < t < ty) THEN < semantica Cvar;(t) >,
REGULAS3 : IF Cvar;(t) & (t1 < t) THEN < semantica Cvar;(t) >,

unde, t; si t; sunt respectiv timpul initial si cel final de valabilitate a versiunii
date a semanticii conceptului. Descrierea semanticii fiecirui concept din multi-
mea CV AR(t) reprezintd un set de reguli, in care prima reguli, inclusi in baza
de cunostinte, este de tipul REGULA1, dupi care urmeazi reguli de tipul
REGULAZ2, iar ultima este de tipul REGULA3.

Elementele submultimii CV AR(t) sunt realizate utilizind metoda interpreta-
rii, care permite utilizatorului final acces la modificarea semanticii conceptelor
din aceastd submultime.

Celelalte concepte sunt realizate printr-o metoda care nu permite utilizatoru-
lui final acces la modificarea semanticii acestor concepte. Realizarea acestora
poate fi efectuatd utilizind atit o tehnologie conventionald de programare, cit
gi una originald pentru proiectarea unui procesor (motor inferential) cu o bazi
de cunostinte a DA(1).

Un produs aplicativ inteligent, realizat cu contributia tehnologiei informationa-
le propuse are urmdatoarea structura:

[BAZA DE DATE (actualizat3 in timp rea,l)J

0

BAZA DE
BAZA DE MODELE
CUNOSTINTE SOFTWARE PROGRAM,
CVAR(t) | APLICATIV | ——
(actualizatd in INTELIGENT @OGR AM,, ‘
timp real) (actualizatd
in timp real)
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0

[NTERFAT A UTILIZATORULUI FINAL

Produse de software inteligent (SI) au fost proiectate pentru obiecte ierarhizat
In consecinta, SI reprezintd un model ierarhizat dinamic cu ”"memorie” in care
fiecare subsistem, la rindul sdu, reprezintd un model dinamic cu "memorie”
dotat cu un procesor al limbajului profesional corespunzator.

Lui SI deja realizat i se atageazd un model suplimentar, care exclude
mutual zonele critice ale proceselor paralele de prelucrare a informatiei in
timp real gi care garanteazd, in cazuri exceptionale, restabilirea bazei de date
din momentul repornirii calculatorului. In plus, un astfel de SI asigurd o
recalculare corectd pentru oricare interval de timp din trecut.

Tehnologia propusa permite programatorului de aplicatii sa rezolve unele
probleme, care in tehnologiile informatice conventionale tineau de competenta
programatorului de sistem, iar utilizatorul final s3 rezolve unele probleme care
tineau de competenta programatorului de aplicatie.

Utilizarea pe scara largd a produselor de software aplicative inteligente,
dotate cu procesor al limbajului profesional permite economisirea unor resurse
intelectuale si materiale, care in prezent sunt alocate in scopul asistentei de
software aplicativ, elaborat cu contributia tehnologiilor informatice conventional
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CONDITII DE REDUCTIBILITATE
PENTRU UN SISTEM DE ECUATII
LINIARE CU DERIVATE PARTIALE

P. Chirilov
Consideram sistemul
ou
5 + Agrad, U = H (t;z)U, (1)
unde H (; ) e o matrice m xm, A = diag(Ay, As, ..., Am), A; sunt constante.

U= U,Us,...,Uxn) € R,z = (21,22,...,T,) € R*,t € R.

Notdm prin U(¢; z) matricea, ale cirei coloane sunt solutiile sistemului (1)
ce verifica conditia U(0;z) = E. Prin E s-a notat matricea unitate.

Matricea U(t; z) este numitd matricea fundamentald a sistemului (1).

Avem, dect, '

2 1 Agrad.U = H(s2)U,U(0z) = B

Aceastd matrice este inversabild in orice punct (a;b) € R™!,
(b - (b17b27' .. 7b'n,)7a € R)

deoarece
detU(a; b) = e:vp/ SpU(r;b — Aa + Ar)dr /~O0.
0

Definitie. Vom spune, ci sistemul (1) este reductibil, dac3 exista o transformar:
liniard U = L(t; z)v, care reduce acest sistem la unul de forma

8
6—1; + Agradyv = D(z — At), )
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iar matricea L(t;z) verifici conditia

L(t;z) € CY(R™1), sup |IL]| < o
(t;z)eRn+1

oL oL
sup ool <oo, sup o=l <coi=1,2,...,m

(tix)ERn+1 (tw)eRn+1 0T
| det L(t;z) |> m >0
Definitie. Vom spune, ca functia f(y1,¥2,---,yn) € 0 functie recursivi cu

perioada w = (w1, ws,...,wy,),w; A0, dacd

fly +wiya +wa) oo (Un +wn) = FW1,92,- -+, Un)

pentru orice (y1,ys,...,¥n) € R™

Evident, orice functie f(y1, %2, . . .,yn) periodicd in raport cu fiecare variabi-
13 y; cu pericada wy, e si recursivd. In acest caz, continuitatea functiei f implicd
mirginirea ei in R".

Insa o functie recursivd si continui nu este neapdrat marginita in R".

Dacad functia f(y1,¥2,--.,¥n) este recursivd cu perioada w = (wy, w2, .. .,
wy,) si periodicd dupi toate variabilele y; (i /&k), atunci ea este periodici dupd
variabila y; cu perioada wy,.

Teorema 1. Fie, cd matricea H (¢;z) e continud si periodica in raport cu
variabila z; cu perioda wy. Atunci matricea fundamentald U (¢; z) a sistemului
(1) eeste de asemenea, periodicd in raport cu variabila z avind aceiagi perioadd.

Teorema 2. Fie ci matricea H (; ) e recursivi cu perioada (w;,w3), unde
w; A0, iar wy = Aw;. Atunci existd o transformare U = L(¢, x)v, cu matricea
L(t, z) recursivi cu perioada (wq,w2), care reduce sistemul (1) la sistemul (2).

Daca H(t; z) este periodici in raport cu fiecare component z;. a vectorului
z cu o perioadd corespunzitoare Arwi, atunci matricea I'(z) este periodica in
raport cu fiecare componentd z;, a vectorului z = (21, 22,...,2n).

In asemenea caz, matricea de transformare L(t, z) este periodicd dupa toate
componentele vectorului (¢, ) si, deci, e marginitd in R"*+1.

Consecintid. Dacd matricea H(t, z) e periodicd dup3 variabila ¢ cu perioa-
da w; si dupd celelalte componente zj, ale vectorului z cu perioadele respective
wh = Ajw;, atunci sistemul (1) este reductibil la sistemul (2) avind matricea
periodica I'(2).

Remarcd. Se poate demonstra, cd dacid H(t,z) = H(t) este periodicd dupa
variabila t cu pericada wy, atunci sistemul (1) este reductibil la sistemul (2) cu
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matricea constantd I' = wl—anU(wl), unde U(t) este matricea fundamentald a
solutiilor sistemului de ecuatii diferentiale ordinare

dv
— = H(t
i (tv
Considerdm ecuatia scalard
8,
5% + Agrad,v = l(z — At)v + f(t,2)

Fie, cd | Re\(z) [> d > 0 pentru orice z € R™, f(t; z) e o functie continud si
marginitd in R**!. Atunci existd o singurd solutie marginitd datd de formula

+o0
V(t;z) = —sgnRel(z — At) / exp[—sgnRel(x — At)(t — )] x
x0[Rel(z — At)(t — 1) f(7, A(r — 1)) + z]dr, (3)

unde

o(u) = 0, dacdu <0
Y1, daciu> 0.

in cazul cind | = const, iar f(t,z) e aproape periodic3, unica solutie
marginiti, datd de formula (3) este de asemenea aproape periodica.
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ASUPRA REZOLVARII APROXIMATIVE A
ECUATIILOR INTEGRALE DE SPETA A
TREIA

Tudqr Cibotaru

Abstract

Este elaboratd schema de calcul a metodei de colocatii pentru rezolva-
rea aproximativa a ecuatiilor integrale de speta a treia definite pe contur
neted st inchis al planului complex. Fundamentarea teoretica a acestei
metode e obtinutd in spatiile functiilor generalizate.

1 Clase de functii si spatii definite de ele

1. Spatiul C{m;z}. Fie I un contur neted si inchis ce marginegte un
domeniu monoconex F al planului complex . Vom considera c& punctul z = 0
apartine domeniului F'*.

Prin C(T) notdm spatiul functiilor continue pe I" cu norma

llgll = max|g(6)l,  g(t) € C(L).

Fie zp un punct arbitrar de pe conturul I si g(¢) o functie din C(I'). Dacd
existd limita ' :
m—1
9(®) = Y H9W (20)(t — 20)*

m! lim k=0 _
t—zo (t —zo)™

9% (20) = g(=0),

m (> 1) este un numir natural, atunci ea se numeste (a se vedea [1, p.87])

derivata Taylor de ordin m a fuctiei g(t) in p. zo si se noteazs g{"™}(z).
Multimea functiilor continue pe T si care posedd derivatd Taylor de ordin

m in p. zp se noteazd prin C{m; zo}. Prin C{0; zo} vom intelege spatiul C(I').
Spatiul C'{m;z} devine normat, dacd introducem norma astfel:

m—1

m 1 T
191l tmizoy = IT™all + 3 =19 (z0)], (1)

r=0
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unde prin T = T{™} este notat operatorul

0(t) =S LgH(zo)(t — z0)
(Tt g)(t) = =L = G(t). (2)
(t — Zo)m

In monografia [1, p. 86 ] e demonstrat c3 functia g(t) ii apartine spatiului
C{m; 2z} atunci si numai atunci, cand

m—1
g(t) = (t - 20)"G(t) + Y _ ar(t — 20), (3)
k=0

G(t)(e C(T)) are forma (2), iar a; = Z};g{’”‘}(zo), k = 0,m — 1; prin urmare
norma (1) se mai scrie si sub forma

m—1

191ltcmizor = IGllc + D lax|- (4)

k=0

Spatiul C{m; z} cu norma (4) este spatiu Banach.
2. Spatiul D{m;20}. Definim multimea D{m; 29} de functii generalizate
u(t) de forma

w(t) = v(t) + i wedlHt = z0), w(t) € C(I), (5)

r=0

unde w, sunt numere arbitrare, iar 6(¢) si ("} () sunt delta- functia lui Dirac
de variabild complexd si derivatele ei Taylor definite pe spatiul C{m; zp} prin
regula

(61} g(t)) = / 517 (r — za)g(r)dr = (=1) 9 (z0);  g(t) € C{mi 20}

(6)

Spatiul D{m; 20} devine spatiu Banach cu norma

m—1

el Dgmizoy = VIl + D Jwrl. {7)
r=0
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2 Algoritmul metodei aproximative si teorema de convergenta

Cercetdm ecuatia integrald de speta a treia

(Ap =)(t — 20)™ ——/ (t,7)p(r)dr = f(t), tel,  (8)

in care z9 € I'; m > 1, h(t,7) i f(¢) sunt functii cunoscute, ce verifici
conditiile:

h(t,7) € C{m; 20} x C{m; 20}, h{j}(t T) € C{m; 2z},
j=1,m-1,0(t71) = (T:h)(t,7) € C(T) x C{m; =z}, (9)
f(t) € C{m; 2}

Functia necunoscutd ¢(t) o von cduta in spatiul D{m;zo}.
Conform metodei de colocatii solutia aproximativd ¢, ,,(t) a ecuatiei (8)
o vom defini prin formula

m—1

(pn,m Z aktk + Z Aty +15{ ) t - 2:0) (10)

k=—n

necunoscutele o, kK = —n,...,n,...,n+m le vom determina din conditia ca
functia reziduald Ap,, ,,(¢) — f(¢) sa se transforme in zero in 2n 4m +1 puncte
distincte t;, 7 = 0,2n + m situate pe I':

Awn,m(t]') - f(tj) = 0> 7 = O) 2n + m.

Aceste egalitdti din urmd ne definesc urmétorul sistem de ecuatii algebrice
liniare (SEAL)

n
1/
m k k
(t; — 20) E ay Qt — 57 / h(t;,T)r%dr » +

k=—n r
m-—1

+ 3 nprn (1R (G 20) = £(8), §=0,2n+m. (11)
=0

Usor se verificd, cd SEAL (11) este echivalent ecuatiei operatoriale

m—1
U'n,nlASOn,nl = U’n.,‘l?lf) Qpn,m. € Z'”u'nl = Rﬂ @ { Z ﬂlé{r}(t - ZO)} ] (12)
=0
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n+m
studiatd ca ecuatie din Z,,n In Ram, Bum = { > 7itF}, Rp = Rpp =
’ k=—n

n
{ > ritk}, iar Uy, este operatorul de interpolare Lagrange pe nodurile ¢;,
k=—n

i=0,2n4+m:
2n+4+m
Unm@)® = 3 9t m(®),
j=0
e n 2n+4-m ¢ tk n+m )
) — (2 Yk J) 4k
Lim(t) = (t) 1T e > APk
k=0, k#j k=—n

Asa cum subspatiul Z, ,, este invariant fatd de operatorul U, ..., ecuatia
(12) se transformi in

An,m‘pn,m = (t - 20)7”(Pn.,1n + Uﬂ-,mH(pn,m = Un,mf’ (13)

unde H este operatorul integral cu nucleul h(z, 7).
Teoremai. Fie cd sunt indeplinite urmdtoarele condifii:

1) ecuatia (8) are solufie wnicd #n D{m;zo} pentru orice parte dreaptd

F(t) € C{m; z0};

2) functiile (T:0)(¢, 1) = (T, T, h)(t, 7) (faté de variabila t), g-(t) = 007} (¢, 20),
r=0,m — 1 §i (Tf)(t) sunt continuu derivabile de m ori, (T.0)™ (dupd
t, uniform fatd de 1), g""™ (t) si (T )™ (¢) apartin clasei Dini-Lipschitz.
(Functia g(t) apartine clasei Dini-Lipschitz dacd modulul de continuitate
al acestei functii w(g;8) verificd relatia élirilow(g;é)lné =0.)
—

Daca nodurile de discretizare formeazd o familie de noduri Feyér:

27 S -
t; =1 Gwr%j +0i> , i2=-1, j=0,2n+m,0e[0;21),
t = {w) este functia Riemann a conturului ', atunci pentru valori destul de
mari ale numdrului n SEAL (11) are solutie unicd {ax}32™,.

Solutiile aprozimative (10) converg cand n — oo in norma spatiului D{m; zp}
catre solutia p*(t) € D{m; 20} a ecuatiei (8).
Eroarea solutiei aprorimative este estimatd prin cantitatea

”‘P* - Lpn,m”D{m;zo} =
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m—1
dy () |EL(TO) + > BLOLY) + Eo(TF)| (n+m)"In(n +m).
r=0
E, () este cea mai bund aprozimare uniformd a funcfiei (+) in clasa R, di(T)
este o constantd ce depinde de conturul .

Demonstratie Fie H, ,,,(t) (€ R, ) polinomul celei mai bune aproximdri
a functiei Hyp, ,, in norma (1):

inf ||H‘Pn,m_p‘nﬂn C{m;z0} = ||H‘pn,m_Hn,m|‘C{m,zo} = En,m(H‘Pn,m)-

Prom € R om
In virtutea relatiei (13),
(A=Anm)nmllcimize) = [1HOnm=Hum=Unm(Hop m=Hnm)llcmize) <
<A+ WUnmlDEnm(Heg )i Unm : C{m; 20} = C{m;20}.  (14)
Se demonstreaza ca
Enm(Hey,,) = En(THepp,,,) <
m—1

< dy(T) |EL(T6) + Z ELO) + En(TF) | 10nmll Dimize)

5
||Un.ml| =0 [(fl + m)” ln(n + m)] .
Din aceste relatii si din inegalitatea (14), utiliz"and teoremele Jakson si
Banach, obtinem justetea teoremei.
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REPREZENTARI ALE ALGEBREI LIE sl(2)

Camelia Ciobanu

In cele ce urmeazd K va reprezenta corpul numerelor complexe.

Notdm cu gl(2) = L(M>(K)) algebra Lie a matricelor pétratice de ordinul
doi cu elemente in corpul numerelor complexe. Aceasta are dimensiunea patru
iar cele patru matrice de mai jos formeazd o bazé pentru ea.

(30 m=(12)
-(15)5-(3)

Se verifica imediat ca
[A,B]=C, [C,A] =24, [C,B]= -2Bsi
(1, Al =[I,B] =[I,C] =0 (%)
Matricele de urma3 zero in gl(2) formeazi un subspatiu pe care-1 notim cu
sl(2) si este generat de baza {A, B,C}.
Relatiile (*) ne arati cd s{(2) este un ideal al lui gl(2) si dec1 avem izomorfis-

mul de algebre Lie
gl(2) = sl(2ye KT

care ne spune de fapt ca studiul lui gl(2) se poate reduce la cel al lui si(2).
Algebra anvelopantd U = U(sl(2)) a lui sl(2) este izomorfd cu algebra
generatd de cele trei elemente A, B, C pentru care stim ca:

[A,B]=C, [C,A] =24,[C,B] = —2B.
Urmitoarea lema di cateva informatii relative la U.

Lema 1. [S.C\] In U au loc urmitoarele relatii, pentru orice p,
g€Z,p,q20
APCY = (C - 2pD)? AP,

BPCY = (C + 2pI)! B?,

99
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[4,BP] =pB?~! (C - (p+ 1)) =p(C + (p— 1)) B,
[AP, B] = pAP~Y(C + (p - 1)I) = p(C — (p - DD AP~ O

De asemenea, conform teoremei Poincaré-Birkhoff-Witt, are loc si urméitoa-
rea afirmatie:

Teorema 1 [S.C.]. Mulfimea {A*B/C*}, ;ren formeazd o bazd pentru
U(sl(2)). O

Considerdm elementul Casimir C definit de relatia
C = AB + BA + C?/2, fiind un element situat in algebra anvelopant U.
Se poate arita cd urmatoarea afirmatie este adevirata.

Lema 2 .[S.C.]. Elementul Casimir C apartine centrului lui U. O

In cele ce urmeazi vom determina toate U-modulele finit dimensionale.
Incepem prin a defini conceptul de vector de pondere maxima.

Definitia 1. Fie V un U-modul §i A un scalar. Se spune ci un vector
v # 0 din V este de pondere A € K, daci Cv = Av. Daca, in plus,
avem Av = 0, atunci spunem ca v este un vector de pondere mazimd pentru
ponderea A.

Propozitia 1. Orice U-modul V' nenul gi finit dimensional admite un
vector de pondere mazimd.

Demonstratie. Deoarece K este algebric Inchis i V este finit dimensional,
operatorul C admite un vector propriu w # 0 cu valoarea proprie ¢, deci:
Cw = aw. Dacd Aw = 0, atunci w este vectorul de pondere maximai, deci ceea
ce ciutam. Dacd nu, si considerdm sirul de vectori A”w. Cu Lema 1, avem
cd

C(A™"W) = (o + 2n)(A"W).

Prin urmare, (A"w), 5, este un gir de vectori proprii pentru C cu valori
proprii distincte. Cum V este finit dimensional, C nu poate avea decat un
numar finit de valori proprii, prin urmare, existi un n € Z astfel incat A%w #0
si A" 1w = 0. Vectorul A™w este un vector de pondere maxima. 0O

Lema 3. Fie v vectorul de pondere mazimd corespunzdtor ponderii A.
Pentru p € N considerdm v, = %!Bp'u. Atunci

CUP = ()‘ - 2p)vp) A’Up = ()\ - P+ 1)’Up_1

Bup = (p+ 1)vpt1-

Demonstratie. Din Lema 1, obtinem

BPC = (C + 2pI) B,
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deci BFC = CBP +2pB”, adici CBF = BPC — 2pB*.
Acum 1
Cup = C—'BPU = CBP (CBP)

1 1
= —'BPCU - —2pBPv = —BP)\U — 2pv, = (A — 2p) vp,
Y2 p!
adicd prima relatie este adevarata.

Pentru cea de-a doua, folosind tot Lema 1, obtinem

1 1
Avp = A'—'BP’U = —'—ABP’U.
p- p:

Dar ABP =[A, BP] + BPA = pBP-1(C — (p — 1)I) + BP A.

Revenind,
L opor I ,p
Av, = ;pB (C—p-Dv+ EB Av =
1 p—1 1 P-1
= (p-l)!B (Aw—(p—-1w) = WB (A-=p+1Dv=A—p+1uy,_1.
Ultima relatie fiind triviald,
—B BPU~(p+ )(]+1)'BP+1U:(p+1)vp+1. O

Stabilim acum o teorema ce descrie i{-modulele finit dimensionale.

Teorema 2. (a) Fie V un U-modul finit dimensional generat de un vector
de pondere mazimd corespunzdtor ponderii A.

Atunct

(i) Scalarul X\ este un numdr intreg si A = dim(V) — 1.

(i) Ludnd v, = ;Jl—!BPv, avem v, = 0 pentru p > A st, in plus,
{v="19,v1,...,Us} este o bazd in V.

(iis) Operatorul C este diagonalizabil, avind (A + 1) wvalori proprii
{AMA=2,.,0 =2 = -A}L '

(iv) Orice alt vector de pondere mazximd in V este un multiply scalar de v
s1 este de pondere A.

(v) Modulul V' este simplu.

(b) Orice U-modul finit dimensional este generat de un vector de pondere
maximd. Doud U-module generate de vectorii de pondere mauxima corespunzdtor
aceleiagi ponderi A sunt izomorfe.
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Demonstratie. (a) Conform Lemei anterioare, sirul {v,},>0 este un sir
de vectori proprii pentru C pentru valori proprii distincte. Deoarece V este
finit dimensional, rezulti c3 existd un n intreg astfel incat v,, # 0 si v, = 0.
Conform lemei, se aratd cd v, = 0, pentru orice m > n i v, # 0, pentru
orice m < n. Avem n = A, deoarece 0 = Av,1;7 = (A —n)v, (lema anterioari).
Familia {v = vg,v1,...,ux} este liberd, pentru ci ea este formatd din vectorii
proprii nenuli ai lui C' corespunzatori valorilor proprii distincte. Ea genereazd
V, deoarece relatiile din lema anterioard arata ci orice element al lui V' care este
generat de v ca un /-modul, este o combinatie liniard a elementelor multimii
{v;}s, rezultdnd dimV = X + 1. Astfel am demonstrat (i) si (#4). Afirmatia
(44i) este o consecintd imediatd a lemei anterioare.

(iv) Fie v’ un alt vector de pondere maximi. El este un vector propriu
pentru C'; de aici este clar cd el este un multiplu scalar pentru un vector v;.
Dar, din nou, cu lema anterioard, vectorul v; este anulat de A, daci si numai
dacd i = 0.

(v) Fie V’ un U-submodul al lui V si fie v’ un vector de pondere maxima
al lui V', Atunci v’ este un vector de pondere maxima al lul V. Din (iv), v'
este un multiplu scalar nenul al lui v. Prin urmare, v este in V'. Deoarece v
genereazd V avem V C V', deci V' =V ceea ce aratd cd V' este simplu.

(b) Fie v un vector de pondere maxim3 al lui V; dacd V este simplu, atunci
submodulul generat de v este in mod necesar egal cu V. Prin urmare, V este
generat de un vector de pondere maxima.

Dacd V gi V' sunt generate de vectorli de pondere maximi v si v’ cu
aceeasi pondere A, atunci aplicatia liniard ce duce v; in v}, pentru orice 7, este
un izomorfism de U-module. O

Pani la un izomorfism, U/-modulele simple sunt clasificate de intregii
nenegativi astfel: fiind dat un astfel de intreg n, existd un unic (pani la un
izomorfism) U-modul simplu de dimensiune (n + 1) generat de un vector de
pondere maxima corespunzitor ponderii n. Notdm acest modul cu V(n) si
morfismul corespunzitor de algebre Lie cu p(n) : sl{2) = gl(n + 1).

Pentru inceput, avem v(0) = K si p(0) = 0, ceea ce inseamni c¢i modulul
V(0) este trivial, cum de altfel este cazul tuturor modulelor de dimensiune
unu. Mai general, orice /-modul trivial este izomorf cu o suma directd de
copii ale lui V(0).

S observdm cd morfismul p(1) : sl(2) — ¢l(2) este scufundarea naturald
a lul si(2) in g(2) si faptul ¢& modulul V'(2) este izomorf cu reprezentarea
adjunctd a lui s1(2) via aplicatia ce duce vectorul de pondere maxima vy in A4,
vy In —C gi w5 In B. .

La fel pentru modulul V(n) de dimensiune maxima, generatorii 4, B si C
actioneazd ca operatori reprezentati de urmatoarele matrice in baza {vg, v1, ...,

VUp}:
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0 n O ... 0
0 0 n-1 ... 0
p)(A) = | |
a 0 0 ... 1
0 0 0 ......... 0 0
0 0 0 0 0
1 0 0 0 0
2 0 0 O
p(n)(B) =
0 0 n—-1 0 0
0 O 0 n 0
n 0 0 0
0 n—-2 0 0
p(m)(C) = |
0 0 —n+ 2 0
0 0 0 )

S& determindm actiunea elementului Casimir pe modulul simplu V{(n).

Lema 4. Orice element din centrul lui U actioneazd printr-un scalar pe
modulul stmplu V(n). In particular, elementul Casimir C actioneazd pe V(n)
prin tnmultire cu scalarul ﬂ@, care este nenul dacd n > 0.

Demonstratie. Fie Z un element din centrul lui &/. Acesta comuti cu C,
iar C descompune V(n) intr-o suma directd de spatii proprii de dimensiune
unu. Prin urmare operatorul Z este diagonal cu aceiagi vectori proprii
{v = vo,...,vn} ca si C. In particular, existd scalarii g, ..., xn astfel incat
Zvp = apup pentru orice p. Acum,

opt1Bvp = a1 (P + Dvpr = (P + 1) Zvpyr =
= ZBu, = BZv, = 0, Bvp.

Asadar, toti scalarii a, sunt egali, ceea ce aratd ci& Z actioneazd ca un
scalar.
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Pentru a determina actiunea elementului Casimir pe V'(n), avem de calculat
Cv pentru vectorul de pondere maximi v. Conform definitiei elementului Casi-
mir g1 Lemei 3, avem

C? n? n(n + 2
Cv:‘ABv+B‘4v+—v:nv+——U:gv. O

2 2 2
In final, vom aréta ci orice U-modul finit-dimensional este o sumi directd

de U-module simple.
Teorema 3. Orice U-modul finit dimensional este semisimplu.

Demontratie. Stim cj este suficient si aritdm cad, pentru orice U-modul
finit dimensional V si orice submodul V' al lui V, existd un alt submodul V”
al lui V, astfel incat V si fie izomorf cu suma directd V' & V. Considerdm
L = sl(2).

(1) Demonstrim existenta unui astfel de submodul V" in cazul cand V'
este de dimensiune unu in V. Vom proceda prin inductie dupd dimensiunea lui
v

Dacd dim(V') = 0, putem considera V" = V. Dac8 dimV’ = 1 atunci
neaparat V' gi V/V' sunt reprezentiri triviale de dimensiune unu. Asgadar
existd o bazd {v; € V',1u} a lui V astfel Incat Lv; = 0si Loy C V' = Kuy.
Prin urmare avem [£, L]v; = 0 pentru ¢ = 1, 2. Relatiile () arita cd actiunea
lui £ pe V este triviald. Deci vom lua ca V' orice subspatiu suplimentar al
lui V/'in V.

Presupunem ci dim(V’) = p > 1 si ca afirmatia ce trebuie demonstraté e
adeviratd pentru orice dimensiune mai micid decit p. Atunci fiecare V' este
simplu sau nu.

(1a) S& presupunem mai intdi cd V' nu este simplu; atunci existd un
submodul V; al lui V"’ astfel incat 0 < dim(V;) < dim(V') = p. Fie 7 proiectia
canonici a lui V i V = V/V, 7 : V = V.-Modulul V = (V') este un
submodul al lui V de codimensiune unu si dimensiunea sa este mai mic# decat
p. Tindnd seama de aceasta, aplicam ipoteza de inductie §i gdsim un submodul
V' al lui V astfel incat ¥/ = V/ @ V", Liftdnd acest izomorfism la V obtinem

V=V +a Y (V".

Acum, deocarece dim(V”)_: 1, spatiul vectorial V7 este un submodul de
codimensiune unu al lui #~*(V"). Din nou aplicim ipoteza de inductie pentru
a gasi submodulul V" al lui #=*(V") astfel incét

ﬂ_—l(“/u) ~ Vl o V”.

S3 demonstram ci acest submodul V' de dimensiune unu are proprietatile
cerute, gi anume V =V o V", '
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Intr-adevir, argumentul de mai sus, implici faptul ¢ V. = V' + V; + V"
acum Vi este continut in V' ceea ce aratd cd V este suma lui V' cu V. Relatia
dim{(V) = dim(V") + dim (V") implici faptul ci suma este directa.

(1b). Dacd submodulul V' este simplu, de dimensiune mai mare ca unu,
atunci, din Lema anterioard, rezulta ci elementul Casimir actioneazd pe V' ca
un scalar o # 0. Prin urmare, operatorul C/a este identitatea pe V'. Acum,
V/V' este de dimensiune unu, prin urmare este modul trivial. Agadar C duce
V in submodulul V' ceea ce inseamna ca aplicatia C/a este un proiector al lui
V' in V'. Deoarece C/o comutd cu orice element din U, aplicatia C/a este un
morfism de U-module. Asadar submodulul V" = Ker(C/a) este suplimentar
cu V',

(2) Cazul general. Acum ni se dau doud module finit dimensionale V' C
V' {ird nici o restrictie asupra codimensiunii. Vom reduce situatia la cazul
codimensiunii unu, considerand spadfiile vectoriale W' C W definite dupa cum
urmeazd: W (respectiv W') este subspatiul tuturor aplicatiilor liniare de la V
la V' ale ciror restrictie la V'’ este omotetie (respectiv nuld). Este clar ¢& W'
este de codimensiune unu in W. In ordine, pentru a reducere la (1) trebuie si
inzestram W gi W’ cu structura de &-module. Dar Hom(V, V') este inzestrat
cu structura de {-modul, deoarece

(zf)(v) = =f(v) - f(zv)

p(@)(f) = [p(z). f,

pentru f € Hom(V,V').
S& ardtdm ¢d W gi W' sunt U/-module. Pentru f € W, fie @ un scalar astfel
incat f{v) = av pentru orice v € V'; atunci, pentru orice € £, avem

(zf)(v) = zf(v) = fzv) = z(av) — afzv) = 0.

Un argument similar demonstreaza c3 este submodul.

Aplicdnd (1), gisim un submodul W de dimensiune unu astfel incat
W = W' W Fie f un generator al lui W”. Prin definitie, el actioneazd
pe V' ca un scalar a # 0. Urmeazi cd f/« este un proiector al lui V' in V.
Pentru a concluziona, este suficient si ardtdm ci f (deci f/«) este un morfism
de module. Acum, deoarece W' este un submodul de dimensiune unu
demonstratia este banald. Prin urmare, avem zf = 0, pentru orice z € L,
ceea ce, prin (zf)(v) = zf(v) — f(zv), ne duce la a2 f{v) — f(zv) = 0, pentru
orice v € V, adici la ceea ce trebuia demonstrat. O )
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ASUPRA SERIEI ARMONICE
GENERALIZATE Y. L

n=1
Constantin Costara

x>
Dupd cum se stie, seria armonicid ) ;1-,,—, cu o € R, converge, dacd si
n=l
numai dacid a > 1. In particular, seria diverge dacd a € (0,1]. In continuare
ne propunem si ardtdm cd, dacd, pentru un numar natural nenul w, notdm
cu A C N* multimea numerelor naturale nenule pentru care w nu apare in
scrierea lor in baza zece, atunci existd un € € (0,1), depinzand de w, astfel
< s y 1 I T narti % aopi 1
Incit seria ), & converge, Ya > &. In particular va rezulta ci seria ) =

n«
neA n€A
converge.

Vom folosi urméatoarea propozitie:

Propozitia 1. Fie N > 1 un numdr naturel, o > 0 un numdr real,
(Tn)p>y un subsir al sirului numerelor naturale, §i ¢ : [1,00) — (0,00) o
funclie continud, strict crescatoare, cu lim ¢ (x) = oo, astfel incdt:

XT—=00

o
(v) mdx converge;
1

(ii) Pentru orice n € N* gi pentru orice k € (T,, — 1,Tp11 — 1], este
adevdratd relatia:

Tunt1—-1 <__1
10nN - = (k)"

Atunci, pentru orice submulfime infinitd A C N, A = {u1 < a2 < .. <
a, < ..}, astfel incdt

AN{1,2, 10" — 1} < Tn, n > 1,
{ }

seria Y. & conwverge.
neA

Demonstratie. Fiek e N, k>T1. Cum 1 < To < .. < T, < .. = 0,
va exista un unic n € N* astfel Incat & € (T3, — 1,141 = 1]. Deci k& > T},

67
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si ap > ar,. Deoarece multimea A N {1,2,..,10*" — 1} are mai putin de T},
elemente, va rezulta cid ar, > 10"V, si atunci ay > 10"V, Mai mult
k k Tn—H -1 < 1
[ 1017.N — 107LN - ((P (k))l

JVE > T).

Atunci
ay "4 (k)
deci
L 1
H_ < —=Vk > Ty
k l(k.) ¢ ()

v
Ridicand la puterea a > 0, vom obtine

ETe

< L _ VE>T,.
Tw i® (k) -

. S N )X —
Cum « > 0, va rezulta ci kli)rgc (p (k) oo, gl deci hm —(TF
o0
. o . . % 1 . o . .
Din criteriul raportului, dacd A;l ook converge, va rezulta ca gi seria
- 1 & 1
LZT o converge, deci seria /.21 ag converge, adicd enuntul. Dar functia
=11 i=
T — W este continud, pozitivd si descrescitoare pe [1,00). Conform

o

criteriului integral al lui Cauchy, deoarece | mdz converge, rezultd ca
1

(o8]

Z Trliyy= converge. O

Folosind aceastd propozitie vom rezolva problema enuntata la inceput.

Propozitia 2. Fie w € N*, gi notam cuw A C N* mulfimea numerelor
naturale nenule pentru care w nu apare in scrierea lor in baza zece. Dacd
notam cu N € N* numdrul de cifre pentru w, atunci, pentru orice

1 . 1
o >E= W , seria E n_“ converge.
_ n( 10! n€A
2In{10N —1)

Demonstratie. Si observim, in primul rdnd, cde € (0,1). Pentrun € N*
definim
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1

Ii

¥:AN{1,2,.,10"Y ~ 1} = R*,

¥ (a1-anN) = (01~-GN,GN+1-~(12N, -~7a(n—1)}\’+1~-anN) .

Atunci ¥ este injectiva si

Im¥ C {{0,1, ,&/S_)/}\w} X X {{0, 1, ..,&ﬁ}\w},
N N

de unde rezulta ca
|An{1,2,.,10"" - 1}| < (10" - 1)",

deoarece w # 0. Definim atunci T, = (10N — 1)™, Vn > 1, 5i am obtinut ci

|An{1,2,.,10"" - 1}| < T,,,Vn > 1.
Fie acum n € N* gi k € (T, — 1, Thh41 — 1]. Atunci

T +1 = ]_ (10N - 1)”+1 10N _ 1 n n
n]_O'n.N S 10:1,1\’ = (10N - 1) 10—]\[) =ba ’

unde am notat cu b= 10" —1sicua = %—1, a€(0,1),b€ (1,00). Dar

E<Th —1=2k<b" s loggk<n+1=>n>logk—1=

2
oot < goge kol o Dort =1 og o1 L
—_ 107LN — _1 _logb 1
b~ 2qa 3

Fie atunci ¢ : [1,00) = (0,00), ¢ (z) = b~ 2a~ S , Vz € [1,00). Atunci

1 na .
¢ (z) = (£)? 2725%, Yz € [1,00). Evident, ¢ este continud, crescitoare, iar
lim ¢(z) = oo. Atunci Vn € N*, Vk € (T,, — 1,T41 — 1] este adeviratd

T—00

relatia Ti‘a‘:;lgm, adicd (ii) de la Propozitia 1. Mai trebuie aritat ci
o0

1,))a dz converge. Avem:

integrala j W
1
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1 1

oo (1= 38)

~—
e

3

1t v

si, cum o (1 — 31%) > 1, rezultd ¢ { Wdz < 0.

Aplicdm Propozitia 1 si obtinem enuntul.O

Corolar 3. Fie w € N*, ¢i fie A C N* multimea numerelor naturale

nenule pentru care w nu apare in scrierea lor in baza zece. Atunci seria Y, =

neEA
converge.

Comentariu. Considerdm w un numdr natural nenul cu N cifre gi fie A

multimea de mai sus. A este infinitd si considerdm seria > -k, unde o > 0.

neA
Conform Propozitiei 2, existd un e € (0,1) astfel incdt Y. L converge,
neA
Vo € (g,00). S& notim cu @ = inf{a € (0,00); 3 -% < oco}. Atunci
. neA
& € [0,¢], iar ). - converge, dacd a > & si diverge, dacik o < &. Ar fi

nEA
foarte interesant si se poatd calcula valoarea lui @ §i s& vedem cum depinde

ea de w. S& observdm ¢i & ar putea s fie chiar zero.

”Ovidius” University,
Bd. Mamaia 124,
8700 Constanta,
Romania
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O APLICATIE A RECIPROCEI LEMEI LUI
SCHUR

Cristina Flaut

In cele ce urmeaz3, ne propunem si prezentam la un nivel oarecum elementar,
particularizarea pentru grupuri a reciprocei lemei lui Schur.

Teoremi. Fie (G,.) un grup abelian finit astfel incdt orice endomorfism
f al sdu este sau automorfism sau f(z) = e, Vo € G, unde e este elementul
neutru al grupului. Atunci grupul G este ciclic de ordin p®, cu p numar
prim, o € N*.

Considerdm cunoscute notiuni ca: ordinul unui element, grup factor al
unui grup abelian In raport cu un subgrup al sdu, subgrup ciclic, nucleu al
unui endomorfism de grupuri, g1 proprietdti ca teorema lui Lagrange gi faptul
cd singurele grupuri abeliene fard subgrupuri proprii sunt cele ciclice de ordine
numere prime.

Vom demonstra, mai intai, cdteva teoreme (Cauchy, Sylow) in cazul particula
al grupului finit abelian. (Aceste teoreme se demonstreazd si cand grupul G
este finit, dar necomutativ, demonstratiile fiind mult mai complicate).

Propozitia 1 (Cauchy). Fie (G,.) un grup finit ebelian si p/o(G), unde
p este un numdr prim si o(G) este ordinul lui G. Atunci ezistd un element
a € G, a#e astfel ca a®? = e.

Demonstratia se face prin inductie dupd o(G). Presupunem ci teorema
este adeviratd pentru orice grup abelian avind ordin mai mic ca o{G) (teorema
este banal adeviratd pentru grupuri cu un singur element).

Dacd G nu are subgrupuri proprii, atunci G este grup ciclic de ordin prim,
deci o(G) = p si existd in G p — 1 elemente a # e satisfacind conditia a? =
a9 = e,

Presupunem ci G are subgrupuri proprii N # (e). Dacd p/o(N), atundi,
din ipoteza de inductie, stiind cd o(N) < o(G) si cd N este abelian, existd
a € N CG, a#e, astfel incat a? = e. Dacd p 1 o(N), cum G este abelian,

G/N este grup abelian, o(G/N) = Z((JC\;,)) < o(G) (din teorema lui Lagrange)
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si p/ zégg.Din ipoteza de inductie rezultd cd existi in G/N un element &

satisfdcand conditia 2* = égi & #é. Dar & = Nz gi §7 = (Nz)?P = NaP = é =
=N, deciz? € N cuz ¢ N. Cum pto(IN) si p este prim, avem c& z°N) # e.
Daci z°V) = ¢, cum c.m.m.d.c.(p,o(N)) = 1 rezulti ci existd a, 8 € Z astfel
incat ap + Bo(N) = 1 st z = zoptBeN) = (grye . (oNNB = (gP)> ¢ N
in contradictie cu ipoteza ficutd. Din z? € N rezultd (zP)°™) = e, deci
(z°NNP = e Atunci a = 2°V) (a # e, din cele de mai sus) este elementul
cautat. O

Propozitia 2. (Sylow). Fie (G,.) un grup abelian finit. Dacd p este un
numdr prim astfel tncdt p®/o(G) si p°T 1 0(G), atunci G are un subgrup de
ordin p®. (Un astfel de subgrup se numeste p-subgrup Sylow).

Demonstratie. Dacd a = 0, subgrupul (e) satisface conditia din teorema.
Presupunem « # 0. Atunci p/o(G) si din teorema lui Cauchy, existd in G un
element a # e astfel incdt a® = e. Fie S = {z € G/z" = e,n € N} cum
a € S, rezultd cid S # (e). Vom demonstra ci S este un subgrup al lui G. Fie
T,y €8, o =e,y?" =e, atunci (zy)?" " =zP" "yP" " = e gi deci zy € S.
Din Propozitia 1, rezultd ci o(S) = p® 51 0 < 8 < o, 8 € N. Presupunem ci
B < « si considerim grupul abelian G/S. Cum 8 < agi o(G/S) = Z((—g)l rezultd
cd p/o(G/S) si deci existd un element § € G/S astfel ca § # é g1 g = é. Dar
J=SycuyeG, y¢Ssiavem (Sy)? =S, rezultd c¢d Sy? = S, deci y? € S
si deci avem ¢ e = (yP)°S) = (y»)?" = y?"" deciy € S 5i Sy = S, ceea ce
contrazice ipoteza. Urmeazd ¢ o(S) = p®. O

Lema 3. Fie (G,.) un grup abelion g1 H, K subgrupuri finite ale sale.

Atunct o( HK) = ol)(g}g([{())

Demonstratie. HK :={z € G/z = hk, h€ H, k¢ K}.
Fiep: HxK — HI, o(h, k) = hk,h € H,k € K. Fie R relatia de echivalentd
asociatd lui ¢ : (h, K)R(W, k") & w(h, k) = (R, k).

Multimea factor H x K/R este in corespondentd bijectivd cu HK prin
Y:HxK/R—- HIK

W((h, k) = p(h, k) = k.

¥ nu depinde de alegerea reprezentantilor: fie (h', k') € (ﬂ) rezultd cd
(W, k" YR(h, k), adicd p(h', k') = @(h, k), deci hk = h'k’. Atunci
YW, R)) = (I k) = W'k = hk = p(h, k) = $((h, k),

deci ¢ este corect definita.
1 este surjectie din modul cum a fost definita.

¥ este injectie: Y((7, k)) = ¥((a, b)) = hk = ab, deci (h, k) = (a, b).
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Fie (h, k) € H x K si numndrdm cate elemente are clasa sa de echivalenti.
Dacd hk = 'K, atunci W'~ 'h = K'k™! € HN K si deci k' € (H N K)k, deci &/
poate lua cel mult card (H N K) valori. Dar fiecare element k' € (H N K)K
defineste in mod unic pe ' = hkk'™! si rezultd clasa lui (h, k) are card(HNK)
elemente. Atunci avem

. Hjo(K
o(HK) = card(HK) = card 83 = cardffcardiC _ Og( };;;g()). O

Observatia 4. Subgrupul § din teorema lui Sylow este unic. Presupunem
cd mai existd T un subgrup al lui G astfel incat o(T) = p°‘ Cum G este

abelian, avem c¢i ST = T'S. Din Lema 3, rezultd cd o(ST) = Sg:%) =
= _(Ps_ar%"Tv dar S # T, deci oS NT) < p*. Rezultid atunci cd o(ST) = p7, cu

v > a.Dar ST este subgrup al lui G si atunci o(ST)/o(G), adicd p”/o(G), in
contradictie cu ipoteza.

Definitia 5. Fie (G,.) grup abelian, Ny, N, ..., N, subgrupuri ale sale
astfel Incat: .

1) G = N\Ny..N, = {z € G/ = 1125..%,,, z; € N;, Vi € I,n}.

2) Scrierea unui element arbitrar ¢ € G sub forma g = myms...my, cu
m; € N;, este unici.

Spunem atunci ¢& G este produs direct (intern) al subgrupurilor N1, Ny, ..., N

Propozitia 6. Fie (G,.) un grup finit abelian. Atunci G se poate scrie
ca produs direct (intern) ol subgrupurilor sale Sylow.

Demonstratie. Fie o(G) = n = p{'p5?..p5* si fie N; p;-subgrupul Sylow
al lui G. Notam ¢; = ;’l— Cum ¢i,¢a, -..,qr sunt numere prime Intre ele
rezultd cd c.mm.d.c. {q1,q, ..., g} = 1, deci existd /\1,/\2, v, A € Z astfel ca

A1q1 + Aage + ... + Mg = 1. Pentru orice z € G JE= z! = qc’\”“+ FAea =

= (.1:‘11)’\1...(33‘“) . Notand z; = :L‘/’ ga,mm 2V = (¢ )Pi' = e, de unde
rezultd cd xz; € N;. Atunci z = 171 r?”. '~ deci orice element din G se
scrie ca produs de elemente din N;, i = 1,k-. Aceastd scriere este unicd

pentru ci dacd avem z}'z)?... 2‘ = y'y,®...y)* doud scrieri distincte ale

. - — A2 — Ak Y
unui element z € G, atunci rezultd de exemplu Ti\l% =z, 2y xRyt

Cum :c{\‘yl € Nj rezultd cid ’\ZJ;’Z...;L Ak g Yot € Ny si deci

(I) Azy’m -~$I:)\kyzk)pl = ¢ adici O(:E, >\2J72 . )\x yZL)/ptl)q
tradi —A2, T2 —/\A ’YA 0
contradictie pentru cd x5 "?y;°...: € NaNj...

Propozitia 7. Orice grup finit abelian G se scrie ca produs direct intern
de subgrupuri ciclice.
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Demonstratie. Din Propozitia 6 avem ca G, se scrie ca produs direct al
subgrupurilor sale Sylow care sunt grupuri ce au ordine de forma p™, unde p
este un numdr prim.

Pentru a demonstra propozitia, este suficient sa aratdm ci orice subgrup
Sylow al lui G se scrie ca produs direct de subgrupuri ciclice, adici este suficient
53 demonstram rezultatul pentru grupuri abeliene de ordin p™. Pentru aceasta
vom gasi elementele aj,as,...,ar € G astfel incat orice z € G si poatd fi scris
in mod unic sub forma z = af’ad?...al*. Facem observatia ci daci aceste
elemente existd si dacd ai,as,...,a; au ordinul p™,p"2 .. p™ cun; > ny >
... > ny, atunci cel mai mare ordin pe care poate sd 1l aibd un element din
G este p™*. Pentru aceasta presupunem ci existd z € G astfel ca o(z) = p®
cua>n;. Cumx = a?‘...af" (scriere unicd) si o(a;) = p™, avem ci z?" ' =
(af"l Vo ...(afﬂ1 VBs = e, pentru ¢i p™ > p™, Vi= 1, k de aici rezultand p® /p™
cu a > ny, deci contradictie.

Fie a; un element de ordin maxim din G, o(a1) = p™ si A; = (a1) grupul
ciclic generat de a). Fie by € G astfel ca bo, imaginea lui by In G/4,, s& aibd
ordin maxim pe care-l notdm p™2. Cum 0(132) divide ordinul lui b3 si cum o(a,)
este nmaxim avem atunci cad n; > n.

Pentru a avea produs direct intern Intre A; si (be) trebuie si avem
Ap 1 (bs) = (e). Dacd acest lucru nu este adevarat pentru elementul by gasit
initial, va trebui si adaptim elementul b,. Presupunem cd A; N (b2) # {e),
atunci cum b2 ° =é= A, avem ci bY € Ay §i cip™ este prima putere
a lui by astfel incat by~ € Ay, deci b}~ = ai. Rezultd ci (ai)?"' ™" =
= (b2"*)P" 7" = B2 = ¢ (din alegerea lui p™ caordin maxim), deci al? ' =
=esi cum o(a;) = pnzl rezultd p™' /ip™ 772, deci p™? /i i rezultd cd ¢ = jp"2.

. ; ) ACOR " P
Atunci vom avea by~ = ai = o}’ * i ludm a; = ai’by. Se observd ci
al” = oW = aftal = e, de te elementul ciutat si ]

5 = ag 5 = a;'al = e, deci a; este elementul ciutat si vom lua

Ay = (a2). Afirmdm cd A; N A, = (e). Pentru aceasta presupunem ca al € A,
unde az = a;’b, gsit mai sus. Deci vom avea (aj”’by)t € A; si rezultd ci
by € A;. Din alegerea lui by rezultd cii p2/t si deci a} = e, adicd A1 N4, = (e).

Continudm demonstratia cu incd un pas. Fie b3 € G astfel ca bs, imaginea
lul b3 In G/A;4,, sd aib3 ordin maxim p"® gi afirmdm cd n3 < ny < ny.
Acest lucru se intdmpld pentru ci din alegerea [ul no, b§n2 € Ap, deci este si
in A; A, astfel ¢ n3 < ny. Deoarece bg’” € A A, bgna = ai‘ a?, afirmim
cd p™ /iy si p™3/i,. Pentru aceasta pornim de la faptul ci b’3’"2 € Ay, st deci
avem (al'a?)P*™" = (W) = p¢"° € A,. Acest lucru ne arati ci
.32”"2—"3 € A, gi deci p"2/iyp™ ™3, adicd p"2 /iy §i cum ng < ny rezultd
P /iz. Deoarece b’g’"1 = ¢ (din alegerea lui p™ ca cel mai mare ordin din G)
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o L pirTn3 n C iipri—na .
rezult c3 (el - al?) =b  =e, decial'? € AyN 4; = (e) adica

ny—n

il 3 . . -
ay'? = e gl atunci p™3 /1.
. . . . - . "3 i p"3 dop"3 . o
Fie i1 = j1p"™, iy = jop™ si avem by~ =af'? "af’® . Considerim
az = a;'a;7%b;. Ludim A3 = (a3) si este evident ci af ~ =e.

Afirmim cd A3 N (A4;4,) = (e). Pentru aceasta presupunem ci a§ € A; A,
deci (a; ' a3 7?b3)t € A1 Ay, de unde rezultd ci b € Ay Ay, dar atunci avem ci
p™/t i stiind cd agns = e avem cd af = e, adicd 43 N (A142) = (e).

Continuénd in acest mod, gisim subgrupurile ciclice 4; = (a1), A2 =
= (a2),...,Ar = (ar), de ordine p™ p™,.. . p™, cu ny > ny > ... > 7y,
astfel ca G = A, A>... Ay sl pentru orice 7, avem A; N (A14,... A1) =
Aceasta ne aratd cd orice 2 € G are o unicd reprezentare £ = ajaj...ay, cu
al € Ay, i = 1,k, deci G este produs direct al subgrupurilor 4;, A, ..., A;. O

Suntem In masurd acum si demonstram teorema.

Demonstratia teoremei: Fie o(G) = n. Din Propozitia 6 avem
cd G sescrie ca produs direct de subgrupuri ciclice netriviale G =
H,H,..H,. Fie H; subgrup ciclic al lui G din descompunerea de
mai sus sifie II; : G —» H;, I;(z) = z;, unde z = z122...25...25, CU
Ty € Hy,z5 € Ha,...,x, € H,. Cum scrierea este unicd avem ci z; € H; este
unic determinat pentru elementul z considerat, deci II; este bine definita.

I1; este morfism surjectiv pentru cd I1;{zy) = z;y; cu z;,y; unicele elemente
din H; ce apar in descompunerea lui z, y iar surjectivitatea rezult din definitie.
Fie j;: H; =» G, ji(z) = ¢ injectia canonicd. Atunci- G I H; 5% G,

f = ji o II; este morfism de la G la G diferit de morfismul nul. Conform
ipotezei, f este bijectie, rezultd cd II; este injectie deci bijectie. Avem atunci
cd G = H;, cu H; grup ciclic de ordin p;*, deci G este grup ciclic de ordin
pit. O

Consecintd. Dacd (G,.) este grup de ordin n, astfel #ncat n nu se divide
cu patratul nici wnui numdr prim i satisface conditiile teoremes, atunci G
este ciclic de ordin prim.

In acest caz teorema admite si urmitoarea Reciprocd: Fie (G,.) grup
ciclic de ordin prim, atunci orice endomorfism f ol sau este automorfism sou
f(z) = e, Yz € G unde e este elementul neutru al grupului. (Regdsim astfel
lema lut Schur particularizatd pentru grupuri).

Demonstratie. Fie f : G — G un morfism de grupuri si f(z) # e pentru
micar un ¢ € G, deci Ker f # G. Cum Ker f este subgrup al lui G si G este
de ordin prim, avem Ker f = (e),deci f este injectie, adicd bijectie, pentru cd
G este finit, deci f este un antomorfism. O
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METODE NUMERICE PENTRU SISTEME
HAMILTONIENE

Rodica Moga

Abstract
Lucrarea prezinta unele metode numerice folosite pentru discretizarea

sistemelor hamiltoniene liniare si neliniare

1. Definitii si rezultate de baza
1.1. Aplicatii simplectice si aplicatii conservative
Fie G : D C R*N — R?M o aplicatie de clasi C'.
Fie Upy1 = G (U,),Up = U un sistem dinamic scris sub forma:

{ P'n+1 = A(Pan) P =P (1)
Q11+1 =B (RuQn) 1Q0 = Q,
unde P, Qn € RN’ U;{ = (PnTa ;Il‘) >G(U11)T = (-4(Pn: Qn)T;B(an Qn)T) .

, 0 I . . . .
Fie J = ( I 0 ) , unde I este matricea unitate de ordin n, matricea
numitd "the skew symmetric matrix” (matricea stramb-simetric3).

Definitie. Aplicatia (1) se numeste simplecticd dacd
[dG (U))T J [dG (U)] = J, pentru orice U € RV .
Observatie, Aplicatiile G : R? — R? ce conserva aria sunt aplicatii
. . 0 1
simplectice. In acest caz J = 10 /-

Teorema 1 (Proprietatea fundamentala a aplicatiilor simplectice)
Fie (1) un sistem dinamic discret (SSD) in R2Y . Dacd el este simplectic,
atunct suma proiectiilor ariei in planele (P",Q"')este wmvariantd la acfiunea

sistemulus.

77
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Exemplu. Pentru { Z.): ¢ sistem avand hamiltonianul H(p,q) =
9= —p
5 (PP +¢%),
folosind metoda lui Euler obtinem

( Pn+1 ) - < Pn ) + At- Qn adict Pn+1 = Pn + Ath
dn+1 dn —Dn In+1 = dn — Atpn

Calculele aratd cd p? , +¢2,, = (1 + (At)Z) (P2 + ¢2), adica
H (pn,Gn) # H (Prt1. gny1)deci hamiltonianul nu este conservat.

Observatie. Metoda Runge -Kutta implicitd de ordinul doi nu conserva, '
in general, hamiltonianul.

Exemplu: Pentru { F=%  sistem hamiltonian cu H (p,q) =5 (P +¢%),
q= —p B

metoda prezentata In Exemplul 2 conduce la:

* gnt1tgn
( Prott ) = ( bn ) +At( a1 Pn )
n+1 dn -5
Calculele arati ci:

- . s sy 4+ (A1)
2 2 _ 2 2
Doy + Gorr = (0], + 432) 4—_—@

+2At1 [At (PaPrt1 + @uni1) + 2 (Prnt1 — Pryl Qn)]

deci, in general, p2,, + g2, # p2 + ¢2, §i hamiltonianul nu este conservat
de-a lungul traiectoriei.

Observatie. (Exemplu de conservare a hamiltonianului)-

Fie ¢ , 99 un sistem in R2.
q= - 94
ap :
Folosind metode traditionale de aproximare a derivatei, avem:

H(pn \qn —H(pn,qn 3
At—(%qn(p—q)- daca dn+1 7é an
AtGE (pn, qn) dacd gni1 = gn
_ArH(Pn+1,qnﬂ)_H(P"’q"+!—) daca 76
Gn+1 = Gn = l T

D+l —DPn =

Prnt1=—Pn

~ A5 (Pnt1, gns1) dacd puyp1 =pn
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Aceastd schemd constituie o aproximare a solutiilor sistemului. Studiind
patru cazuri

<{ DPn+1 7& Pn { Pn+1 = Pn Dn+1 7é Pn Pn+1 = Pn )
Gns1 # qn ' Gn+1 # Gn dn+1 = dn Qn+t = Qqn ’

se aratd prin calcul ¢ H (pat1,0n+1) = H (Pn,qn),¥n € N. Rezultd cid
hamiltonianul este conservat de-a lungul traiectoriei.

In general, aceastd metodd nu conduce la aplicatii simplectice, dupd cum
se poate observa din urméatorul exemplu:

Pentru { ].): 7 , metoda conduce la

4= —p

{ Pn+l1 —Pn = % ((I-n+l + Q11)

_ At care genereazd sistemul dinamic
Gn+1 = @n = =5 (Pny1 +00)

1-(4)° 1+ 4t
Pn+1 _an(%i); +qr;1+A(t%l)_ (4)
— —A 2
dn+1 = Pn H_(AT,t)'Z + 1+(%)~ In

Functia generatoare a acestui sistem este aplicatia liniard

S R
G(pq) 1+(%)2<—~At 1—%><q>‘

1+ 48

’ (&)
Dar (dG)” (p,q) - J - (dG) (p, q) = 1488 T +J
"m0
deci sistemul (4) nu are proprietiti simplectice.

Se observi, deci, c& metode numerice traditionale, aplicate unui sistem
hamiltonian continuu nu conduc la sisteme discrete hamiltoniene. In
particular, pierderea proprietitii de conservare a ariei transformd in mod
radical proprietitile sistemului initial. De exemplu sistemele hamiltoniene,
fiind conservative, nu au atractori.Sistemele discrete- de obicei disipative pentru
At destul de mic- au atractori, deci, au proprietédti dinamice fundamental
diferite de cele ale sistemului initial. Astfel, studiul sistemului discret nu
poate conduce deci la rezultate calitative transferabile sistemului continuu.

In general nu este posibil si se construiascid scheme numerice care si
conserve gi hamiltonianul si proprietitile simplectice, de aceea este de dorit s8
se stabileasci proprietatea cea mal importantd si apoi sd se aplice o metodad
corespunzitoare.
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Deoarece din punct de vedere dinamic sunt mai importante proprietitile
simplectice, ne vom ocupa in continuare de descrierea unor metode ce conserva
aceste proprietati.

3. Metode simplectice pentru sisteme hamiltoniene
3.1. Metode de tip Runge-Kutta pentru studiul sistemelor liniare
Forma generald a unei metode Runge-Kutta implicite de ordinul s pentru

ecuatia u=f (u}) este

Yi=U, + At Z a”f(Y]),z:l,_s

J:1 8§ b (5)
U‘Il+1 = Un + At Z btf (:Y'L)
i=1
aip.. ..Q1s bl
culd=1| .. sib=1| : dati. Pentru aceasta metoda functia
sy .- Qg1 bs
de stabilitate va fi
R:C— CR(z)=1+42z bT (I, —zA) "1, (6)
1
unde 1 = [ : |. Ea este o functie rationald si R(0) = 1.
1

Teorema 5. Dacd metoda Runge-Kutta datd de (5) are functia de
stabilitate R (z) datd de (6) i R(z) R(~z) = 1 pentru z € C cu |z| suficient
de mic, atunci metoda aplicatd sistemului hamiltonian liniar w= Lu definegte
o aproximare numertcd simplecticd a solutier sistemulus.

Exemplu. In cazul s = 2,4 = (2 ? ),b: < g,),ﬂ;éo,cuagiﬁ

2

arbitrari, satisfac conditia R (z) R (—z) = 0. Deci

Y1 = Un
y=u,+ 5Ly (7)
Upt1 = Un + AL - G- Ly,

cu B arbitrar, constituie o metoda simplecticd, de aproximare pentru sistemul

%= Lu . S% reamintim c¥ sistemul %= Lu este hamiltonian daci existi A €
. . o 1
My (R) simetricd , astfel incat L = ( (11 0o/ A.

Calcule simple arata ci sistemul (7) conduce la
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Upt1 =

At \ 7
I_),+AtﬂL IZ_TL 'Un,TLEN.

Deci aplicatia@ : N — R*, @ (n) = u,, constituie o aproximare cu proprietti
simplectice pentru valorile u (n - At),n € N.

Observatie. S3 observim ci sistemele hamiltoniene liniare in dimensiune
2 sunt integrabile, deci se poate gisi solutia exactd. Calculul anterior are doar
rolul de a exemplifica asertiunile teoremei din acest paragraf.

3.2 Metode tip Runge-Kutta pentru studiul sistemelor neliniare

Pentru determinarea unei conditii necesare pentru ca o metoda de tip
Runge-Kutta si conduci la o aplicatie simplecticd se imparte sistemul in doud

parti: una care contine ecuatiile corespunzitoare lui P si cealaltd contindnd
ecuatiile lui t} Astfel solutia la momentul n va fi U, = g" . Considerand
n
(p)
vectorul ¥; = };(q) , metoda implicitd Runge-Kutta aplicatd sistemului
1

U= JVH (u) va fi

y(®) P, . H, (Yj(P), Yj“’))
[ } - [ } L = i _H, (Yj(p)’yj(‘l))

s H, Yi(p)’)..ri(q)
[ o ] - [ gn ] TAL Y b _;{1( (nm,Yi(z))

Deoarece partile sistemului sunt independente se pot folosi coeficienti diferiti
pentru fiecare parte, adica

8

Yi(p) — Pn. + At E ainq ()/j(P),)/j((l))
j=1

Papr =P+ Ot 3 b Hy (Y7, 1)
=1

}/i(q) — Qn . At' Z:l a:;Hp (Yj(p)’lfj(q))
1=

Zs: biH, (16(”)%("))- |

i=1

Qut1 = Qn — At
\
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Este clar c3 dacd a;; = ayj s b; = bi, Vi, € {1,..,n} se obtine metoda
Runge-Kutta clasicd.O conditie necesard pentru ca (8) si fie simplectici este
datd de teorema:

Teorema 6. Dacd b, = b~l §1 aijl;g + a;:b; — I;;bj = 0,Vi,j € {1,..,n},
atunci metoda (8) este simplecticd. :

Corolar. Metoda clasicd Runge-Kutta este simplecticd daca
aijbi + aﬁbj — bJ)_, =0,Vi,3 € {1, ..,n} .
Exemplu. In cazul bidimensional, metoda Runge-Kutta diagonal
implicitd (a1 = 0,a11 # 0,a23 # 0) este simplecticd dacd ay; = 4ai;,
b1 = 2a11, by = 2a3, cu all,an arbitrare.
L]
b= aq
Pentru sistemul , pentru a calcula P41, @n+1 se calculeazd

q_ oH
ap
}/17 Z17Y2) Z'l din

Y1 = Py + Atay 5, o . (1, 21)
Zy =@, — Atau%% (Y1,241)

=P, + At [40,]1 EY ( 1,Z1) +a22 dq (YZaZZ):|

7y =@, — Al [4a11% Y1, 2y) + axn 631: ()Q,Zg)}

3.3. Metoda Esterkin-Pilia

— 8H
Pentru sistemul o O%H , metoda numerica datd prin
q=
op

{ Pn+1 = Pn -+ At% (p1l+1aq1l) (9)

Gn4+1 = qn — At%.—p' (Pr+1,an)

conservd aria (este simplecticd). Metoda (9) este dificil de aplicat pentru cd
presupune ca (9) sd poatd fi rezolvat in raport cu pnpy;1 §i gnt1,

Metodele numerice care pistreazi proprietitile simplectice ale unui sistem
hamiltonian pot fi folosite In studiul sistemelor hamiltoniene perturbate.
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A CRITERION OF UNIVALENCE FOR
ANALYTIC FUNCTIONS IN THE UNIT
. DISK

Nicolae N. Pascu and Nicoleta Aldea

Abstract

In this paper we obtain an univalence criterion for analytic functions
in the unit disk.

1 Introductlon

Let A be the class of analytlc funchons f,f(0) = f1(0) =1 = 0, in the unit disk
={z:2€C,|z] <1} and S be the subclass of the class A , consisting
'm univalent functions.
o O e i’i)
Definition 1.1 The function f € A is subordinate to the function g €S
(we write f < g ) if f(U) C g(U)+ v,

Definition 1.2 The function L UixI=>C, 1= [0, 400 ) is Loewner
chain if for all t € I the functions L(z,t) s analytic and univalent in U for all
0 <s < t we have L(z,s) < L(zt)

Definition 1.3 The functlon F:U %X C— C,F = F(u,v) satisfies
Pommerenke’s conditions if :

a) the function L(z,t) = F( e *z,e'z) is analyticin U , for all t € I , locally
absolutely continuous in I , local uniformly with respect to U .

b) the function aﬂa—fﬁ /Ml'aj:’—” is analytic in [J for t > 0 and analytic in U
for t=0.

o) ﬂgo_ £0 and aF(oo)/aF(oo) ¢ (_Oo 1),

d) the farmly of functions SRR

~t t —t BF(O 0) g 8F(0,0)
{Flemiz,e2)/ [e +e ]}tel

v
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forms a normal family in U .

Observation 1.1 If F(e~!z,e'z) = ai(t)z + as(t)z + ... then a;(t) =
et aF(z,o) +et 2209 414 from conditions c) and d) of Definition 1.3 it results
that a;(t) # 0 for t €I | tlim la1(t)] = oo and {L(z,¢)/a1(t)}ter forms a

— 00

normal family in U ,were L(z,t) = F( e“z,‘etz) .

Theoreml.1 Let F: Ux C =» C , F = F(u,v) , be a function with the
property that F( e~tz, etz) satisfies Pommerenke’s conditions. If

|G(z,2)| <1, VzeU, 1
Gz, 1) <1 vz e U {0}, @)

where
Gu,v) = U@F((;:,v) fu 8Fg;,v) (3)

then functions F(z, z) is univalent in U.

2 Main results

We start from the Taylor polynomial of two degree and we consider

(et — e—t.)z'l

L(z,t) = Fle7'z,e'z) = fle7tz) + (e +e )z f'(e7t2) + 5 f'(e7tz)
(4)
or
1 (U - u)2 "
Flu,) = fw)+ (v = w)f'(w) + 21" (w), ®)
where f € A. So, f has the following Taylor series
fz) =2+ b2 + ... (6)

We shall determinate the conditions for the defined above F' such that it
is satisfies the Definition 1.3. )

The function L(z,t) = F( e~tz,e'z) defined in (4) or (6) is analytic function
in U. Moreover, L(0,t) = f(0) = 0 .So, L(z,t) = F( e~'z,¢e'z) has the Taylor
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series F(e—t,“(t)z + az(t)z + ... According to Observation 1.1 we

have
a) (t) = e_t-————aF(;Z’ 0) + etaFg:}’ 0) = |
= femyy/ () + (0 =W f (W) — (v - )" (w) + o
A (w) + (v = u)f ()]} =0 = €' f(0) = €.
So, o ROVIE [0, +00) and Jim lar (2)] = co.

Now St determinate the conditions for which
[L(z,t)/ar(8)] < K(r),|z] <7 <1,

where fConstant.
We

L

~ ety + (1 —e M)zf(e7t2) +

fle~tz) + (et —e )z f'(e72) + Lei-*?e:ilvz'zf”(e‘tz) B

et

o2 r ) et <
Sl He A + (L= e + 5 et 2 e )] +

+He t2f e )| + % [e“stzzf”(e’tz)l . (7)

3 evidently that [e™#| < 1,p > 0 and |1 ~ 72| < 1.

t f*) k € N, is a continues function, because f is analytic function.
Mover, f® .k € N, is continues on the compact set, so f*) k € N is
boided function .

1 this context, the above formula gives

if(’tt l < M(r) + 3 |e*z?f"(e7*2)| ,|z] < r < 1, where M(r) is a constant.

By (7) we have

Fl(2) =1 + 2byz + 3b32 + ...
F(z) = 2by + 6b3z + ...

and

f'(e7z) = 2by + 6bsz + ...
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series F(e™z,e'z) = ai(t)z + aa(t)z + ... According to Observation 1.1 we

have
(e = BFéi 0) apé?) 0) _
= (e ) — £/(w) + (0 = )" (@) = (o - w) () + O W 530 ()]

+et[f'(u) + (v —u) f"(W)]}sz0 = €' £'(0) = €.

So, ai(t) = et #0,Vt € [0, +00) and tgm lai (t)| = oo
5 [o ]
Now , we must determinate the conditions for which

|L(z,t)/ar ()] < K(r),|2| <7 <1,

where K (r) is constant.

We have
R ECEECE MGERL =GR
a(t) |~ et -

= et flemte) + (1 ez et + E TR ety

+ —;— |e‘zzf"(e )| +

<le™t fle™' )| + (1~ e™*)zf'(e7"2)|

. 1
+le 2 f(e7t2)| + 3 le3 22 F'( (e7tz)|. (7)

It is evidently that [e™?| < 1,p > 0 and |1 — e~ ?| < 1.
But f*) k € N, is a continues function, because f is analytic function.
Moreover, f*) k € N, is continues on the compact set, so f*) k € N is

bounded function .
In thls context, the above formula gives

a,lt |<M 7‘)+ 1 |et22fll( -t
By (7) we have

(r) is a constant.

fI(Z) =14 2byz + 3b32’2 + ...
f(2) = 2by + 6b3z + ...

and
(e tz) = 2by + 6b3z + ...
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So,
t22f"(e7tz)| < N(r),|z] <r < 1,where N(r) is a constant, if b, = 0 i.e.

7(0) =0.

Hence, |L(z,1)/a1(t)] < K(r),|z] <7 < 1,if f"(0) = 0.

So, F' satisfies the conditions ¢) and d) from Theorem 1.1

Now, we must show that L(z,t) = F( e~tz,e'z) satisfies the a) conditions
of Theorem 1.1 ,i.e. L is derivable with respect to t on [0,7] , with T' > 0,
L1 | < M on [0,T)], where M is a constant .
It is ev1dent1y that L is derivable with respect to t on [0,7] and

‘614( B — l 6u + e—tdF| — | ze‘t)[f'(u)—f’(u)—l—(v—u)f”(u)—

~ (o =W w) + ‘%ﬁf@w + ze![f'(w) + (0 = )" (W) =

- ‘_Mfw)(e—tz) +(1— e 2)22f"(e7tz) + etz f'(et2)| < M,
because et < eT,t € [0,T]. ’

It is clearly that the conditions c) of Definition 1.3 it satisfies because
le~tz| < 1 for t>0.

We must show that there is a function G(u,v) = u%/vygj’—”) such
that

|G(z,2)] < 1,Vz €U and |G(z,1)] < 1,Vz € U \{0}.

and ‘

Glu,v) = Cuf'(u) = f'(u) + (v —u)f(w) — (v —u)f(u) + “’;Z“sz(S’)(u) _
o Filw) + (=0

lu v2(1- :}—‘)2 £ (w)

C2v fi(u) +o(1- %) fr(u)

2 2 3w
1y v? (1 - %) L5

201 4y (12 07

D)
if f'(u) #£0 YueU. )
We have
|G(z,2)] =0< 1in U and
2 3
1 1, B (-1 S

z ll —_
271+ L1 - 1)

in U* = U \{0} is equivalent with
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2

zzf(3 z
(1-121%) ,—()
f'(z)
in U* = U \{0}.
Moreover, L(z,0) = F(z,z) = f(z). According to Theorem 1.1, we have
proved:

<2

22 + (1= [2P?) (())

Theorem 2.1 If f € A and it is satisfies f(0) =0, f'(z) # 0,Vz € U and

1282 + (1= 121%) 7

=

(1- |Z|2)2 e

then f € S.

n U,
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COINCIDENCE THEOREMS AND
APPLICATIONS

Adrian Petrusgel

1. Introduction

In 1970, J. Peetre and L.A. Rus (see [8]) proved the following coincidence
theorem:

Theorem 1. Let f,g be two singlevalued mappings of a complete metric
space (X, d) into a metric space (Y, p). Suppose that there exist two functions
@, from Ry into itself and M > 0 satisfying the following conditions:

(i) ¢ is monotonly increasing, (M) < M, nli_)rr;ocpn(M) = 0 and the

sequence (3L, (' (M))), o 18 convergent ;

(i) there exists To € X such that p(f(zo), 9(z0)) < M ;

(#1) for every x € X satisfying p(f(x), g{z)) < M, there ezists z € X such
that

p(f(2),9(2)) < (M) and d(z,2) < $(M);

(iv) f and g aere continuous.
Then there exists a point a € X such that f{a) = g{a).

On the other hand, T.L. Hicks (see [1]) gives in 1990 the following fixed
point theorem:

Theorem 2. Let (X,d) be a complete metric space and f : X — X be a
continuous mapping, such that there exists a mapping k : Ry — Ry with the
following properties:

(i) k(0) = 0 and k is monotonly increasing;

(ii) there exists xo € X such that

oo

k™(d(f(z0), z0)) < 00;

n=

93
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(iii) d(f(z), *(z)) < k(d(f(z),2)), for every z € X.
Then there exists a € X such that f(a) = a.

There exist some others results of this type: coincidence theorems, fixed
point theorems and surjectivity theorems for singlevalued and multivalued
mappings (see [2], [3], (4], [5])- .

The purpose of this paper is to prove two general coincidence theorems
for multivalued mappings. Then, we obtain as consequences some results that
extend theorems given in [1], [2], [3], [4], [8], by relaxing the continuity.

Let (X,d) and (Y,p) be two metric spaces. Let fig : X — Y be two
singlevalued mappings and F, G : X — Ybe two multivalued mappings.
Throughout this paper, we use the following symbols:

Fy = {aeeX|la=f(a)},

Fg = {a€ X|ac€Ga)},
C(f,9) = {aeX|fla)=g(a)},
C(F,G = {a€X|F(a)NG(a)# 0}

Definition 1. ([3]) Let @,% be two functions of Ry into itself. We say
that ¢ is @-summable at tog € Ry if the sequence (¢™(to))nen converges to
zero and the sequence (3.1, ¥(¢*(t0))), o IS convergent.

Definition 2. ¢ is called p-summable if it is p-summable at each
o € Ry.

Definition 3. Two multivalued mappings F,G of X into Y are said to be
p-prozimate if there exist increasing functions ¢, of R, into itself satisfying
the following conditions: '

(i) there exists zo € X such that v is p-summable at tg = D(F{zq), G(x0));

(ii) there exists a mapping p: X — X such that

d(z, p(r)) < Y(D(F(z),G(z))

and
D(F(p(z),G(p(z))) < ¢(D(F(z),G(z))), for everyz € X.

Definition 4. Two multivalued mappings F,G of X into Y are said to be
M-prozimate if there exist increasing functions ¢, from R, into itself and
M > 0 satisfying the following conditions:

(i) there exists zo € X such that D(F(zq),G(z0)) < M;

(ii) 9 is p-summable;

(iii) there exists a mapping p : X — X such that

d(z, p(z)) < P(M)

and
D(F(p(x), G(p(z))) < p(M), for each z € X.
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2. Main results
We begin with some auxiliary results.

Lemma 1. If F and G are p-prozimate multivelued mappings of a complete
metric space (X, d) into a metric space (Y, p) then there is a convergent sequence
(Zn)nenN in X such that D(F(z,),G(z,)) converges to zero, as n — oo.

Proof. There are increasing functions p, ¢ of R into itself satisfying the
conditions (i) and (ii) of Definition 3.

Let zg € X such that ¥ is p-summable at to = D(F (o), G(z0)). We may
assume to > 0. From (ii), we have that there exists a mapping p: X — X
such that:

d(zo, p(z0)) < Y(D(F(z0), G(z0))) = ¢ (to)
and
D(F(p(z0)), G(p(20))) < p(D(F(z0), G(20))) = p(to)-

Let p(zo) = z1 and so d(zo,z1) < ¥(to) and D(F(z1),G(z1)) < ¢(to). For

this 1, we use again Definition 3. It follows that:

d(z1,p(z1)) < Y(D(F(z1),G(21))) < 9(p(to))
D(F(p(z1),G(p(z1))) < o(D(F(z1),G(z1))) < @*(to).

Let p(z;) = z». In this way, we obtain the sequence (z,)nen with the
following properties:

Tpt+1 = P(In), n € N; (a)
AT, Tnt1) < P(P"(t0)), 1 EN; 8)
' D(F(2,),G(zs) < ¢™(to), neN. ()

From (8), it follows that (z,)nen is a Cauchy sequence in X, hence
(Zn)neN converges to an a € X. By using (), we have D(F(z,),G(z,)) = 0,
as n — oo. The proof is complete.

Lemma 2. ([7]) If F and G are M-proximate multivalued mappings
of a complete metric space (X,d) into o metric space (Y,p), then there is
a convergent sequence (Tp)nen in X such that D(F(z,),G(zn)) — 0, as
n — 00. .

The main result of this paper is the following theorem.

Theorem 3. Let F,G be p-proximate multivalued mappings of a complete
metric space (X,d) into a metric space (Y,p). If G is upper semicontinuous
with compact values and F is closed, then C(F,G) # 0.
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Proof. From Lemma 1, it follows that there is a convergent sequence
(Zn)nen in X such that D(F(z,),G(z,)) = 0; as n — co.

Let a be the element of X to which (2,)nen converges and £ > 0. Then
the upper semicontinuity of G guarantees the existence of a neighborhood V
of a such that z € V and y € G(z) imply D(G(a),y) < §. Since z, — a
and D(F(zn),G(z,)) — 0, as n —) oo we can find an m € N such that
z, € V and D(F(zn) G(z,)) < §, for every n > m. Hence, if n > m we
have p(y,y") < § for some J € F(z,) and ¢’ € G(z,). On the other hand,
since z,, € V, we have p(y’,y") < 5 for some y"” € G(a) and consequently we
obtain p(y,y") < p(y,y') + p(¥',¥"") < &, which implies D(F(z,),G(a)) < €.
Hence there are an a € X and a sequence (2, )nen in X such that z, — a and
D(F(z,),G(a)) = 0, as n = o0. We can find a mapping k of N into itself
such that k(n) > n and D(F(zyay), G(a)) < +. Consequently, the set

7() = { (1) € Plow) % G o0, < =}

is nonempty for each n € N. ;

Let s be a choice function for the family {7T'(n)|.n € N} and consider
the projections p,q defined by p(y,y’) = v .and ¢(y,y’) = y', for every
(y,y') € ¥ x Y. Then, since G(a) is compact, the sequence (g(s(n)))nen
in G(a) has a subsequence (g(s{(n;)))ien which converges to some b € G’( a).
Hence, for every € > 0 there exists an m € N such that p(g(s(n;)),b) < § and
+ < &, for all i > m. This shows that p(s(n;)) = b, as ¢ — oo, since

p(p(s(ni)),b) < p(p(s(ni)), q(s(ns))) + pla(s(ns)), b).

Therefore the sequences T, := (Ty(n;))ieN and y, := (p(s(n;)))ien satisfy
the conditions: z, — a, y, — b, as n = oo and y, € F(z,), for every n € N.
Since the graph of F' is closed and the sequence ((zn,yn))nen converges in
X x Y to (a,b) under the product topology, we obtain that (a,b) € GraphF
and so b € F(a) N G(a). The proof is complete.

Another result of this type is the following:

Theorem 4. ([7]) Let F,G be M-prozimate multivalued mappings of
a complete metric space (X,d) into a metric space (Y,p). If G is upper
semicontinuous with compact values and F is closed, then C(F,G) # 0.

These general coincidence theorems have some important consequences.
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3. Consequences
We start from the following result:

Theorem 5. Let f1,..., fm,91,...,0m be mappings of a complete metric
space (X,d) into a metric space (Y,p). Suppose that there erist increasing
functions @, of Ry into itself satisfying the following conditions:

(i) there exists zg € X such that ¢ is p-summable at

to = Z p(fi(20), 9:(%0));

i=1

(ii) there exists ¢ mapping p: X — X such that

d(z, p(z)) < (Z p(fi(z),gi(w))>

i=1
and

Zp(fi(p(w)),gi(p(w))) < (Z p(fi(z'),gz-(z'))> :

=1 i=1

for each x € X;
(iii) g1, ..., gm are continuous and the graph of each fi,..., fm is closed.
Then there exists a € X such that f;(a) = gi(a), for each i =1,2,...,m.
Proof. Consider the metric space (Y™, p') with the metric p’ defined by:

m

p,((y17 .- "ym)a (yia .- ':y;n)) = Zp(yh y:)7

=1
for all (y1,...,¥m), (Y1,---,¥m) € Y™ and define two multivalued mappings
F G of X into Y™ by
F(z) = {(fi(z),-.., fm(2))}

G(z) = {(01(2), ..., gm(2))},
for each z € X.

The hypothesis of this theorem shows that F' and G are p-proximate, G is
upper semicontinuous and F is closed. Theorem 5 follows from Theorem 3.
A similar result is the following consequence of Theorem 4.

Theorem 6. ([7]) Let f1,..., fm,G1,---,9m be mappings of a complete
metric space (X, d) into a metric space (Y, p).
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Suppose that there exist two increasing functions @, of Ry into itself and
M > 0 satisfying the following conditions:

(i) ¥ is p-summable;

(ii) there exists zg € X such that

m

> o(fi(@o), gi(zo)) < M;
i=1

(113) there exists a mapping p: X = X such that
d(z,p(z)) < Y(M)

and
Zp(fi(p(w)),gi(p(x))) < (M), for everyz € X;

(i) g1,-..,9m are continuous and the graph of each f1,..., fm are closed.
Then there exists a € X such that fi(a) = gi(a), for each i =1,2,...,m.

If in Theorem 6 we put m = 1, we obtain a result which extends the
Theorem 1, namely below.

Theorem 7. Let f,g be two singlevalued mappings of a complete metric
space (X, d) into a metric space (Y, p). Suppose that there exist two increasing
functions ¢, ¥ of Ry into itself and M > 0 satisfying the following conditions:

(i) ¢ is @-summable;

(i1) there exists zo € X such that

p(f(zo), 9(20)) < M;

(iii) there ezists a mapping p: X — X such that
d(z,p(z)) < (M)

and
p(f(p(z)), 9(p(x))) < 0(M), forallz e X;

(iv) g is continuous and the graph of f is closed.
Then C(f,g) # 0.

From Theorem 5, one obtains also a fixed point theorem:
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Theorem 8. Let f be o mapping of a complete metric space (X,d) into
itself. Suppose that there erist increasing functions ©,vy of Ry into itself
satisfying the following conditions:

(i) there exists xo € X such that ¢ is p-summable at to = d(f(xo), Zo);

(i) there exists a mapping p: X — X such that

d(z,p(z)) < V(d(f(z),2))

and
d(f(1(2)), p()) < @(d{f(x),2)), for every x € X;

(iii) the graph of f is closed.
Then F5 # §.

Theorem 8 extends Theorem 2 to the mappings with closed graph as can
see from: :

Theorem 9. Let f be o mapping of a complete metric space (Y, p) into
itself. Suppose that there exists an increesing function . of Ry nto itself
satisfying the following conditicns:

(i) there ezists on xv € X such 'hat:

O -

> e™d(f (o) 90)) < o

n=1

(i) d(f (), f>(2)) < o(z, f(2))), for allz € X ;
(iii) the graph of f is closed.
Then Fy # 0. : -

Obviously one obtain the following theorem, which includes a known result
(see [2]).

Theorem 10. Let f be a mapping of o complete metric space into itself.
Suppose that there exist increasing function @, of Ry into itself satisfying
the following conditicn:

(i) there exists o € X such that § is p-summable at to = d(f(z0), o);

(ii) there exists n € N such that '

d(x, F{z)) < $(d(f(z),))

and
d(f™ (@), F(@)) < pld( (), 2)), for every z € X;
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(111) the graph of f is closed.
Then Fy # 0.

One can state other coincidence theorems, fixed point theorems and surjectivit
theorems of this type, which extend results given in [2]-[5] (see also [6] and
[7]).

At the end of this paper, we make an observation.

It seems to be a matter of interest to study one of the following open
problems:

A. To give direct proofs of Theorems 5-10.

B. Which are others results for singlevalued mappings that can be extended
by passing through the multivalued case?

References

fi] T.L. Hicks, Another view of fized point theory, Math. Japonica, 35(1990), 231-234.

[2] S. Kasahara, Surjectivity and fized point of nonlinear mappings, Math. Sem. Notes,
2(1974), 119-126.

[3] S. Kasahara, Fized point theorems and some abstract equations in metric spaces, Math.
Japonica, 21(1976), 165-178.

[4] M. McCord, A theorem on linear operators and the Tieize extension theorem, Amer.
Math. Monthly, 75(1968), 47-78.

[5] A. Petrusel, Coincidence points, fized points and surjectivity, Seminar on Differential
Equations, Cluj-Napoca University, Preprint nr.3, 1989, 165-173.

[6] A. Petrusel, Coincidence theorems for p-prozimate multivelued mappings, Seminar on
Fixed Point Theory, Cluj-Napoca University, Preprint nr.3, 1990, 21-29.

[7] A. Petrusel, A generalization of Peetre-Rus theorem, Studia Univ. ”Babes-Bolyai”,
35(1990), 81-85.

[8] 1.A. Rus, Principii st aplicalii ale teoriei punctului fiz, Editura Dacia, Cluj-Napoca,
1979.

University ”Babeg Bolyai”,
Cluj-Napoca,

Romania

e-mail: petrusel@math.ubblcluj.ro



An. $§t. Univ. Ovidius Constanta Vol. 8(1), 2000, 101-110

SISTEME LINTARE INCONSISTENTE

Elena Popescu gi Mirela Stefinescu

Problemele teoretice §i practice care se modeleazi cu ajutorul sistemelor
de ecuatii si inecuatil liniare sunt foarte diverse. Deseori datele acestora
reprezintd aproximatii sau estimatii ale unor valori reale. Informatiile incom-
plete conduc uneori la sisteme cu mai putine relatii decat necunoscute (subdeter-
minate), alteori sistemele sunt supradeterminate, caz in care pro-
babilitatea de a fi contradictorii (inconsistente) este mare.

Cei mai multi algoritmi de rezolvare a sistemelor liniare pornesc de la
ipoteza cd sistemnul este consistent (are solutie), fard si se cunoascid exact
modul lor de actionare in cazul cand ipoteza nu se verifici. De aceea se
constatd un interes crescut pentru algoritmii care nu presupun de la Inceput
ca sisternul este consistent.

In practica apar deseori sisteme inconsistente. De exemplu modelele econo-
mice pot contine restrictii contradictorii datorate resurselor limitate, directive-
lor neconcordante, planurilor nerealiste, inexactitatii informatiilor economice,
etc. In acest caz suntem interesati in gisirea unui vector z € R™ care si
verifice sistemul in sensul celor mai mici patrate. Pentru sisteme de ecuatii:

Az =0, (1)

unde A € M xn(R) si b € R™, aceastd problema s-a bucurat intotdeauna de
o mare atentie din partea cercetitorilor. Pentru sisteme de inecuatii liniare
insi, problema nu a fost investigatd aga cum ar fi meritat.
in general pentru sisteme liniare inconsistente se rezolvd o problemd de
tipul
min @ (Az - b)

sau echivalent
min {® (h) JAz =b+h, € R", he R"}. (2)

De fapt se corecteazd vectorul termenilor liberi unde ® (h) este criteriul de
corectie cu care se estimeazd calitatea corectiei.

101
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Dacd @ este norma euclidiand ® (h) = ||h||§ atunci obtinem metoda clasici

a celor mai mici patrate. In afard de aceasta, existd si citeva tehnici pentru

cazul cand
m

& (h) =|hll, =Y |hil
=1
si
& (h) = |Ihlloe = maz |hil,

dar acestea sunt mai complicate pentru cd functia
f(z) = ||Az - ]|,

nu este diferentiabild pentru p = 1 sau p = 0.

Dintre lucrdrile roménesti referitoare la sisteme incosistente mentionim
articolele lui Marusciac [M1] i [M2]. In [M1] se d& un algoritm, bazat pe
metoda Newton-Raphson, pentru cea mai bund L, , - aproximatie a solutiei
unui sistem de ecuatii liniare inconsistent, adicd solutia problemei

P
m

min W Eaz—'
l’EC" 1 1je g 1l >

unde w = (w1, wa,...,wm)T € RT sip > 2.
Pentru un sistem de inecuatii liniare

Az <b, (3)

o solutie in sensul celor mai mici padtrate (Least Squares) este un vector care
minimizeazi functia

: f(z) = l|(Az = b)+ll; (4)
unde A € M, xn(R), b € R™, £ € R™ iar (Az — b); este m-vectorul a cirui
componenti 7 este max {(Az — b);,0},1=1,2,...,m

Corectarea, vectorului termenilor liberi dupi rezolvarea problemei (2)
( de exemplu prin adidugarea resurselor deficiente) nu este intotdeauna posibila
in practicd, fiind mult mai realistd corectarea unei submatrice a matricei
extinse (4, b). Insi din punct de vedere matematic corectarea matricei restricti-
ilor este o problemd mai dificild pentru care existd numai citeva abordiri
[Er],[Val] si [Va3].

Sistemului de inecuatii:

<(Li,11:> <b;, 1€ MygUM
z; >0, 5=1,..,n
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unde alT este linia ¢ a matricel A, b; este componenta ¢ a lui b, My, M, sunt
multimi de indici si (., .) este produsul scalar in R™, ii atasim sistemul corectat

<ai,$) S biy 1€ ]\/—[0)
(a;i + hj,z) <b;—hini, i€ M,
.’IZ]'ZO, 1=1,..,n, )

unde h; € R™ §i h;ny1 € R. Notdm cu h; € R™! vectorul care corecteaza
linia ¢ € My = {1,...,u} a sistemului, adicd h; = (hj, hins1) = (Ri,. Rins1)-
Liniile £ € Mp nu se corecteazd. De asemenea coloanele j € Jo C {1,...,n+ 1}
ale matricei extinse (A, b) trebuie si rimani neschimbate. Pentru aceasta se
ia

hij =0,1€ M, j€ Jo.

Fie H matricea cu elementele Ay, ¢ =1,..,p0, 5 =1,...,n+ 1.
Problema corectarii sistemului de inecuatis se formuleazd astfel:

min {®(H)/H € S},

unde

S ={H/ hij =0, i € My, j € Josi sistemul corectat este consistent},
iar ®(H) este criteriul de corectie.

In lucrarea [Va2], Vatolin aratd ci pentru sisteme de ecuatii, corectarea
intregii matrice extinse (A4,b) avand drept criteriu de corectie norma eucli-
diana, este o problem3 echivalentd cu gisirea celei mai mici valori proprii (si
a vectorilor proprii corespunzitori) a matricei (—b, A)T(—b, A). Atunci cand
o parte din restrictii trebuie s& rdmina neschimbate problema este gi mai
complexa. .

Corectarea, care are drept scop inldturarea naturii contradictorii a sistemu-
lui Az < b se face agadar in dous moduri: corectarea vectorului b al termenilor
liberi prin metoda celor mai mici patrate (LS) si corectarea unei submatrice a
matricei extinse (A, b).

Desi problema LS pentru sisteme de inecuatii liniare este o extensie natu-
rald a problemei LS pentru sisteme de ecuatii liniare, nu se pot aplica metodele
de rezolvare a acesteia din urmi pentru cd functia (4) nu este de doud ori
diferen;iabilz‘ijn literatura de specialitate este cunoscutd o singurd metoda de
determinare a unei solutii LS pentru sisteme de inecuatii liniare datoratd lui
Han [Ha], care da si o caracterizare pentru aceste solutii.

Minimizarea LS cu restrictii este o tehnicid folositd ori de cate ori este
necesars regularizarea solutiei unei probleme LS obignuite. Pentru sisteme
de ecuatii liniare se cunosc metode de rezolvare a problemei LS cu restrictii
de tip interval asupra variabilelor, cu restrictii ecuatii liniare gi cu restrictii
inegalitati pitratice. Pentru sisteme de inecuatii liniare, in lucrarea [Po3] sunt
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luate in considerare doud tipuri de restrictii: ecuatii liniare gi restrictii de tip
interval asupra variabilelor.

Functia datd de (4) este convexdi, insd numai de clasi C!'. Suntem astfel
condusi la problema mai generals:

min f(z)
Bx=d
l’i S Z; S Ui (’L = 1)"')”)

unde functia obiectiv f este convexd continuu diferentiabild, B € M,xn(R),
deR",zeR" I;,u; € R.

In lucrarea [PM1], prezentdm o metod3 si un algoritm de rezolvare a acestei
probleme. Metoda cuprinde o parte combinatoriald de determinare a componen-
telor solutiei optime care sunt egale cu una din marginile intervalului lor de
variatie. Este o metodd adaptivd de determinare a acestor componente si
se desfdgoard pe doud nivele. La fiecare iteratie de nivel superior se decide
care variabile se fixeazd la unul din capetele intervalului lor de variatie si care
raman libere, adicd strict intre cele doud limite.

La nivelul inferior, se rezolvd cidte o subproblem&, numai in subspatiul
variabilelor libere. Numarul de subprobleme care trebuie rezolvate este finit.
Algoritmul poate fi extrem de puternic dacd existd o metodi eficientd de
rezolvare a acestor subprobleme.

Dezvoltari recente in optimizarea generald neliniard, cu restrictii de tip
interval impuse variabilelor, au avut drept rezultat o clasa de algoritmi pentru
egalitdti de forma ¢;(z) = 0, i = 1,...,r, posibil neliniare, dar in care functiile
f(z) si ¢i(z) sunt de doud ori continuu diferentiabile. In articolele lui Conn,
Gould si Toint [CGT1] si [CGT?2] partea algoritmului care controleazd statutul
variabilelor in raport cu marginile intervalului lor de variatie, foloseste informa-
tii date de proiectia gradientului.

Metoda propusi in [PM1] pentru cazul cdnd c¢;(z) sunt functii liniare de
forma c¢;(z) = bfz —d;, i = 1,...,r (unde b¥ este linia i a matricei B §i d;
componenta ¢ a vectorului d) prezintd avantajul cd se poate folosi gi in cazul
cand f(z) este numai convexi continuu diferentiabila.

In lucrarea [Pol] se rezolvad problema LS pentru sisteme de inecuatii liniare
cu restrictii de tip interval impuse variabilelor:

mm,—|| z = b)4ll; 5
{liSIsz(z—l,.. . (5)

Aplicind metoda din [PM1], problema este redusd la un numir finit de
subprobleme LS fird restrictii, pentru sisteme de inecuatii de dimensiuni mai
mici.
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In [P] se d& o aplicatie a metodei la rezolvarea simultani a unui cuplu de
probleme de programare liniard dual simetrice care este echivalenti cu rezolva-
rea unui sistem de inecuatii. Introducerea conditiilor de nenegativitate pentru
variabilele primale §i duale in sistemul de inegalititi ar dubla numérul de
linii ale matricei sistemului. Dacd le considerim nsid cazuri particulare ale
restrictiilor de tip interval, rezultd o problemi de forma (5). Céand cele doud
probleme de programare liniard nu au solutii admisibile se obtin solutii in
sensul celor mai mici patrate care ne pot furniza informatii utile chiar si in
acest caz.

Procedeul se poate aplica §i la testarea fezabilitatii sau gasirea unui punct
admisibil initial pentru o problemi de programare neliniard cu restrictii liniare.
Majoritatea metodelor iterative de rezolvare pornesc de la un astfel de punct.

Metoda [PM1] se poate aplica si la rezolvarea problemei LS pentru sisteme
de ecuatii cu restrictii de tip interval asupra variabilelor

min } || Az — blf5
li S Z; S U; (l = 1,...,n).

Spre deosebire de functia (4), functia f(z) = § [|Az — b||§ este de clasd C*®
g in consecinti se pot adapta algoritmii iterativi descrigi in [CGT1] si [CGT2].
O astfel de adaptare este facutd de Bierlaire, Toint si Tuyttens in lucrarea
[BTT). Aici subproblemele LS in variabile libere se rezolva cu o metoda de tip
gradienti conjugati care este formal echivalentd cu descompunerea Lanczos a
matricei AT A urmati de factorizarea Cholesky a matricei tridiagonale rezultate.
Acesti algoritmi sunt eficienti dacd matricea A este “bine conditionatd” sau
se poate aplica o metoda de preconditionare.

Pentru aceeagi problemd Lotstedt [Ld] determind solutia de norméa mi-
nima folosind metoda gradientului conjugat cu preconditionare. O metodd
directd pentru sisteme de ecuatii cu matricea rard (cu mai putin de 1% elemente
nenule) gi de dimensiuni mari se géseste in [Bj]. Pentru aceste sisteme Bjorck
foloseste o descompunere Q-R partiala.

Daci se doregte atenuarea oscilatiei excesive a unei functii din cauza datelor
perturbate, se rezolvd o problemi de minimizare LS cu restrictii inegalititi
patratice de forma:

{ min ||Az - bl|,
”B"LHZ S a7

unde A € M xn(R), B € Myuxn(R) este o matrice nesingulard si reprezintd
operatorul discret asociat operatorului diferential de ordinul doi i @ > 0.
In [GL], Golub gi Van Loan folosesc descompunerea dupd valori singulare
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generalizatd (GSVD) la rezolvarea problemei mai generale

min ||Az — b||,
Bz —d||, < e

Pentru « = 0, avem cazul particular de minimizare LS cu restrictiile sub
forma unui sistem de ecuatii liniare Bx = d.

Metodele LS care folosesc descompunerile SVD se bazeazi pe faptul ca ||.||,
este invariantd la transformarile ortogonale. Problema min ||Az — b||, poate
fi inlocuitd cu problema echivalents min ||(QTA)z — (QTb)||, unde matricea
ortogonal @Q se calculeazd astfel incat Q7 A s3 aibd o form3 ”cano-
nicd”. Din p&cate problema LS pentru sisteme de inecuatii min ||(Az — b)4||,
nu poate fi transformati astfel.

Pentru sisteme de inecuatii liniare, in [Po3], se considerd problema in sensul
celor mai mici patrate cu doud tipuri de restrictii: ecuatii liniare si restrictii
de tip interval pentru variabile

min § [|(Az — )45
Bz =d
li S x; S U4 (l = 1,...,n),

unde A € Mpxa(R), B € M xn(R), b € R™, d € R" gi rang(B) = r.
AplicAnd metoda din [PM1], problema este redusd la un numdr finit de
subprobleme LS cu restrictii ecuatii liniare peste un subspatiu liniar:

min L1|(Gz — h)+ I3
Cz =7,

unde G € Mywy(R), C € M,y (R),z€ R9, he R, fe R"5ig < n.

Pentru aceste subprobleme in [SP] prezentdm o metodd directd, bazatd
pe descompunerea Q-R a matricei C7 cu o procedurs de reactualizare a
factorizérii Q-R.

In [Val] Vatolin arati ci existd o clasi de criterii de corectie cu care pro-
blema corectdrii matricei restrictiilor §i a termenilor liberi se poate rezolva
efectiv g1 propune un algoritm in acest scop. Corectarea gi rezolvarea sistemului
corectat se bazeazd pe un numdr finit de probleme de programare liniard -
de dimensiuni comparabile cu sistemul initial. In [Va2], Vatolin foloseste
drept criteriu de corectie, norma euclidiand. In lucrarea [PM2] se analizeazi
problema corectdrii unui sistem liniar de inecuatii inconsistent folosind doud
criterii particulare din clasa respectiva: ||.|| §i [|.|l;. Se aratd cd cele doud
norme fac parte din clasa propusa de Vatolin. Pentru fiecare dintre ele se
determind forma problemelor de programare liniarad necesare rezolvarii sistemu-
lui corectat si numéarul lor. Astfel pentru ||.||,, este necesars o singurd problems,
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iar pentru ||.||, sunt necesare un numar de probleme de programare liniar3 egal
cu numarul coloanelor ce se corecteazd.

Datoritd aparitiei supercalculatoarelor si a variantelor lor vectoriale si
paralele, in ultimii ani s-a trecut la Imbunatitirea unor metode mai vechi,
la reconsiderarea unor metode clasice si la adaptarea lor la modul de lucru al
noilor generatii de calculatoare.

Calculul paralel a devenit o directie importantd de cercetare incepand cu
anii ’80, cand au apdrut primele calculatoare cu arhitectura paraleld. Pentru
a exploata avantajele paralelismului au trebuit regdndite atit limbajele de
programare cit gi majoritatea algoritmilor secventiali clasici.

Metoda din [Po2] se incadreazi in aspectele mentionate mai sus. Algoritmul
de programare pitraticd Theil-Van de Panne [T'P] a fost adaptat pentru
obtinerea solutiei de norm& minima a unui sistem de inecuatii liniare de mari
dimensiuni:

min L |lo]}
Az <b.

Acest algoritm are avantajul cd furnizeaza solutia exactd intr-un numér finit
de pasi sau dacd sistemul este inconsistent d& un mesaj adecvat. Modificarile
facute au drept rezultat sciderea volumului de calcul si posibilitatea folosirii
sistemelor multiprocesor §i a calculului paralel.

Algoritmul este o metodd combinatoriald de determinare a restrictiilor
active (satisficute cu egalitate de solutia de normi minimi) si s-a avut in
vedere Imbundtdtirea lui prin scdderea numdrului de variante cercetate la
fiecare iteratie. In felul acesta calculele necesare verificirii acestor variante se
pot face in paralel daca algoritmul este implementat pe un sistem multiprocesor.

Rezolvarea unei probleme in paralel impune de cele mai multe ori reconside-
rarea tehnicii de rezolvare a problemei respective nefiind suficient numai un
sistem cu arhitecturd paraleld. Ideea de bazd In programarea paraleld este
descompunerea in subprobleme ce presupun un efort- de calcul similar, in
scopul tratirii lor simultane. Existd insa riscul ca numdirul de procesoare s3
fie inferior numarului de subprobleme si in acest caz unele dintre ele trebuie
rezolvate In pseudo-paralelism. Pentru evitarea acestei situatii este propusé o
combinatie intre algoritmul original Theil-Van de Panne si algoritmul Hildreth-
D’Esopo modificat de Lent si Censor [LC1]. Prin aceasta se restrange numarul
subproblemelor care trebuie tratate in paralel. De asemenea criteriul de optima-
litate din algoritmul original, care presupunea calculul unor variante suplimenta:
re In momentul aplicdrii lui, este inlocuit cu verificarea semnului variabilelor
duale. Se demonstreaza echivalenta celor doud criterii. Numdrul de operatii
efectuate de fiecare procesor este micgorat prin stabilirea unei relatii de recuren-
ta.
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ON THE CONSERVATIVENESS OF THE
FELLER SEMIGROUPS

Emil Popescu

Abstract

We give a necessary and sufficient condition for the conservativeness
of Feller semigroups defined on a locally compact abelian group.

Let (G, +) be a locally compact abelian group with the neutral element
denoted 0. Let I" be the dual group of GG, i.e. the set of all continuous characters
on G where the group operation is defined by

(71 +72)(7) = 71(2) - 72(2)

for allv,,7v, € I'and x € G. The neutral element in I' is the character z — 1,
denoted 0. The inverse element of v € T is the character —y : z — v(z). We
choose and fix a Haar measure on G, denoted wg or dz. For f € L}(G) and
~v € I' we denote by f the Fourier transformation of f :

fon = / V@ f(z)dz.

G

By Co(G), resp. Cp(G), we denote the set of continuous complex functions
on G which tend to zero at infinity, resp. which are bounded, and these spaces
will be endowed with the topology of uniform convergence. The Haar measure
wr (or just dv) on I is the dual Haar measure to we on G. We denote by S(G)
the set of all functions v € L' (G) N C,(G) with @ € LY(T).

A Feller semigroup on G is a strongly continuous contraction semigroup
(P;)¢>0 on Co(G) for which all the operators P, are positive, i.e. such that for
all t >0 and f € Cf (G) we have B,f € CF(G).

We present, some results concerning the integral representation of the Feller
semigroups on a locally compact abelian group G.

111
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Theorem 1 ([5]). Let (P;)¢>0 be a Feller semigroup on G. For everyt > 0
there exists a function
p:GxT'=>C

continuous, bounded and such that for any z € G,

v = pi(2,7)
is positive definite with the property that for all u € S(G) we have

Rmm=/5wnuuwaWMm
I

Theorem 2 ([5]). Let (P;);>0 be a Feller semigroup on G with the infinite-
simal generator (A, D(A)). Suppose that S(G) C D(A), the functions z — y(z)
belong to D(A) for every v € I’ and the functions v — (Av)(z) - u(y) belong
to LX(T) for every x € G and u € S(G). Then for every u € S(G),

Amm=/Mmuawmww,

T
wherea :G xT' - C

d
a(z,v) = 7 P (z,7) lt=o -

From this results we observe that the functions p; (z,v) and a(z, ), named
symbols, characterize the semigroup (P,);>0 and its infinitesimal generator A.
Imposing conditions on the symbols we obtain new properties of the semigroup
and conversely. For exemple, in [4] we studied a class of symbols which give
k—elliptic operators on a locally compact abelian group. Now, using the above
integral representation we obtain a necessary and sufficient condition for the
conservativeness of a Feller semigroup in terms of associated symbols.

Definition. A Feller semigroup (P;);>0 on a locally compact abelian
group G is said to be conservative if P,11 =1 for all £ > 0.

The intuitive meaning of conservativeness of the Feller semigroup (P:)e>0
on R™ can be given with the help of the associated stochastic processes
{Xt};50 - The relation between them is given by

Plp(z)=E* (X, € B),
for all z € R™ and all Borel sets B C R™. Therefore,
1=PRl(z)=E*1=FE*(X; € R") a.s.
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and the conservative process {X},-, has a.s. infinite life-time.
Let (S¢)¢>0 be the convolution semigroup on R™,

Syu(z) = (zw)—("/”/ e et Og (6)de, we C®(RM), ze€R”

n

where a is the continuous negative definite function described by the Levy-
Khinchine formula

. N 1+ Iyl
oty _ ;&Y i HgH v ()
T+ lyli*] [yl

a(f) =c+ib-&+q(€) + / {1—
R \{0}
with ¢ > 0, b € R™, ¢ a continuous non-negative definite quadratic form on R

and v a non-negative finite measure on R™\ {0} . The infinitesimal generator
of (St)i>o0 is

Au (z) = — (2m) =@/ / etta ()T (€)dE, weC®(RY), zeR™

We observe that (S;)¢>0 is conservative if and only if a (0) = 0. Obviously,
if we put, for exemple, a (€) = ||¢||> + 1 we obtain a semigroup which is not
conservative.

In the following we consider that the assumptions of Theorem 2 are true.

Theorem 3. The Feller semigroup (FPy)e>o 5 conservative if and only if
a(z,0) =0 holds for all x € G.

Proof. We suppose P,1 =1 for every ¢ > 0. Then

P1-1
Al =lim — =
t—0 t

0.

Since

a:GxT = C, a(z,v) =v(z) (Ay) (z)

it follows that
a(z,0) = A0 (x) =0,

forall z € G.
Conversely, if a (z,0) = 0 for every z € G then we have

d
P (z,7) lt=0= 0,
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for every z € G. By Taylor’s formula,

- d
pe (z,7) — po (z,7) =/£ ps (z,7) ds.
0

We obtain
1
d
pe(z,v)-1 = ¢ 7 Ps (z,7) ls=pt dp
0
Fd
=t £ F@EN@)] e o
0
Since
d
— Pyu = P;Au,
ds

it follows that

p(zy)—1 = t / (@ (PAv) (z) dp
0

1
- / Y@ Py (a (1) 7 () () dp.
0

Thus we find for vy = 0 :
Dt (:L‘,O) = 1)

for every xz € G. Since

pe(z,7) = v(z) (By) (),

we obtain
1=PR1(z),

for every z € G, i.e. P;1 =1 and (F;);>0 is conservative.O
Using the integral representation of the operators which form different

Feller semigroups ([5]) we present some exemples of conservativeness.
The Ornstein-Uhlenbeck semigroup is defined, for each ¢ > 0, by

Uif(z) = / Flze? + yVT= e Du(dy),
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where u is the Gaussian measure on R™, whose Fourier transformation is
H(u) = ~ll*/2 On § (R™), we have from [5]:

Upf(z) = (2m)~ /2 / e py (2, €) 7 (€) de,

Rn
where o _ q
Pt (:L,f) = eL(e 2)zE—(l—e )'|E|“/2.
Since 0
1 1 €1°
a(z,v) = pt($ Y) le= 0———1:1: = 5

and a (z,0) = 0 holds for all z € R™, it follows that (U;)¢>o is conservative.
The brownian semigroup {A;);>0 on the compact abelian group given by
the unit circle R/27Z, is

Acf 9) Z ezn@ —in /" ( )

n=—co

I fO) = 5 anei™? (f € S(R/27Z)), then

n=—oo

el 2
2 : ane—tn /Zeznﬁ’

n=-—0oo
where p;(6,n) = e~t"*/2 Thus,

d - -
a1 pt(ean) lt;—_o: —T_l_e—tn2/2.

8,n) =
a(l,n) = - 5

We observe that a(8,0) = 0 and (Ay);>0 is conservative.

In the context of the infinite-dimensional group G = R™ x T with the
dual group T' = R™ x Z{®) let X be a space-homogeneous Markov process
on G with almost surely continuous trajectories, the transition function being
invariant with respect to the action of the group (in the terminology of A.
Bendikov). The semigroup (F;);>0 of the process X is a Feller semigroup
and the formula of Teorema 2 is valid on a set D of cylindrical infinitely
differentiable functions with compact supports with

pe(2,7) = exp{—t[¥(y) - il(]}, v €T,

where ¥(v) > 0 is a quadratic form and £(vy) is a linear form on I'. Here
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a(z,v) = —¥(y) + ()

and a(z,0) = 0, hence (P,);s0 is conservative.
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MULTI-CRITERTA OPTIMIZATION ON
MANIFOLDS

Cristina Liliana Pripoae

Abstract

In [1] we defined the notion of Pareto manifolds, as a tool for generalizing
classical methods of multi-criteria optimization to the framework of
modern Differential geometry. The present paper contains more details
and examples of Pareto manifolds, and of Pareto maxima on manifolds.

1 Introduction

Differential geometric techniques in multicriteria optimization problems were
considered only recently [1]. The situation contrasts with the case of single-
criteria optimization, where the geometric modelization is much more advanced
(12], [3]). The main difficulty for generalizing the notions and results from
the classical multi-criteria theory (see, for example, the monograph [4])) to
manifolds consists in the non-covariant character of efficiency (Pareto maxima,
etc) and of order relations. For a differentiable function f : M — N (where
M and N are differentiable manifolds), we introduced an analogue of the
(classical) Pareto maximum. For covariance, we restricted ourselves ([1]) to
some special class of target manifolds N (called Pareto manifolds): these
manifolds were characterized by the existence of an adapted atlas, with ”order
preserving” coordinates changes.

In this paper, we give a characterization of an adapted atlas of a Pareto
manifold. Then, we find a sufficient condition for immersed submanifolds in
R? to be Pareto manifolds.

Finally, we present two new examples: a function between manifolds,
admitting two Pareto maxima, and a function admitting no Pareto maxima.

Key Words: multi-criteria optimization, Pareto maximum, Pareto manifolds
Mathematical Reviews subject classification: 49M10, 90C30, 53C10
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2 New examples of Pareto manifolds

We say a vector v € R™ is non-negative (notation v > 0) if each of its
components is non-negative.

An n-dimensional differentiable manifold. M is said ([1]) to be a Pareto
manifold if there exists a compatible atlas .4 on M such that for any two
overlaping charts (U, ¢) and (V,4) from A, the following property holds:

if vwepU[)V) , v2w then Yoy (v) > 9oy (w)
Such an atlas is called an adapted atlas on M.

Proposition. A is an adapted atlas on a Pareto manifold if and only if
for any two charts (U,) and (V,h) of A, the components of ¢ o h™* are all
non-decreasing on their domain of definition.

In [1], several examples of Pareto manifolds were given (open sets in R";
the 2-dimensional torus; a well known 2-dimensional non-Hausdorff manifold;
any product of Pareto manifolds).

Obviously, any manifold admitting a one-chart atlas is a Pareto manifold.

Remark. Consider N an n-dimensional immersed submanifold in RP,
(n < p). For any point z € N, there exist an open neighbourhood V in R?
and a diffeomorphism (onto its image) & : V' — RP such that (VN N) C
R™ x 0p_n. Then (by eventually restricting the domain V') there exists a chart
(U,¢) of N around z, with U = V N N, such that i 0 ¢ = & (here ; means
the inclusion of R™ into RP). We say that the pairs (V,®) and (U, ) are
correlated.

The following result gives a sufficient condition for a submanifold to be a
Pareto manifold, in terms of hypothesis concerning the ambient space.

Theorem. Let N be an immersed submanifold of R?, (p > 2). Suppose
that for any = € N, and any two correlated pairs (V,®), (U,¢) and (V, &),
(U, @) (respectively) around z, the function ® o =1 is non- decreasing.

Then N admits a Pareto structure, and the charts (U, ) form an adapted
atlas for it.

Proof. With the notations and construqtioné from the previous remark, we
see that, in particular, for any z € (U NU), we have

®0®7!(2,0) = 3(p7}(2)) = (B oy }(2),0)
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The non-decreasing property of the function ® o ®~1 implies that @ o ¢~ is
also non- decreasing.

This proves that the charts on N form an adapted atlas for a Pareto
structure on the submanifold. O

3 Pareto maximum points on manifolds

Consider M a Pareto manifold; (U,h) an adapted chart and z,y € U. We
say ([1]) z > y if h(z) > h{y). Due to the property of adapted atlases, the
relationship ” > ” is independent of the choice of the adapted chart around z
and y.

Definition.([1]) Consider M a differentiable manifold, N a Pareto manifold
and f: M — N a continuous function. We say zg € M is a (local) Pareto
point for f if there exist a chart (V, )} of M around zo and an adapted chart
(U, h) of N around f(zp), an open set V5 C V around zg such that f(V) C U
and for every z € V with f(z) > f(zo) we have f(z) = f(zo).

In [1] we proved that the notion of Pareto points is covariant.

Example. Let M be the two-dimensional standard sphere and N be the
paraboloide of revolution, given by

N ={(5,9,2) € R¥| 2 = 2 + ¢}
The function f : M -3 N, given by
fz,y,2) = (2,9, -2% = y%)

is a continuous one. The target set NV is a Pareto manifold (see §2); we choose
the adapted atlas with only one chart, given by the orthogonal projection
along the z-axis. We remark that the "North pole” (0,0,1) and the ”South
pole” (0,0,-1) are (the only) Pareto points of the function f.

As a coincidence, the same conclusion holds also if the target manifold
of f is supposed to be R3, with the canonical atlas. The reason is that
the inclusion of the paraboloide into the three-dimensional Euclidean space is
”order preserving”.

Example. Consider M = N = T? the 2-dimensional torus and f : M — N
the function :

f(cosa, sina, cosf, sinfB) = (cosa, sina, 1,0)



120 C. L. PRIPOAE

With respect to the canonical 6-chart atlas, the torus is a Pareto manifold.
Considering the respective atlas as an adapted one, one remarks that the
function f do not admit any Pareto maximum -point.
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CONFORMAL METRICAL STRUCTURES
IN THE LAGRANGE GEOMETRY OF
ORDER k

Monica Purcaru, Mirela Tirnoveanu and Nicoleta Aldea

Abstract

The purpose of the present paper is to introduce the concept of
conformal metrical d-structure in a higher order Lagrange space as a
straightforward extension of that in a Lagrange geometry of order 2.
One studies some properties of this notion.

One defines the conformal metrical /N-linear connection notion on

E =0sc*M and one solves the problem of determining the set of all
conformal metrical N -linear connections which preserve the nonlinear
connection V.

One deals with some special classes of conformal metrical N-linear
connections and one analyzes the role of T(gy, S(oy, (@ = 1,2,...,k)
torsion d-tensor fields in this theory, special focus being on the semi-
symmetric conformal metrical N-linear connections which preserve the
nonlinear connection V. -

Finally one finds the group of transformations of conformal metrical
N-linear connections, which preserve the nonlinear connection N.

1. Introduction

The literature on the higher order Lagrange spaces geometry highlights
the theoretical and practical importance of these spaces: [2], [3] — [6].
Motivated by concrete problems in variational calculation, higher order
Lagrange geometry, based on the k—osculator bundle notion, has witnessed a
wide acknowledgment due to the papers [2], [3] — [6], published by Radu Miron
and Gheorghe Atanasiu.

Key Words: k-osculator bundle, conformal metrical N -linear connection, conformal
metrical d-structure, torsion.
Mathematical Reviews subject classification: 53C05
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The geometry of k-osculator spaces presents not only a special theoretical
interest, but also an applicative one.

Due to its content, the present paper continues a trend of interest with a
long tradition in the modern differential geometry, i.e. the study of remarkable
geometrical structures.

In the present paper we introduce the concept of conformal metrical
d-structure in a higher order Lagrange space L(¥)* = (M, L), (§2).

We define the conformal metrical N-linear ‘onnection notion on £ =
Osck M, (§3), and we determine the set of all these connections, which preserve
the nonlinear connection N (§4).

We treat also some special classes of conformal metrical N-linear connections,
(§5), and we find the group of transformations of these connections, which
preserve the nonlinear connection N (§6).

This paper is a generalization of the papers [9] — [11]. Concerning the
terminology and notations, we use those from [2], [8], which are essentially
based on M.Matsumoto’s book [1].

2. The notion of conformal metrical d-structure in the Lagrange
geometry of order k

Let M be a real n-dimensional C*°-differentiable manifold and
(OsckM,m, M),k € N*, its k-osculator bundle. The local coordinates on the
total space E = Osc*M are denoted by (zf,y(1V%, 4% | 49 Let L be a
C-regular Lagrangian of order k, k € N*, that is a map L : Osc*M — R of
the class C* on

B = OschM = {u = (z,yM,y?,..,yP) € Elrank|lyVi|| = 1}

and continuous in the points (z,0,y®,...,y*¥)) of the manifold E. Let g;; be
the fundamental or metric tensor field of the space L(¥)* = (M, L), where L
is the fundamental function defined above. g;; is given by:

%L

1
2 By Rigy(#)i° 2.1)

9ij(z,yM,y?, ., yH) =

with the property: rank ||g;;(z, ¥V, y®,...,y¥)|| = n on E.
gi;(z, 4V, yP, . y®) is a d-tensor field, covariant of type (0,2), symmetric
on E, [2].

Let S»(E) be the set of all symmetric d-tensor fields of the type (0,2) on
E. 1t is easily to show that the relations for a;;,bi; € S2(E) defined by:

aij ~ bij (=2 3p($,y(1),y(2), ...,y(k)) S T(E)/a,'j = eZPbij, (22)
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where F(F) is the ring of all differentiable functions on E, is an equivalent
relation on Sy(F).

Definition 1. The equivalence class § of S2(E)/ ~ to which the fundamenta
d-tensor field g;; belongs is called a conformal metrical d-structure on E.

Each ggj € § is a d-tensor symmetric and nondegenerate field, expressed
by:

gij = €20 gi;. . (2.3)

So, the d-tensor field g;; of the conformal metrical d-structure § of the Lagrange

space L{¥)™ is the fundamental tensor field of some Lagrange space L'®™.
We associate to this d-structure Obata’s operators:

: 1 ier i *ir 1 igr i
0 = 58367 — 9:56™), 0 = 56387 + 959", (24)
where (g%) is the inverse matrix of (g;)
gijgjk _ 5; (2.5)

Obata’s operators have the same properties as the ones associated with a
Finsler space [7].

Obata’s operators are defined for gj; € § by putting (¢"”) = (¢';;) ™" Since
equation (2.3) is equivalent to:

W= g, (2.6)
we have:

Proposition 2.1. QObata’s operators depend on the éonformal metrical
d-structure g, and do not depend on its representative g;; € §.

3. The notion of conformal metrical N-linear connection in the
Lagrange geometry of order k

Let N be a nonlinear connection on E with the coefficients

N(l)ij,N(Q)ij,...,N(k)ij and let D be an N-linear connection on F with the
: . (8 8 ) 5 .
coefficients in the adapted basis {53, T G 6y(‘°)"} :

DT(N) = (L Ciayims Ciaygms 0 Cliyim)-

Definition 3.1. An N-linear connection D on E for which there exists an
1- form w in

X" (E), (w=@idat =) 0y™* + w026y + .+ by idy
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i i 5(2)i k)i 5 - 5
where (dz*, dy(1) ,JSJ , .-, 8yF)?) is the dual basis of (327
such that:

) 8 & ))
) 6y(1)i ) 6y(2)-' LRSS Jy(k)i

(o)
Gijlm = 2a}1ngijygij | m — 2w(o:)mgij) (a = 172: <ty k)y (31)

is said to be a conformal metrical N-linear conrection on E with respect to
the conformal metrical d-structure §, I'(N,w).
For any representative gij € § we have:

Theorem 3.1. For any gij = e?*g;; a conformal metrical N -linear connec-
tion with respect to §, corresponding to the 1-form w, DI'(N,w) satisfies:

where w' = w + dp.
Since in Theorem 3.1 w’ = 0 is equivalent to w = d(—p), we have:

Theorem 3.2. A conformal metrical N-linear connection on E  with
respect toat §, corresponding to the 1-form wDT(N,w), is a metrical N-linear
connection with respect to some gi; € § (i.e. g;jlm = O,g§j|£ff) =0, (a =
1,2,...,k)) if and only if w is ezact.

4. The set of all conformal metrical N-linear connections in the

Lagrange geometry of order k
0 o o0 0 0 .
Let DT (N) = (L} C(l);m, C(Z);m’ . C(L)]m) be a fixed N-linear connec-

jm
tion on E. Then any N-linear connectxon on E:

DIN)Y= (L} C C ), can be expressed in the form:

smr Cyimo Cyjmr - Clayjm
0. . . 0 . .
L]tﬂ'l, =L lm —B]?;.n, C(o:);m ZC(Q);m —D(a);m, (a = 1, 2, ...,k), (41)
where BJm, (a);m, {(a = 1,2,..., k) are components of the difference tensor

fields of DT'(N) from D T (), [1].

DT'(N) is a conformal metrical N-linear connection with respect to g,
corresponding to the 1-form w in X*(E), that is (3.1) holds for DI'(N) =
DT(N,w), if and only ifit is necessary and sufficient that B, D(o‘)]m (a
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1,2,..., k), satisfy

(g o - 2‘;1177.91']') + gsjBfm + gisB;m =0,

ij|lm
(8)
(9 | m — 2w(a)mgij) + gst(a)sim + gisD(a)3771 =0, (a=1,2,..,k),
(4.2)
which is equivalent to:
QO Blm = —39"(9 o — 20magy),
Lj|m
(4.3)

(a)

Q*si;D(a)srm = _%gi[(glj | m 2w(a)mglj)v (a = 1>2) 7k))

()
0

.

0
where | and | (a =1,2,..., k) denote the h and v,-covariant derivatives

0
(e =1,2,...,k) with respect to D T (N).

Thus, we have:

. O ~
Proposition 4.1. Let D T" (N) be a fized N-linear connection on E.Then
the set of all conformal metrical N-linear connections with respect to § which
preserve the nonlinear connection N is given by (4.1), where w is an arbitrary
1-form in x*(E), and B},,,, Dipyjm (@ =1,2,.., k) are arbitrary d-tensor fields
satisfying (4.3).

0 0
Especially, if D T' (N) = D T (N,w) is a conformal metrical N-linear
connection, with respect to §, then (4.3) becomes:

(a)rm

Q¥ B!, =0, Q7 Dy =0, (@ =1,2,..,k). (4.4)

D i

(e)jm:

From Theorem 5.4.3[2], however, the system (4.3) has solutions in B}

jm
(@ =1,2,...,k). Substituting in (4.1) from the general solution we have:

0 .
Theorem 4.1. Let D T' (N) be a fized N-linear connection on E.The
set of all conformal metrical N-linear connections DI'(N,w) with respect to §
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which preserve the nonlinear connection N is given by:

Lj’m = L_(j);n + %gil (gl o - 2(:nglj) -+ Q:Z-X,,'?m,

jlm

o
- . 0 . .
CZa)jm = C?a)"jm + %gd(gl]' '-m, -2 w(a)mglj) + ng}/(z!)rm’ (a = 17 2’ T k)’
(4.5)
(@)
0

‘ . 0
where Xin, \Yioyim> (@ =1,2,..,k) are arbitrary d-tensor fields, and |, |,

0
denote the h and v,-covariant derivatives (o = 1,2, ..., k) with respect to D T’
().

As the particular case X;"-m =Y, =0, (¢ = 1,2) in Theorem 4.1, we

1
(a)jm
have:

Theorem 4.2. Let D f‘ (N) be a given N-linear connection on E, and
let w be a given I-form in x*(E).Then the following N -linear connection
DT(N,w) is a conformal metrical N -linear connection with respect to §, corres-
ponding to w :

ijlm

(4.6)

—oR

Clayim = Clayim + 39% (915 | =2 O(aym@ts), (@ =1,2,...,k).
0
If we take a metrical N-linear connection as D ' (V) in Theorem 4.2, then
(4.6) becomes:

~ 0 ;.
L]‘fm :lem _5jwm, (47)

0 .
=C(a);1n ‘5}¢U(a)m, (e=1,2,...,k).

C(a);:-m

0
As an example of D T (N), we take the following metrical N-linear connection,
given by:

0 c
L(_)'izn.:LJ}mc_?szrzj(DT" (48)
C(a)}n:C(a);m =257 W (ayrs (a=1,2,..,k),

C
where N =} is the canonical nonlinear connection of a Lagrange space of order
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C [ c c
kand CT (N ) (L]‘m, C(l);171, C(z)j.m, +»Cry5m) 18 the canonical metrical N-
connection (Theorem 10.2.1.[2]). A straighforward calculation leadstog o =
) ij|m
)
0

0,95 ,,=0 a=12,..,k.

Theorem 4.3. Let w be a giwven 1-form in X*(E).The following ]{I-linear
connectzon ~
D I"(N w) = L]m,C'(il)jm,C’(".z)jm, ...,C’(ik)jm (¢ =1,2,....k) is a conformal

metrical N-linear connection with respect to § , éorresponding tow:

L?:L?—J%m 208 Oy,

myj
C

. (4.9)
Cmmn—%WMm— 200 oy (&= 1,2, k),

(a)]m

c ¢ <
where N =N is the canonical nonlinear connection and CT (N)= (L, C(l)]m
¢ ¢ . c
,C Clryjm) s the canonical metrical N-connection.

i
(2)jm?

0
Finally, if we take a conformal metrical N-linear connection as D T (j\cf,w)
in Theorem 4.1, we have:

c
Theorem 4.4. The set of all conformal metrical N-linear connections

DF(]f/',w) with respect to §, corresponding to w, which preserve the nonlinear
connection N is given by:
{ L;m L;. Q” X3

T (4.10)
C(O‘ M T C(a)jm + ngy(a)‘-rmu a=1,2,..k,

where X]m, (a)ijm: (@ =1,2,..,k) are arbitrary d-tensor fields on E, and
DI‘(N,w) s gwen by (4.9).

5. Some special classes of conformal metrical ]\C/’-linear connections
in the Lagrange goemetry of order k
We shall try to replace the arbitrary d—tensor fields ij, Y(a)]m,

a = 1,2,...,k, in Theorem 4.4 by the torsion d-tensor fields To) o
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a=1,2,..,k Weput:

(01) Jm’
Thy im = 59™ (0T, w T gy " + gmnTl 1)
() jm = 39 \Gin (0) “im — 930 L0y i + 9mrT gy 1)
S(a) ']m = —12- (g,hS(a) im gth(a)hlm + gth(a)hjl)’ a=1,2,..k.

(5.1)

Theorem 5.1. Let T(0)3m> Sfa)]m, a = 1,2,...,k be given alternate d-
tensor fields and w be a given I form in x (E) Then, there erists a unique

conformal metrical N linear connection DF(N w) with respect to §, having
T(lo);mv S' (ayjms (@ =1,2,..,k) as the torsion d-tensor fields. It is given by:

]m - ij + T(B);m
C(O‘)}m - C(’a)]m + 5

(@)i,,’

a=1,2,..,k, (52)

where D T(N,w) = (Lins City s Clay s ...,C'("k)jm is the conformal metrical

c
N -linear connection given by (4.9).

Proof. Since To) jm= 0, we have through a straightforward calculation .

To) jm = 0 and from the first relation of (4.10) we have

Tioy jm = Ajm {5 X 1}

Substituting in (5.1); we can express Q3 X7, in terms of T(o) jm’

QWerz (,;))ij'rr;‘ (53)

Conversely, if for any alternate d-tensor fields To) jm We see (5.3) as a

system of Obata’s equations in X]’m, the compatibility condition (Theorem

2. 1 of [7]) is ea.sily verified. So, Tioy" jm may be arbitrarily given instead of
Asto Y, (e =1,2,..., k), the same argument holds.

Jm (a)]m’

Using the Definition 2.2 from [12] of the semi-symmetric N-linear connections
on E, we obtain the following properties:

Observation 5.1. The N-linear connections: D f‘(](f,w) and CT(]f/’) are

A .
considered as the semi-symetric conformal metrical N-linear connections, with
the vanishing h and v,-torsion vector fields, a = 1,2, ..., k.
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S*

i
() gm0

Putting 6; = ﬁi—fT(O)jvd(or)j = ﬁS(a then T(O ) jms
a=1,2,..., k given by (5.1) become
T* i 2QIJ‘ &T,
( Ji my (54)
S 2Q,mja(a)r, a=12 .k

a) Jln
From Theorem 5.1. we have:

Theorem 5.2. The set of all semi-symmetric conformal metrical [\C/-

C
linear connections, DI'(N,w, o), with respect to g, which preserve the nonlinear
connection N, is given by:

i ir
{ ':m - ij + QQmJUY’

C( a)jm C(lcv)Jm + 2‘Q:nJ ) (a)r, & = 1,2,...,k,

(5.5)
Clayjmr - Cliy

]{hlinear connection given by (4.9), and o = &;dz; + d(l)iéy(l)i + (7(2),-51/(2” +
.+ d(k),-5y(k)i is a 1-form in x*(E).

C‘L

(1)jm>

where DI‘(]il,w) = (L} > i U8 the conformal metrical

6. The group of transformation of conformal metrical N-linear
connections in the Lagrange geometry of order &

Now, we study the transformation DI'(N,w) — DI(N,w’) of conformal

0
metrical N-linear connections with respect to g. If we replace D T (V) and
DT'(N,w) in Theorem 4.1 by DI'(N,w) and DI'(N,w"), then (4.5) implies:

[
Theorem 6.1. Two conformal metrical N-linear connéctions

DP(N’ w) (L;m’ C(il)jm’ C(i‘z)j-m’ T C(ik)jm)
and = N — —i —i
DF(N, wl) - (ij’ C(l)jﬂl’ C(z)]m, veey C(lc)]m)
are related as follows:

7 i zr
{ ij ]m 6 m + Q rm’

i (6.1)
C(a)jm = C? - (sjp(a)m + Q Y

=12, ..k,

(a)jm (e)rm?

where we put p = w' — w.

Y‘L

(a)jm? &

the 1-form p, p = p;dz’ +p(1)16y(1)1+p OyPig AD(k)i0Y (£)i the above (6.1)

Conservely, given the d-tensor fields X?

jm?

=1,2,...,k, and given
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c
is thought to be a transformation of a conformal metrical N-linear connection
DI(N,w + p). We shall denote this transformation by

(‘lem? Yy(il)jm’ }/(1':2)_7'171’ s i/(1}c)_7'm’p)'
Thus we have:

Theorem 6.2. The set Cn of all transformations
(X]m, Y(l)]m, Y(,,)]m, Y(’k)jm,p) given by (6.1) i a transitive transformation

group of the set of all conformal meitrical ]\c/—linear connections with respect
to §, which preserve the nonlinear connection N, together with the mapping
product:

t(ij'n’ Yv(lli)jnw Y('Zi)jm’ Hae! Y(l:)jm’pl) ° t(X_;'m’ }f(zgl)jm’ }/(2"2)]'171? ) Y(ik)jmvp) =

(}{l2 + X_;lmv Y(l)]m + Y(ll)jmv Y(I‘Zl)jm + Y(12)j1‘n’ Mt Y(,Iz)jm + Y(zk)jrmpl + p~)-

We inquire about the subgroup of transformations of the semi-symmetric
conformal metrical n-linear connections.

Let N be a given nonlinear connections. Then any semi-symmetric conformal
metrical N-linear connection. DI'(N,w,o) with respect to g, corresponding
to 1-form w in x*(E) is given by (5.2) with (5.4). Paying attention to (4.9)
we have:

Theorem 6.3. Two semi-symmetric conformal metrical N -linear connec-
tions DT'(N,w, o), DT(N,u’, gs') are related as follows:
{ L;m ]m 61pm + 2Qm]q” (63)

Cz = C 6 p(a)m + 2‘Q JQ(a)rv a = 1 2 k

(a)jm (a)im

where we putp=w' ~w, g=0¢' — o — p.

.Conservely, given the 1 -forms, p, q in x*(E), the above (6.3) is thought to
be a transformation of a semi-symmetric conformal metrical V-linear connection
D(N,w,0) to a semi-symmetric conformal matrical N-linear connection
DI(N,w + p,0 + p+ q). We shall denote this transformation by ¢(p, g). Thus
we have:

Theorem 6.4. The set C}; of all transformations t(p, q) given by (6.3) is a
transformation group of the set of all conformal metricalN -linear connections
with respect to §, which preserve the nonlinear connection N, together with the
mapping product:

t®',9") ot(p,q) = tip+q,0 +4¢). (6.4)
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The transformation ¢ : DT'/DT given by (6.3) is expressed by the product
of the following two transformations:

z_’jim = L;m ”‘ 53;5:7‘“ ;i (65)
C(Lﬁ)j'ln = C’(Zm)]"m. - 5jp(a)ma a=1,2 ..,k

{ Gin = Lot 20l 66)
(e)gm = C(cv)jm + ZQij(a)ry a=12,..,k

Theorem 6.5. The group C% is the direct product of the group C¥; of all

m

transformations (6.5) and the group CR of all transformations (6.6).

We must determine the invariants of the group C3;.
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ON CONVERGENCE IN HOLDER SPACES
OF SPLIN-COLLOCATION AND SPLIN
CUADRATURES METHODS FOR SOLVING
WEAKLY-SINGULAR INTEGRAL
EQUATIONS OF SECOND ORDER

Vladimir Racu

Algorithmic implementation of collocation, quadratures, splin-collocation
and splin-cuadratures methods for solving weakly-singular integral equations
(WSIE) of second order leads to necessity of concrete evaluation of Fredholm
and Volterra weakly-singular integral operators(WSIO) and their modifications
appearing in algorithm applications. We mention, that in N.Mushelishvili’s
and S.Mihlin’s works only the existence of indicated constants is proved, but
this fact does not permit the realization of numerical algorithms.

At first in this work concrete values of constants majoring Fredholm and
Volterra WSIO are estimated in dependence of their modifications in directly-
approximate methods for solving WSIE of second order given in Hélder spaces
Hyla,b], 0 < a < 1. Then we give the conditions of convergence of splin-
collocation and splin-quadratures methods for solving WSIE of second order.

Thus the Holder spaces are inseparable Banach spaces, that is why the
classic algorithms developed by Kantorovici and Gohberg can not be applied
in our case.

1. WSIO and their estimations
Lemma 1. Let the function h(t,s) € Haola,b], 0 < a < 1. Then for
any bounded and integrable function (t) (t € [a,b]), the function

b
) .
G(t) = / l(t’:) p(s)ds € Hygla,b], 0<vy<1, 6=min(a;1-7),
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with H older constant
(2"’ 1) ., 2(b—a)*~7
s HY(h; ) ————1}.

E

llollc - maz{||h||c

H(G(t);0) <
Let us define the next modification
VI?(Tt’;%, [t —s| > p, f)<’y<1
[t —s| < p, p<<min{b—a;1}

Ko(t,s) = h(t, s)
p ’
For Fredholm and Volterra WSIO we get
Lemma 2. Assume that h(t,s) € Hqy ofa,b];9(t) € Hyla,b]; 0<y< 1.
h(t,s)
B3 Kyt 5)]- wls)ds,

Then functions
- Kt 5)] - 9(s)ds, ()= /[

b
a<t<b,

a

b
1,0 = [ Kolti5) - 9(s)ds, 7,0 / (t,5) - (s)ds
20
2l

I

verify the relations
1.,
A < §dll’ ll%1]e.

Ix, ()] < dip' T Illle, |
I, ()] < (d2 = drp' MIlle, 1,
2(b—~a)™
do =————1||h||¢;
=202
# = min(a; 1 — ) with the H older constant
def e _ ~
= (dap' ™" + dap' ) Wlle, H(%,(2);6) < c2,
—a)*"*}H(h; 0);

H(x,(t);8) < c2
1 o3-4-8 _ 42— a—0
where ds = 23=7=0||h||., ds _41__J,Ymax{2

(t),7,(t) € Hgla,b] with H older’s constant
&5 E (ds + dep )Wl

O] < (2da — drp [,

X,(t), X,(t) € Hola, ],

H(7),(t);6) < cs,

H{(n,(t);6) <
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where
2(b—a)t="

—2(27_11);Ht(h;a) ( -

ds = max{||hl| 8

ds = 4(b— ) H!(h; ).

2. Convergence of splin-collocation method for WSIE of second
order

Let us consider Fredholm WSIE

ts)

(Ap =)p(t) - /\/ . s|“’ ds = f(t), té€a,b] (1)

and Volterra WSIE

Fae(s)ds = £(0), 1€ [o,8], (2)

wwaww—x/h“)

where f(t) € Hala,b], h(t,s) € Hysla,b], @(t) is an unknown function.
We will look for approximate solutions of equations (1) and (2) in the form

n+1

(pn(t) = Z ckwk(t): (3)
k=1 .

where ¢,k = I,n + 1 are unknown coefficients, n € IV and ¥, (t) are basic
splins of the first order. The coefficients ¢ will be established by splin-
collocation method from the system of linear equations (SLE)

n+1
ci—A> aly-c=7f, j=T,n+1- for Fredholm WSIE  (4)
k=1

and from SLE

J
¢ =AY al-c=f;, j=Tn+1- for Volterra WSIE,  (5)
k=1

where b
t=at(j-D—", j=Tn+l, nel, (6)
T
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b ) t;
fi=ft;), ajp = / K,(tj, s)¢i(s)ds, aj, = / K,(t;, sy (s)ds

hk=1n+1

Theorem 1. Let the following conditions be verified:

1) the operator A 1is inversible in space Hgla,b;,0 < 8 < 1;

2) the function f(t) € Hala,b] and nucleus h(t,s) € Hyola,b], 0 < S <
a<]l;

3) the points t;(j = 1,n + 1) are calculated by formula (6);

4) the parameter p is sufficiently small such that the following is verified
lA™Yg((dy + dr)p' ™" +dsp'7F) < g <1, 0<y<1,

B < 6 =min(a; 1 —7),
where 5
dy = 4ﬁ max{2°77; (b — a)* "B} H(h; ),
1

dg = ﬁ23_7~6||h||c;

5) n is a sufficiently large number (n € N) such that the following inequality

holds )
147 lg _do

1—qg nf->8
where dy = (b — a)* + 3(b — a)*~A.

(ds + dgp'~ 7)<¢11<1

Then:

a) SLE (4) is uniquely compatible, therefore a unique solution {cr )it eists;

b) the approzimate solution (3) A0 (t)

Fredholm WSIE (1), that is

) converges to exact solution (t) of

lo— @il =0, p—0, n— oo, Vf(t)€ Hala,b];
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¢) the error of approzimate solution (p(p)(t) 1§ estimated by relation

14713 _ o
llp — @4ls < fqﬁ((dl +di)p* T + dgp" T PY|| fla+
||A s do 1 IATHIZ do - dio(ds + dgp* ™) d
H J . :
1—¢q no8 (f’a)+(1_q)2 1—q nb—3 I flls
(l_e_f F
= Py

where dig = 4 + (b — a)”.
Theorem 2. Let the following conditions be satisfied:

Do0<B<a<l;
2) the conditions 2) - 8) from Theorem 1 are verified;

3) the parameter p is sufficiently small such that the inequality is fulfilled

- 1 - -
1B~ ls((Gdh +dr)p' ™" + dgp' 7)< g < 15

4) n is a sufficiently large natural number such that the following inequality
is satisfied

|B~'s ds

=g nr-Blds T der' ) Sga <1, f<8=min(ail 7).

Then:

a) SLE (5) is uniquely compatible and therefore there exists a unique solutior

{CI\: Z_i_—ll ;

b) the approzimate solution (3) @\P)(t) converges to exact solution @(t) of
Volterra WSIE (2), that is

12— @z =0, p=0, n—oo, Vf(t)€ Hala,bl;
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) the error of approzimate solution (p(”) (t) is estimated by relation

o I1B~"I3
~@Pls < 1_—J((2d +dr)p' ™7+ dgp' T 7P| fllg+
Miflls €

lle
do -d
2 (ds+dgp'

LB s ds 1B~"1i3
Hifo)+ (1-¢2)*(1—q3) nP

1—(]2 ne
YRV,

3. Convergence of splin-quadratures method for WSIE of order

The coefficients ¢; from (3) will be obtained by splin-quadratures method

11
from the following SLE:

n+1 .

;=AY ordiK,(tj ts) = f;, j=1,n+1~ for Fredholm WSIE, (7)
k=1
where dy = 258, k=2manddy = 258, k=1in+1
; )
¢ =AY areKy(ty,t) = fj, j=Tn+1— for Volterra WSIE, (8)

boa - 1; 3.

k=1
b—a k=2,7—1andr = ,
Establish further the conditions of convergence of splin-quadratures method

where 7y = =5,

for Fredholm and WSIE and SLE
Theorem 3. Let the following conditions be satisfied

1) the conditions 1) - 5) from Theorem 1 are satisfied,
2) n is a natural number such that the inequality
Mo 1000 = @) s k,16) < gu < 1

A7 s
1-o0 —a) ni=5

s true.
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Then:

a) SLE (7) is uniquely compatible, therefore there exists a unique solution
{ex}idis

b} the approzimate solution f,({’)(t) converges to ezact solution w(t) of Fredhol
WSIE (1), that is

lo— €20 =0, p—=0, n— oo, Vf(t)€ Hala,bl;

c) the error of approximate solution 5_(,{’)(15) is estimated by relation

lA~HI% |Alds - dfg (b ~
(1= —-q)*(1 - q) nf=8

a
lo—€Pll5 < RE 4 ) e (%,;0)

Theorem 4. Let:

1) the conditions 1) - 4) of Theorem 2 be satisfied;
2) the natural number n verifies the inequality
1B Ul [Ads - diolb ~ @)
(1-g2)(1-gs) nf=p

H(K,0) <g5 <1

Then:

a) SLE (8) is uniquely compatible, therefore there exists a unique solution

n+1,
{cl\l k=1

b) the approzimate solution Eff) (t) converges to exact solution p(t) of Volterr
WSIE (2), that is

||<Z>—alp)||g—)0, p—0, n—o oo, Vf(t)e Hqla,b;

c) the error of approzimate solution Eff)(t) is estimated by following relation

) v HB_ng |\ dy - d3o(b - a)
—£ < .
||<P §n ||ﬁ = Rp,n+ (1 _ ql)g(l _ (13)2(1 _ QS) n@—ﬂ

H*(K,;6

Co-Operative Comercial University of Moldova
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FOLOSIREA UNOR IDENTITATI SI
INEGALI TATI IN PROBLEME DE
COMBINATORICA

Diana Savin

Abstract

Sunt date aplicatil ale urmatoarelor identititi combinatoriale:

P
k —k __ D
1. > Chn-C ¥ =Ck .,
k=0

2. N Ch-CcL=Cp-2n
k=r
k m
3. Z Cyl;1+k . 2n—k + Z C-£+}; R 2m—k — 2m+-n.+l’
k=0 k=0
identitatea lur Banach.

5

1. Preliminarii

Pentru inceput vom demonstra cele trei identitdti mentionate.

Propozitie

P
1. Y Gk .ork =P
k=0

n m+n?

n
9. S Ck.Cp=Cr-onT,
k=r

m

n
k . on—k k Com—k _ om+n+l
3. LZO Cvn+k 2 + I\ZO C71+1\' 2 =2 :

141
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Demonstratie

1). Se porneste de la egalitatea: (1+)™ - (14 2)" = (1 + )™, pentru
orice m,n numere naturale si diferite de zero. IdentificAnd coeficientii lui z?
din ambii membri, se obtine:

Co - CP+Ch - CP7l4 4+ CB-CO=CP @ZC’” crh=Cr

m=+n m+n-
n
k ! 1 — !
2). Z O CI. —Z k- (n— L)"r' k —)t E T"T' L (k—r)! —kg r!-(g—r)!'
JW Z Cp-CRtk=Cp- (Chol+ .4 CL, +CO,) = C) - 27

3). Con51deram multimea tuturor cuvintelor w peste alfabetul {0,1} de
lungime m + n + 1. Numdirul lor este 2m+"*+1 Existd doud cazuri: 1. sunt
cel putin m + 1 aparitii ale lui 0, sau 2. sunt cel putin n + 1 aparitii ale lui
1. Se observa ci aceste doud cazuri nu se pot produce simultan.

m de Osi k de1 2l (m+1)~lea0

Cazul 1 : 0<k<n, ——— - —— —— | ===

pozitia m+1+k

Pentru un & fixat vrem si vedem cite cuvinte de lungime m +n + 1 au al
(m + 1)-lea 0 pe pozitia m+1+k. Sunt C’,,’;'Hk moduri de a selecta 1 —uri din fata
celui de-al (m+1)—lea 0. (m+n+1)—(m+1+k)=n— k Deci numérul

de cuvinte cerute este C¥ . - 2°~* pentru k fixat. In total Z bk 2k
=0

este numarul de cuvinte w peste alfabetul {0, 1} de lungime m +n + 1 cu cel
putin m + 1 de 0.

m
Analog se trateazi cazul 2 si se obtine 3 Ck, . - 2™ este numirul de
k=

cuvinte w peste alfabetul {0,1} de lungime m +mn+1 cu cel putin n+ 1 de 1.
In concluzie numirul total de cuvinte este

n m
k n—k k m-—k
Z Cm+k -2 + Z C'n,+k -2 -

k=0 k=0

2. Aplicatii

Aplicatia 1. 53 se demonstreze ca, pentru oricare n numir natural, n > 2,
are loc inegalitatea: :

= @] |5 e \/_,':rz(cg.,f,

k=0
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(autor Diana Savin, publicati in revista ”Octogon”, aprilie 1999).

Demonstratie.
Fixadnd m = 2 - n si p = nin prima identitate, se obtine:

> G Crt=Cp, o0, =0, Ch+Cl,-Cil + .. +C5,-Ch.

k=0

Inegalitatea de demonstrat devine:
3 372
(€8, + .+ (cg.)*] - [(€)F + .+ EDF] 2
> (€O, Co+Cl, Cil 4+ C, - CY)
& [0+ )] (et + v en] 2
> (C9, Cr4Ch, - CP g 4+Cp,-CY).

Aplicind inegalitatea lui Holder pentru numerele ay = C9,.,...,a, = C3,
siby =C, . bp=Clp=3,¢g=3 (se observi ci 11—) +1i= 1) , va rezulta

@A

q
inegalitatea, mai sus scrisd, ca adevaratd. O

Aplicatia 2. S3 se arate ci, pentru oricare numere naturale n # 0, r # 0,
r < m, are loc inegalitatea:

(€0 + (Cat) o4 (CR] (€ + (Cria)” e+ (CR)] > 0 (= 1)

(autor Diana Savin).

Demonstratie.
Din inegalitatea Cauchy-Buniakovski, se obtine:

[(Ca? + (i) + o (] - [ + (Cr)” o+ (€] > )

. . 2
(Cr-cr+eatt-Cl+..+Cr-Ch)

(*numerele nefiind proportionale, egalitatea nu se poate realiza)

(i3 2
- (o) ey
k=

= (Cp)? (2 (1).
Se demonstreazd prin inductie dupd n, cd 2" > n, pentru oricare
n > 1 ceea ce implicd n — r, pentru oricare numere naturale n # 0, r # 0,

r<n. (2).

2 (* s-a folosit a doua identitate) =
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Oricare numere naturale n # 0, 7 # 0, r < n avem:

Cr>CleCr>n(3).
Din (1), (2), (3), rezultd

(o + () 4t €] (€7 + (CL)* ot (C] > n2 (= 1) . D

Aplicatia 3. Si se arate ci, pentru oricare n numdar natural, diferit de
zero, are loc inegalitatea:

2 2 2 4"
(CR)" + (Chn)” + .+ (CFy)° 2 B45H
(autor Diana Savin).

Demonstratie:

Pentru inceput, observam ca este un numdir natural nenul.

54741

! 3
Intr-adevar

4 =1(mod 3) => 4™ = 1 (mod 3) = 54" = 2(mod 3) = 5-4"+1 = 0 (mod 3).

Considerand, in identitatea lui Banach, m = n, obtinem

Z +k L on— k 22<n'

Aplicand inegalitatea mediilor fiecirui termen al sumei rezulti:

(02)2 +2%7 (Cl+1) +2°n2
2
n— 2 : 2

= 9 y M2 = 9 .

Insuménd cele n + 1 inegalititi se obtine:

Cco.2m < Chyr - 2771 L SOyt 2<

, 1
Co-2n+Cry 2"t + L+ O 2+C§_n§§-

‘(1+22+...+2“ (€2 +. +(C,n))@4"<—

l\)l—‘

22--/1 _ . 5
: ( 3 Ly (CO)? + ...+ (Cé?..n)‘) &

5.4 +1

(@ (@) ek () 0
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ON REDUCTION METHOD FOR SOLVING
NONLINEAR SINGULAR INTEGRAL
EQUATIONS AND THEIR SYSTEM

Vladislav Seiciuc

Let I" be the unitary circumference in the complex plane and containing
the point ¢ = 0. In the Hélder space Hg(T'), 0 < § < 1 we consider a nonlinear
singular integral equation (SIE) ’

Alp) = @[t 0(8); Srh(t, (1)) = f(1), teT, ey

where ®[t; u; v], A(t,7;u) (¢, 7 € T;|ul, [v] < o0) and f(¢) are known continuous
functions of their arguments, S, is the singular integral operator defined in
the meaning of Cauchy principal value and ¢(t) is an unknown function.

In this paper we propose a computing scheme of reduction method for
solving nonlinear SIE (1) and by using the results of {1-4] we give convergence
conditions of reduction method in the Holder space Hg(T').

It should be mentioned that in comparison with the works [1-4], here we
investigate the case when: 1) the solution (t) of the SIE (1) belongs to the
space H(I'), 0 < B < a <1, r=0,1,..., ie. it is r-th times differentiable
and (" (t) € Ho(T); 2) the conditions on functions ®[t;u;v] and h(t, ;u)
are formulated more precisely. In consequence the convergence in the Holder
space Hg(T") of approximate solutions ¢, (t) to exact solution ¢(t) of SIE (1)
is more exactly estimated and contain Inn of the first order.

We seek for approximate solution of nonlinear SIE (1) as a polynomial

(P”(t) = Z thk, te Fa (2)

k=—n

where for reduction method the unknown coefficients ¢, (k = =n,n) will be
determined from the system of nonlinear equations (SNE)

1

3w [, Bl 0nlt); Sh T (N4 M =y, =mm, (3)

147
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where {f;}2_., are the Fourier’s coefficients of the function f(t).

Theorem. Let the following conditions be fulfilled:

17

1) <I>;;2[t;u;v], <I>:2[t;u;v], )
0<a<u<ly;

[t;0;0] € Hear,1 (D) hia(t,m5u) € Hyaa (D),

uv

2) the nonlinear SIE (1) in some sphere of the soace Hg(I') (0 < f < o < 1)
has a unique solution @(t) € HL(T),r =0, 1,..;

3) ) —di(t) =0 (t €T), ind(cy(t) + dy(t)) = ind(cy(t) — dy(t)) =
0 (t € I), where

co(t) = &, [t 0(8); S-h(t, 5 0(r))] € Hoqq (D), 7=2,3,...,

dtﬂ(t) = @;[t;W(t);ST}?‘(tlT; (P(T))] . h’lu[t’tv‘:a(t)] € Hg;l;l(r)7t € I_\v
r=2,3,...;

4) dimKerA'(p) = 0 , where A’ is the Freshet’s derivative of operator A,
defined in the following way: Y°(t), g(t) € Hp(l),

(A (¢%)g)(t) = [t 0°(t); S, hlt, 73 0% (1) ]9 (1) +
+®, [t 00 (1); Sr At 759 (7)) - Selhy (¢, 730°(7))g(7)] =
= Cyo (t)g(t) + dyo (t)STg(T)+

hoy (8, 739°(1)) = oy (£, 0°(1))
T—1

g RAC O RO o(r)ar

Then there exists a (2n + 1) dimensional point {z;}7__,, (i is the k-th
Fourier’s coefficient of the best uniform approximation polynomial for exact
solution (¢)) in a neighbourhood of which SNE (3) has a unique solution
{er}Rs_,, for all n beginning with a certain one. The approximate solutions
(2) converge in the space Hg(T") to exact solution ¢(t) of nonlinear SIE (1) as
n — oo for any function f(t) € HL(T), » =0,1,....

The rate of convergence for approximate solutions ¢, () is estimated by

relation
1o = 0 llg= O™~ inn) H(p"); 5(a)),
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where o(a) = o, if 0 <a<landola)=a—¢ (Ve >0) if o = 1.

The similar results can be formulated for systems of nonlinear SIE. For their
proof we use the same scheme as for a single equation taking into account the
factorization of the matrix-valued functions ¢, (t) + dy(¢) and ¢, (t) — d, (), as
well the conditions imposed on the right and on the left indexes of factorized
matrices.
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PROPRIETATI ALE POLINOAMELOR
FUNDAMENTALE DE INTERPOLARE
PENTRU O NOUA SCHEMA DE
INTERPOLARE MULTIDIMENSIONATLA

Dana Simian

Rezumat

In articol sunt prezentate §i demonstrate mai multe proprietiti ale
polinoamelor fundamentale de interpolare, ale operatorului de interpolare
si operatorului dual acestuia, pentru o noud schema de mtelpolare introdusa
de A. Ron si C. de Boor.
Cuvinte cheie:  schemd de interpolare, polincame fundamentale de
interpolare, termen inigial, produs scalar.

1. Introducere

Interpolarea polinomiald multidimensionald prezintd un mare interes dato-
ritd numeroaselor sale aplicatii practice (construirea suprafetelor acoperis,
inver sarea transformatel Radon, aplicatii in economie, medicind, ecologie,
mecanica fluidelor, metoda elementului finit, etc. }. Problema principald care
se pune In cazul interpoldrii multidimensionale este aceea a determindrii unui
spatiu de polinoame multidimensionale, P, interpolator pentru o multime datd
de puncte, ©® = {6;,...,60,}, adicd un spatiu ce are proprietatea ci pentru o
functie g arbitrard, definita cel putin pe @, existd un unic polinom p € P astfel
incit ple = gle. Spunem in acest caz ci perechea < P,© > este corecti.
Dificultatea cu care se confruntd interpolarea polinomiald multidimensionala
este datd de faptul ¢d dimensiunea spatiilor de polinoame de mai multe variabile
nu acoperd 1n intregime multimea numerelor naturale, respectiv

M, (RY) = < bt )

Deci nu oricare ar fi o multime de puncte © existd un spatiu de polincame
de dimensiune egald cu card @. Mai mult, suntem confruntati cu aga numita
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pierdere a lui Haar, adicd pentru orice spatiu liniar finit dimensional P de
polinoame definite pe R%, d > 1, existd multimi de puncte @ € R%, pentru
care dimP = card © > dim P|g, deci perechea < P,0 > nu este corecti.
Prin urmare nu este posibil sd gdsim un spatiu n- dimensional de polinoame,
care si fie corect pentru orice © € R*. Trebuie ales spatiul interpolator functie
de mul{imea de puncte.

Spatiul interpolator este cunoscut dacd se cunoagte o bazd a sa. Una dintre
bazele cele mai importante ale unui astfel de spatiu o constituie baza formata
din polinoamele fundamentale de interpolare, ¢;, ¢ = 1,...,n. Principala
proprietate a acestor polinoame este ca ;(8;) = d;5, unde d;; este simbolul lui
Kronecker. Folosind aceastd bazd putem scrie interpolantul ca o combinatie
liniard de valori ale functiei de interpolat pe nodurile 8;, 1 = 1,...,7n. Studiul
polinoamelor fundamentale de interpolare ne permite si compararea diverselor
scheme de interpolare.

In prezentul articol ne-am propus evidentierea unei serii de proprietiti ale
polinoamelor fundamentale de interpolare pentru o noud schema de intrepolare
introdusi de A. Ron si C. de Boor in [1] si [2].

Articolul este structurat dupad cum urmeazi: in sectiunea 2 am prezentat
principalele probleme teoretice legate de schema de interpolare si rezultate
obtinute in alte articole si pe care le voi utiliza In continuare. Rezultatele
principale ale articolului sunt concentrate in sectiunea 3, in care am prezentat
unele proprietdti noi ale polinoamelor de interpolare si interpolantului pentru
schema de interpolare considerata.

2. Definirea schemei de interpolare

Pentru a putea defini schema de interpolare avem nevoie de notiunile
prezentate In continuare.

Pentru o functie analiticd in origine f € A, notdm cu f | cel mai mic
termen, sau termenul initial al lui f, adicd f {=Tjf, cu j cel mai mic intreg
pentru care T; # 0, Tj flind seria Taylor de ordinul j pentru f in origine si cu
f1¥l componenta omogeni de gradul k din seria Taylor. '

Pentru o multime © C R¢, © = (6,,...,6,), definim urmitoarele spatii
de functii:

Ezpg = span{eg; : j=1,...,n}; ey, (2) = i, z e R

e = (Fzpe) I= span{g |: ¢ € Ezpo}

A.Ronin [1] si[2] a demonstrat cd perechea (O, (Ezpeo) ) este intotdeauna
corectd. Aceastd observatie, justificd introducerea unei noi scheme de interpolare,
bazatd pe construirea unei aplicatii ® — Ilg care asociazd fiecdrei multimi
finite de puncte ® C R® un spatiu de polinoame Ilg pentru care perechea
(0, Iig) este corecti.

Pentru a construi polinomul Igf € Ilg care interpoleaza functia f € Ap
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pe O introducem un nou produs scalar dupd cum urmeazi. Fie p € II un
polinom si f € Ag. Definim perechea

(1) <p,f>=p(D)f(0)= > D*p(0)D*f(0)/c!
ani
cu o= (01,...,aq); D* =Dy ... Dg; ol =a1!... o4

Este evident cd < -, - > este un veritabil produs scalar peste spatiul polinoam:

Daca p este polinomul an()", atunci p(D) este operatorul diferential cu
[+3

coeficienti constanti ZCQD“.
Avem evident ( vezi[5] )
(2) < p,eg >=p(6)

In cazul in care f € A si g € Exzpe, inlocuim produsul scalar < f,g >,
astfel:

(3) <fg>= cif®s

i=1
cu coeficientii ¢; definiti prin

() o@) = 3 et € R

A. Ron si C. de Boor au demonstrat ci, printr-o variantd a procesului de
ortonormalizare a lui Gram-Schmidt, se poate ca, pornind de la baza (eg)geco

pentru Ezpg, si se construiascd un sir (g1, ...,9,) din Exzpe, pentru care
(5) <giligi>=060i#]
ceea ce demonstreazd cd sgirul (g1 l,...,gn ) este liniar independent, el

reprezentidnd o bazid omogend pentru llg.
S-a demonstrat in [1] ¢ pentru un polinom arbitrar f € II, sau o functie
arbitrard f € Ap

(6) Iof = Z g9i <<gf¢gjgj

este unicul element din Ilg care ia aceleagi valori cu f pe ©.
In [4] am demonstrat c¢d Iof poate fi exprimat folosind polinoamele
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fundamentale de interpolare ; sub forma:

(7) Ief = Y @if(6:), unde
E Cijgs ¥
(8) @i = S
; <gjl 9>
cu coeficientii ¢; ; definiti prin
n
(9) g;(x) = Zci,jeg"z; z € RY
i=1

Pentru a putea exprima mai ugor restul In schema de interpolare prezentats,
se introduce operatorul I, dual al lui Ig relativ.]la perechea (1), adicd aplicatia

Ig: A— A

(10) 57 = Z y Sl

Proprietatea de dualitate a operatorilor Jg si I se exprima prin relatia:
(11) < lof, e, >=< f,I5es >
Restul interpolirii functiei f prin Ig f este dat de

(12) (Rf)(z) =< f,eo >, unde
(13) €O = €2 — -[Ct)ez

O forma interesantd pentru exprimarea interpolantului este forma Newton
prezentatd in [1] si datd de urmatoarea teorema:

Teorema 1 Pentru o aranjare © = (6y,...,0,) oarecare, folosind notajiile:
0, :(91,...,9]'); i=1,...,n—-1

Qo = {}
Por = €0 Jra z ¢ S

are loc egalitatea:

< f7€@j—1,9_,- >
<p@j_1,9j7p@j_1,0j >

(14) Ief = Z (p@j—1,9j - I@j_lpej_l,e,-)
j=1
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Demonstratia poate fi gasita in [1].
3. Proprietati ale polinoamelor fundamentale de interpolare

In aceast3 sectiune sunt enuntate si demonstrate noi proprietati pentru
polinoamele fundamentale, precum si pentru operatorii /g §i I§.

Teorema 2 Polinoamele ¢; satisfac egalitatea

(15) > pilx) =1,
=1

ceea ce demonstreazd cd formula de interpolare datd in (6) este exactd pentru
funcgiile constante.

Demonstratie: O demonstratie a acestei proprietiti, bazatd pe calcul matriceal
este datd In [5], dar voi da acum o alti demonstratie a ei. Putem scrie succesiv:

. n
Z D) D L L IR
=1

i=1 j=1 <g]~Lagj

n n
Z < @i, g >= <Z<Pivgk>
i=1 =1

Tinand cont ci in produsul scalar (1) pl* actioneazd numai asupra lui fI*],

obtinem ca
> pi(z) =10
=1

Corolarul 1 Operatorul Io satisface principiul mazimului, adicd dacd
m = r{nn F6), M = max f( ;) atunct

(16) m<lof <M

Demonstrafie: Fie C = ma.x(|1\/[|, Im|)

Uof)@) +C < f(6 .
M+C ZM+C vilz)

Dar M > f(6;), Vi=1,...,n

fle:;)+¢C Tof)(z)+C
Mic ' T wmsc S

Analog se obtine gi (Io f)(z) > m.0

= (Ief)(z) < M, Yz € R*
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Corolarul 2 Daca f(6;) > 0 atunci Ief >0

Produsul scalar dintre un polinom fundamental gi o functie arbitrard h €
Ezpeo este dat de teorema de mai jos:

Teorema 3 Fie h € Expg. Atunci

7

(17) < h >= ijcij =d;,

i=1

unde b; st d; sunt coeficientii prin care h se exprimd in bazele (g;)}, respectiv
(€:), 4,7 =1,...,n §i ¢c;j sunt dati in relagia (9).

Demonstratie:

n n
< @i)h >= <<Pi>zdje€j> = Zd}@(&;) = di
j=1 j=1
Fie C = (Cl’j)T, E = (egi)T, B = (bj), D= (dz), Z,_} = 1,...,?’L. Din (9)
rezultd cAa G =C-E. Cam h=B-G=B-C-FEgiinacelagitimp h=D-FE
n

obtinem cd B - C = D, adicd d; = Z bjci; ceea ce demonstreaza teorema.[]
j=1

Corolarul 3
n n
Z < (,O.L',h >= Z bjgj(O), Vh € Ezp@,
i=1 j=1

notatile folosite fiind cele din teorema 3.

Folosind legatura dintre operatorul /g si dualul sdu /& putem enunta
urmatoarea teorema:

Teorema 4
<lof,h>=<fI§f >=< f,h >, Yh € Ezpe

Demonstratie: Folosind notatiile din teorema 3 putem scrie

i=1 i=1

<Iof,h>=> bi<lof,g:>=Y bi< fg:>=<f,h>

< gy 3, h >

n
— BT =NTpi< fg >=< fh> 0O

5=1

<fIsh>=)" < f.g;,>

Jj=1
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Corolarul 4 Au loc urmdtoarele egalitagi:

(18) Tof = Y wilf,I5en,)
=1

(19) Ie. = > wi(z)I5es,
i=1

Demonstratie:

Tof = wif(6:) =) pilof(6:) =
=1

=1

n n
=> i <Iof,ep >= Z%’ (f,1se0,) -
i=1 =1

Relatia (19) rezultd din (18) folosind proprietatea de dualitate operatorilor
Io si I3.0
Tindnd cont de relatia (2) putem scrie

<lIef,eq; >= (Iof)(6:).
Un rezultat similar este stabilit si pentru operatorul dual I§, prin propozitia

urmatoare:

Propozitia 1
(ex, I6f) = (16 f) (=)

Demonstratie: Din relatia (10) se observa cd I§f € Ezp®, deci el se poate
exprima folosind bazele (eg;), respectiv (g;), 7 = 1,...,n sub forma

Iof = dies, =Y bjg;
7=1 j=1

n
Cu notatiile din teorema 3, tindnd cont cd B - C = D, adici d; = ijCij, si
=1
folosind produsul scalar definit in relatia (3) se obtine relatia doritd. O
O interesantd proprietate leagd polinoamele fundamentale de interpolare
de operatorul diferential cu coeficienti constanti atasat termenului conducitor
al acestor polinoame. Aceastd proprietate este prezentatd in teorema urmatoare
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Teorema 5 Fie @/ = O\ {6;}. Au loc urmdtoarele egalitdti:

(20) ¢ L Ezpe

(21) ¢ TL Iles

(22) ¢ 1 (D)g(0) =0, Vg € Ilg;

(23) ¢ 1 (D)D%q(0) =0, Vg € Ilg;

(24) ¢ 1 (D)g=0, Vq € Ilo;

Demonstratie: Din faptul cd ¢(8;) = 6é;; rezultd cd ¢;le: = 0, de unde <

@i eq, >= 0, V0; € O gi deci < ¢;,h >=0, Vh € Ezpe:, adicd p; L Ezpe:.
Vom demonstra in continuare cd (20) = (21) & (22) & (23) & (24).
< @i h >= 0 =< ¢; T,h |>= 0, fle pentru cd grad p; T# grad h |, fie
pentru ¢ < ¢; T,hl>=<;,h >=0. Dar h € Ezpg: = h € llg:, de unde
obtinem (21).Folosind definitia (1) a produsului scalar, obtinem relatia (22).
Folosind relatia p(D)D* = D*p(D) si faptul c& spatiul Ilg: este D-invariant,
obtinem echivalenta (22) & (23). Polinomul ¢; 1 (D)(g) = 0 daci si numai
dacd toti coeficientii sdi din dezvoltarea Taylor sunt zero si de aici rezultd
ultima echivalentd. O
Polinoamele fundamentale pot fi reprezentate intr-o formi Newton, datd
de teorema urmatoare:

Teorema 6 Fie @7 =0\ {0}, j =1,...,n. Functiile

<cgipg; L €0ia >

25 i =
(25) doi,6; <eonn, ~L7€@j,9j i>f

7=1...,n

reprezintd polincamele fundamentale de interpolare ale schemei de interpolare
< 0,llg >.

Demonstratie: Evident avem €g; 9, € Ezpoivs, = Bape.

(26) < €eip; $,€0ix >=Ppoig, — lopeis; € lloiuy, = o

Deci gos 9, € llo. Este suficient s3 demonstram cd qgs g, (0;) = 4, ;-

< €@ip; ‘€08 >
< i, €0 >
< Egig; L.€0ip >

i 0.(8) = =0,4,5=1,...,n, i #]
o 9;(0:) <cors, heors, 15 J #J

ges 9, (85) =1,j=1,...,n

deoarece Iop(8;) = p(f;), Vp € Ilo si folosind (26) si faptul cd pes g, € Ilo se
obtine
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< Eogs 0, Lieoig, >=0,Vi,7=1,...,n, i #j.

O proprietate foarte importanti a polinoamelor fundamentale o reprezinté
constructibilitatea, adica ele pot fi obtinute printr-un numdr finit de operatii
aritmetice. Am dedus un algoritm de calcul pentru polinoamele fundamentale
de interpolare folosind o metodd de eliminare de tip Gauss. Acest algoritm
constituie obiectul unui alt articol.
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BAYESIAN PRINCIPLE IN
CRYPTANALYSIS OF STREAM CIPHER
ALGORITHMS

Emil Simion and Nicolae Constantinescu

Abstract

This paper presents new algorithms of iterative error correction codes.
The algorithms have applications in the error correction problems which
may appear on the communication channel and in the cipher text recons-
truction in the hypothesis that we know the statistic of plain text p #
0.5.

1. General presentation

The most important problem from cryptography is the cipher text recons-
truction from a cipher message. In this paper we present three algorithms of
reconstruction of the cipher text in the hypothesis that the ciphering method is
XOR between the output of a linear feedback shift register and plain text. The
methods can be extended at combiners of linear feedback shift registers like
Gollmann cascades (see Chambers [3], [4], [5]). We present three principles (see
Golic [6], [7], [8]) on which consist the idea of our algorithms. The methods
we present are called linear syndrome methods (see Zeng [11], [12]). This
three principles on which we construct the reconstruction algorithms are the
following

P.1. Error correction is done using a sufficient control equations(see Simion
[10]).

P.2. Error correction is based on the estimation of the posteriori probability
obtained using like a priori probability in the current attrition the mean of
the a posteriori probability from the previous iteration (see Basawa [1], Preda
[9)-

P.3. Error correction is based on the estimation of the posteriori probability
obtained using like a priori probability in the current iteration the posteriori
probability from the previous iteration (see Basawa (1], Preda [9]).

161
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Convergence of iterative error correction method is presented in Golic [7]
and [8].

2. Presentation of error correction algorithms

In this section we formulate the reconstruction of the output of an LFSR
(linear feedback shift register). We present three algorithms corresponding of
the three principles formulated above.

Let {z,})_; be the output of an LFSR of length L with w reactions.
In the statistic model we assume that a binary noise sequence {e,}1_; is the
realization of a independently binary random variable i.i.r. {E,}_; such that
PE,=1)=pn=1,...N.

Let {2,}7_, be the perturbed version of {z,}_, definite by:

Zn =T, De,, n=12_..,N

({en}N_, plain text, {z,}"_, pseudorandom generator and {z,}._; cipher
text)

We assume that we know the connections of the feedback polynomial,
parameter p and a intercepted segment {z,})_,. It is required the plain
corresponding text {e,}7_;.

Let I, = {mx(n)}r be a set of control eguations ortogonal on the bit n
which can be generated with the multiples of the characteristic polynomial,
n=12,.. N.

Define cx(n) = 3. 2 mod 2, k =1,2,...,|lI,|, n=1,2,..,N. ¢x(n) is a

lemp(n) .
realization of the binary random variable Cy(n), k = 1,2, ..., |II;|. Denote by
P(En,{C;(n)}_,) the common probability distribution of the variables E,
and Cy(n), k = 1,2, ..., || and with P(E,|{Cr(n)}i_,) posteriori probability
distribution.

2.1. Algorithm P.1.-Majority deciphering

Initialization: ¢ = 1,] =constant (number of iterations), p{®) = p.
Step 1: 1 =44 1. If i > I go to Pas 5.
Step 2: Compute: cx(n) k=1,2,.., /1|, n=1,2,...,N.

B [TIn |
Step 3: Compute: t, = |II,]| =2 Y ex(n), n = 1,...,N (t, is majority
k=1

decision function).
Step 4: If t, < 0= 2z, =2, Pln=1,., N
go to Pas 1.



BAYESIAN PRINCIPLE IN CRYPTANALYSIS OF STREAM CIPHER ALGORITHMS 163

Step 5: STOP.

2.2. Algorithm P.2.- A priori is mean posteriori

Initialization: ¢ = 1,1 = constant (number of lteratlons) PO =p.
Step 1: i =i+ 1. Ifz>Igo to Pas 6.

Step 2: Compute: ¢;(n) k=1,2,..., ||, n=1,2,..,N.

Step 3: For n =1,..., N compute:

P = P(E, = 1{Ce(m)} = {er(n)} )y =

pDpsn (1 py) Tl =5

pOPF (1 = pu)Tnl=on 4 (1= pO)(1 = pu)onpla™ ="
where
T |
Sp = Z ce(n)
k=1

(number of control equations which are not satisfied) and

1—(1—2p@)w

Pw = 9

Step 4: P >05= 2z, =2z, ®@land PV =1-P¥ n=1,. N.
N R
Step 5: p¥ = & 3 P go to Pas 1.

n=1

Step 6: STOP.

2.3. Algorithm P.3.- A priori is a posteriori

Initialization: i=1, I= constant (number of iterations), p&”’

Step i =i+ 1. If i > I go to Pas 6.
Step 2: Compute: ¢x(n) k=1,2,...,|lI;|, n=1,2,...,N.
Step 3: For n =1, ..., N compute:

=p, n=1..N.

PY = P(E, = I{Cum}T = {eu(n)}T) =

H pi(n) (1 = p,(n))& ()

T |
(l) H pl c,(n) 1_ ( ))El(n) + )) H 1—101 c,(n)pl(n)él(n)
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where ¢; (n) = 1 — ¢/(n) and

w
]:[ (1- 2pmJ

2

pi(n) =

where {m;}}_, is the set of the indices implied in the equations m;(n) | =
2, Mu[in=1,2..,N.
Step 4: If PV >05= 2, =zo®land PV =1-PP n=1,..
Step 5: pgf) = P,Si) n=12,..,N go to Pas 1.
Step 6: STOP.

N.

3

3. Conclusion and comparative study of the efficiency

Implementation of the above algorithms allow us to formulate the following
conclusions:

1. When the noise is smaller than some limit {(e.g. p=0.4) all the algorithms
are convergent at the solution of the problem. Algorithm P.1. has the smallest
reconstruction cost.

2. In the case of divergence of algorithm P1 and convergence of the
algorithms P.2. and P.3. algorithm P.2. has the smallest reconstruction cost.

3. In case in which both algorithms P.1 and P..2 are divergent and algorithm
P. 3 is convergent for minimize reconstruction cost we perform first error
correction using algorithm P.3 and after some rounds we run algorithms P.1
and P.2 . '

4. The difference between algorithm 2 and algorithm 3 is the following:
in algorithm 2 each processed element has the same probability density and
algorithm 3 allows that the elements of deciphering text to have different
density functions(see Step 5 from algorithm 2 and 3).

5. Algorithm P.3 can be improved if we have a Markovian dependence of
the text. This thing must be put in connection with a processing at codification
level L > 2 ( the presented algorithms have a cadification parameter level L=2
processing, i.e. bit level).
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A POINT OF VIEW FOR SUCCESSIVE
APPROXIMATION METHODS

Anton Soloi

Abstract
In this article we present numerical integration of a system of diffe-
rential equations through the successive approximation method, which
are similar with Gauss-Seidel’s method for iterative solutions of linear
system of equations.

1 Introducere

Existenta solutiei problemei Cauchy pentru un sistem de ecuatii diferentiale, ce
reprezintd modelul matematic al unei teorii fizice asupra unui anumit fenomen,
constituie unul din principalele

mijloace de verificare a validititii modelelor fizice.

Rezultatul de existentd pune in evidenta starile gi parametrii fizici minimali
care determind evolutia unui proces §i, avidnd cel mai adesea un caracter
constructiv, conduce la procedee numerice de aproximare a solutiei.

Sa consideram sistemul de ecuatii diferentiale de ordinu] intai:

dy; .
d_:lf‘, = fi (t,y1,92,..yn), t=1,.,n neEN (1)
si conditiile initiale:
yi (tg) = ygo), i=1,..,n (2)

Relativ la partea dreaptd a ecuatiei (1) vom admite urmatoarele ipoteze:

(i) Toate functiile f;, ¢ = 1,...,n sunt continue in raport cu ansamblul
variabilelor pe domeniul D :

D = {(t,y) € R+ x R"

|t bl tol S a
=30 <6 =1, )

unde a,b € R+ sunt constante reale date.
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(ii) In domeniul D functiile f; sunt Lipschitziene in raport cu variabilele
Y1, Y2, -, Yn adicd existd constanta L > 0 astfel incat:

|f2 (t,y;: >y‘IrL) - fl (t)yil7 - )yn | < L Z |yk - JL (4)

pentru oricare doud puncte (t,y’l,...,y;),(t,yi’,...,y;{) € D sl oricare
1=1,.,n

Din continuitatea functiilor f;, 7 = 1, ...,n pe domeniul compact D rezult
marginirea lor, adica: :

AM >0, |filt,yi,m¥n)SM i=1,...,n (5)
pentru oricare punct (¢,y1,...,yn) € D

Este binecunoscutd metoda fundamentatd de E.Picard (1856-1941) prin

m)

care se construieste sirul (yf , =1, ,n) N definit pe intervalul
me i

b
I={t;|t -ts] <4}, unde ¢ mf (a, M)

dupd cum urmeaza:

t .
v (1) =y + /fl- (56, oy D) ds, =10 (6)
to .

pentru orice m € N* si pentru orice t € I. Rezultatul central de existenta
pentru problema Cauchy (1)-(2) este formulat in

Teorema 1.1 Presupunem indeplinite ipotezele (i) si (ii) formulate mai
sus. Atunci problema Cauchy (1)-(2) admite o solufie unicd y; = y; (t), i=
1,...,n diferentiabild gi definitd pe intervalul I.

Observatia 1.1 Sirul de funcgii (ygm), i=1,.., n) N definit pe intervalul

me

I prin relatia (6) este uniform convergent pe I la solutia problemei Cauchy
(1)-(2). Mai mult are loc urmdtoarea evaluare:

sup (™ (t) - Em_l)(t)‘SM(L'”)m_lg @

entru orice m € N* g1 pentru orice 1t = 1,...,n
b
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2 O noua ab orda e

Folosind ideca lui Gauss-Seidvl de rezolvare a sistemelor de ecuatii liniare,
voi prezenta o nouil abordare « metodei aproximatiilor succesive a lui Picard
pentru problema Cauchy (1)-(2). Voi construi sirul (1 W), i=1,.,n

. meN

definit pe intervalul .J = {#; <8}, unde § = inf (a, &, 2.), dupd cum

urmeaza:

) 0) ) si—1
g™ (8) e gl -*/ fi ( Ly Y Lyl 1)) ds  (8)
L
pentru orice m € N*, ; = 1....,n i pentru orice t € J.

Teorema 2.1 Presupunem indeplinile ipotezele (i) st () formulate mas

sus. Atunci girul de funr(u ( (m), i1=1,. N definit pe intervalul J prin
“mnENe

relagia (8) este u/nform convergent pe J la solupza problemei Cauchy (1)-(2).
Mazi inult are loc urmadtourea cvaluare:

(m} (1) i m—i m) m=l gt \
Y ) -y () <ML n—y: — 9)

sup
mn!

(m)

entru orice . € N™ gi- enbr. oricc i = 1, ..., undc este cea mai micd
a 3 N

radacing pozitivd a ecuatici pclinomiale:

" Jun—1 _ T i m—1
(TL _ (11( n)) ._ l:nl.l 1 ( qg )) + (?L —_ qgm)) + .

m—1 ]- - q " ) _ m—2
+ ( qiml) ] _ I (TL _ qg'm 1)) +
L
(m—1} (m--1) m—2 _
+ (n - ((,+1 ) n—q, =0 (10)

cu proprictatea () < q_f"“'< Ty qi-” =1- %
Demonstratie. Bste clar ¢d nrotemn Cauchy (1)-'2) erte echivalentd cu
urmatorul sistem e ect.atii integrale:

\

) t .
Yi (t) =y§0)+ fi (sayla'”ay:l)d"s: i = 1,-_'-)” (11)
. “to

Intr-adevir, daci functia continuil y; () veriticd ccuatia (11) pe intervalul J
atunci ea este evident de clasa C'pe acest interval si verifici ecuatia (1) si



170 A. SoLot

conditia initiald (2). Reciproc orice solutie a problemei Cauchy (1)-(2) este
solutie a ecuatiei (11). Deci pentru a demonstra existenta solutiei problemei
Cauchy este suficient si aritim ci ecuatia (11) admite solutie continud pe

intervalul J. Prin inductie se arati usor ci functiile (ygm), i=1, ,n) N
me
sunt continue pe intervalul J gi in plus

yzm)(t)—ygo) <Mlt—to| <M&<b, i=1,..,n meN

pentru orice ¢t € J. De aici rezulti ci sirul ( (m) =1, ...,n) este bine
me

definit. Vom demonstra ca acest sir converge uniform pe intervalul J la o
solutie a problemei Cauchy (1)-(2).
Folosind (4) si (8) putem scrie:

g @) - g™ ()] <

<i | [E b o] e 0 oo

pentru oricet € J, i=1,..,nsim € N*. Notam cu

Lné
q§1)=1—%¢0<q§1)<1

Pentru m = 1 avem succesiv:
2) W L |t — to|?
1 ()~ (t)‘ <L| M) |s = tolds = LMn—— "

to k=1

1=1=

i=2= [y () -4 () <

g4

<L Uy?’ ORPRICIES Syt —tOI] ds <
to k=2
ot 2
<[ bl
to

LMnE_2—° +Mn—-1)]s— toq ds <

< LM |t —;alz (n _ qﬁl))

S& demonstrdm ci are loc evaluarea (9) pentru m = 1. Presupun adevirati
(9) pentrui = 1,...,k Atund

1
'L=k5+1=>le+1 )—y,(\:ﬁl(t)‘g
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yP (5 =y )|+ M-S Js = tol | ds <

SL'/t 5

to | j=1 j=k+1
k 2
<z [ ZLM'S_t‘)'? o
<L- T(” )+M ZJs—tol ds <
to =1 j=k+1 R

t— to|?
< LM|T°| (n—kq§1’) . telJ
Este firesc s& notam
gV =k 20<qV <k<n, k=1,..,n

S8 admitem adeviratd evaluarea:

m—1 §m
sup yln)( ) (m 1) (t)| < ML™ ! (n _q(m))

: m!

entru = 1,...,n §i pentru un m € N*, unde ¢'™ este cea mai mics radicini
p yerey p p

pozitivd a ecuatiei polinomiale (10) pe care o scriem sub formi compacti:
P (™) =0 (12)

iar 0 < ¢!™ < n. Este clard existenta numrului g™
sus deoarece P{™ (0) > 0 si P\"™ (n) < 0.

In baza relatiei (8) si folosind ipoteza inductiei obtinem:

cu proprietatea de mai

ui ) () - o )] <

/ Z |y(m+1) (S (m) (S l Z |y(m) ]m 1) (8) ds <

t Z]V[L" ( (ln+1 )m %4_

m-—1

n Tll m-1 'S'—t,

m m
< ML™ { [n’" + (n - q.gmH)) + (n - q:(,mﬂ)) + ot
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ma 2 (1 — qm>
(m+1) m 1
Ho-a™) | S
nT n(m+1) +
9 m+1
(m) m-—1 \ m—1 |t — tOI
+ (n - QI.-,+1) + ..+ (n - Q,(ln)) Tl (13)
Notand cu
m+1

m __(m+1) m |t_t0|
ML (n g ) s DT

ultimul termen al relatiei (13) obtinem ci q,(cffl) este cea mai micd radacind

pozitiva a ecuatiel polinomiale:

(m+1) (m+1) _
Py ((IA-,+1 ) =0

cu proprietatea 0 < q,(c'j:fl) <n.

S& ardtidm acum ci sirul de functii (y,g’"), i=1,.., n) definit pe inter-
meN
valul J prin relatia (8) este uniform convergent pe J la solutia problemei

Cauchy (1)-(2). Din evaluarea (9) deducem ci

m— 1 ol 67” )
y™ (1) -y (t)’ <ML (” - q§m>) s A= e

sup o
m.

teJ

si seria de functii:

Z (yl(m) (t) _ yz(lm—l) (t)) , i = 1, .

m>1

este uniform convergentd pe intervalul J. De aici rezultd ca sirul de functii

(yf’”), 1=1, ...,n) . este uniform convergent pe intervalul J si limita sa:
me

limy, "=y, t=1,...,n

(m)
m—o0” "

este o functie diferentiabild. Trecind la limitd in (8) deducem ¢i (y;,7 = 1,...,n)
sunt solutiile problemei Cauchy (1)-(2). O

Observatia 2.1 Pentru a demonstra unicitatea se procedeazd in maniera
clasicd, folosind inegalitatea lui Gronwall.

Observatia 2.2 Este de usemenea clar cd estimarea (9) este mai bund
m)

decdt (7), in concluzie sirul de funcfii (yi , 1 =1, ...,n) v pentru metoda

me
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propusd converge mat rapid la solufia problemei Cauchy decdt girul dat prin
metoda E. Picard.

Exemplu 2.1 Cu metoda propusd am determinat solufia aprozimativd a
problemei Cauchy:

{ % = cost + 4sint — 4y; — 2y

. , t€0;5
%=3y1+y2—3smt [055]

cu condifia initiald:
i (0)=0
v (0) = ~1

Folosind (8) obtinem sistemul:

y{™ () = Jy (coss + 4sins — 4y{" ™V (s) — 205" (s)) ds
o™ (1) = =1+ fi (301" () + 95"V () — Bsins) ds

Pentru 6 = 0.1 si m = 4 obtinem urmdtoarea solufie:

Lol ra el

el by
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CONSTRUIREA UNUI OPERATOR LINIAR
DE APROXIMARE

Andrei Vernescu

Abstract

In this work we present a generalization of the operator of Lupag [6].

1. Introducere. Calculul operatorial finit, numit si calcul umbral,
conduce la aplicatii In combinatorici (in special la identit#ti combinatorice),
teoria constructivi a functiilor, teoria functiilor speciale, calculul probabilitati-
lor. Aplicatiile in teoria constructiva a functiilor se referd la construirea unor
operatori liniari gi pozitivi de aproximare, unidimensionali sau multidimensio-
nali. Rezultate importante in acest domeniu au fost obtinute de gcoala roma-
neasci de analizd numerici si teoria aproximirii functiilor de la Cluj-Napoca,
fondatd de Tiberiu Popoviciu (1906-1975) si conduséd astdzi de cdtre acad.
D.D.Stancu. In domeniul aplicirii calculului umbral la teoria aproximirii
functiilor, mentiondm lucrdrile lui D. D. Stancu, C. Manole, A. Lupas, L.
Lupag, V. Mihegan.

In prezenta lucrare vom prezenta, dupi [18], o generalizare a operatorului
de aproximare L? a lui L.Lupag si A.Lupag [6], prin intermediul operatorului

@e), Operatorul LY a fost obtinut in lucrarea [6] pe baza utilizirii elemente-
lor de calcul umbral, iar generalizarea de fat, bazatd pe [6], utilizeazi, de
asemenea, elementele de calcul umbral. De aceea, vom trece in revistd, in
sectiunea 2 cateva chestiuni de calcul umbral necesare In cele ce vor urma.
Apoi, in sectiunea 3 vom mentiona operatorul L.Lupag si A. Lupas [6], iar in

sectiunea 4 vom prezenta generalizarea, prin operatorul U,? (a)

2. Elemente de calcul umbral

Fie II algebra comutativd a polinoamelor de o variabild cu coeficienti in
corpul comutativ K (unde K = Rsau K = C). Prin termenul de sir polinomial
vom intelege un gir de polinoame (p,) supus cornditiei grad (p,.) = n, pentru
oricen =0,1,2,...

175



176 A. VERNESCU

Un gir polinomial (p,), este numit a fi de tip binomial daci satisface
sirul infinit de egalitati

n

e +9) = (} ) me@pnrly), n=0,12.. (1)
k=0

pentru orice z,y € K. Din definitie rezultd pg = 1 si p,(0) = 0, pentru orice
n > 1, fapt considerat incd de T.Popoviciu [9] (a se vedea i [11], [12], [13],
[14]).

"Prototipul” polinoamelor de tip binomial il constituie monoamele
er(z) = z*,
k=0,1,2,..., pentru care identitatea binomial (1) inseamna formula binomu-~
lui lui Newton.

Un alt exemplu important de polinoame binomiale il reprezinta puterile
factoriale z[™*] = z(z—h)(x—2h)-...-(z—(n—1)h), pentrun > 1 cu zl0* =1,
pentru care identitatea binomiali (1) este identitatea lui Vandermonde.

e+ = (%) @t g)nrn.

k=0

Vom nota E® operatorul de translatie, £*:II — II, definit de egalitatea
(E%p)(x) = = p(z + a), pentru orice p € I gi orice ¢ € K. Un operator
T:1I — II, care comutd cu toti operatorii de translatie, adicd pentru care are
loc relatia TE* = E*T, se numeste invariant la translafi.

Un operator @:II — II se numeste delta operator daca este invariant la
translatii si Qe; este o constanti nenula.

Acesti operatori posedi multe din proprietatile operatorului de derivare
D, pentru care avem si egalitatea De,, = ne,_1. Ca exemple de delta operatori
mentiondm, in afarid de operatorul de derivare D, operatorul de diferentd
descendents A, = E" — I, unde I este operatorul identic, operatorul de
diferentd ascendentd V, =1 — E~* operatorul de prederivare Dj = Ap/h,
operatorul de diferentd centrals 6, = E*/?> — E~"/2 precum si operatorul lui

Abel A = DE®, operatorul lui Laguerre L = ﬁ*), operatorul lui Gould

-D 1 .
D_I-T-D- D(I — D)™" desemneazid rezultatul compunerii
dintre (—D) si inversul fati de compunere al lui (I — D). Datoriti izomorfismului dintre
algebra operatorilor invarianti la translatie (cu a doua operatie interni compunerea) si
algebra seriilor formale (cu a doua operatie inmultirea), avem (I —D)~! = I+ D+ D2+ ..,
agsadar L = —D — D2 — D3 — ... La aplicarea operatorului L asupra unui polinom p suma
precedentd este finit3, efectudndu-se doar pini la ordinul de derivare n = gr(p), dupi care
toti termenii D**1p, D*t2p . sunt nuli.

*) Aici " fractia”
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G = E**® — E° si operatorul lui Touchard T = In(J + D)1,

Se stabileste cu usurintd ca pentru orice delta operator ) are loc relatia
Qc = 0, unde c este o anumitd constantd, precum si ci, dacd p, este un
polinom de gradul n, atunci @p,, este un polinom de gradul n — 1.

Fiind dat un delta operator @, un sir polinomial (p,) se numeste sir
bazic pentru delta operatorul (), dacd au loc relatiile pg = 1, p,(0) = 0 pentru
orice n > 1 §i Qpr = npn—1 ([10] - [14]).

Au loc urmitoarele doud rezultate ([10] - [14]):

‘ a) Dacd un sir polinomial (p,,) este girul bazic pentru un anumit delta
operator (J, atunci el este de tip binomial.

b) Reciproc, daci un sir polinomial (p,,) este de tip binomial, atunci el
este girul bazic pentru un anumit delta operator Q.

Orice delta operator ¢} posedi un gir unic de polinoame bazice.

In cazul cand Q = D, girul de polinoame bazice este definit de p,(z) =
en(z) = 2™

- In cazul cand Q@ = Dj, = Ay /h, sirul de polinoame bazice este p,(z) =
bl

Se numeste derivatd Pincherle a operatorului invariant la translatie U,
operatorul U o Ux - xU , unde X este operatorul definit de egalitatea

(Xp)(z) = zp(z).

3. Operatorul Lupag. In lucrarea [6], L.Lupas si A. Lupas au
construit un operator de aproximare liniar i pozitiv, definit pe clasa de functii
C(I), I =[0,1] si atasat unui delta-operator Q. Operatorul LE:C(I) — C(I)
este definit de formula:

0806 = =3 (3 ) petosdpasto-nn) (£) oale) £0)
"N k=0

unde (pp) este girul polinoamelor bazice asociat delta operatorului Q.

Autorii noteaza, pentru orice delta-operator ¢J

n(n -1
wn(Q) =1- '—%1;—(# (QI_2p-n.—2) (n)

si definesc clasa W de operatori liniari astfel: Un operator liniar Q:11 — II
apartine clasei W daca si numai dacd urmatoarele conditii sunt indeplinite:

(i) @ este un delta operator cu sirul bazic (p,);

(ii) p,,(0) > 0, pentrun =1,2,3,..;

(iii) lim w,(Q) = 0.

n—00
Ca exemplu de delta operatori din clasa W, sunt date urmatoarele

D?* D3
t) Remarci analogs, deci T = D — - + 5 =
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1. Operatorul de derivare, D, pentru care w, (D) = l
n
2. Operatorul de diferentd V = I = E~1, pentru care w,(V) = %
n

3. Operatorul lui Touchard, T = ln(I + D), pentru care se obtine

inegalitatea
2

<wn(T) < =,
<un(T) < 2.

S|

D
I+D

4. Operatorul lui Laguerre, L = , pentru care inegalitatea obtinutad
este 5
—= < wn(L) <

Sl

Revenind la cazul general, se obtine cid
Lgeo =€y
Lgel = €1;
(Lgel)(z) = 6’2(17) + x(l - a:)w“(Q)

De aici, in baza teoremei Bohman-Korovkin-Popoviciu ([1], [2], [10]) se
obtine:

3.1. TEOREMA. Daci Q € W, atunci L9f — f pentru orice
fec(. '

Particularizand @ = D, se obtine LY = B,, (operatorul lui Bernstein),
iar particularizdnd @ = V se obtine operatorul definit de egalitatea

(L,Yf) (r) = ?2(—7:))' i ( 7]3 ) (nz)["‘](n — nz)[n—k]f (S) ;om=1,2,....
t=0

Acest operator poate fi obtinut pornind de la operatorul D. D. Stancu (ludnd

o= n)

4. O generalizare a operatorului Lupas. Fie Q un delta
operator, iar (p,) sirul sdu de polinoame bazice, n — a(n) o functie de
variabild discretd n, adicd practic un sir de numee reale, astfel incat a(n) > 0
si pn(a(n)) # 0, pentru orice n € N, Vom nota simbolic sirul astfel: a = (a,)
si 11 vom mai numi girul parametrilor.

4.1. DEFINITIE. Definim sirul de operatori liniari §i pozitivi atagati
delta operatorului @ si sirului de parametri a = a(n), U$*:C[0,1] — C[0,1]
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prin egalitdtile

U9 @ = oS () muatmalpn-slam) ~ atmars (£), @
k=0

pentru f € C[0,1], n =0,1,2,3,...

Acest operator generalizeazd cétiva operatori foarte importanti.

a) Pentru a(n) = 1, operatorul devine operatorul T. Popoviciu-C. Manole
[9], [7], din care se pot regési prin particularizirile mentionate operatorul D. D.
Stancu [15] si operatorul Bernstein. El a fost studiat si pentru alte cazuri,legat
de operatorii H. Brass, G. Moldovan, Cheney-Sharma.

b) Pentru a(n) = n, operatorul a fost definit si studiat de cdtre L. Lupag
si A. Lupag [6].

Pentru a cerceta operatorul definit de egalitatea (1), vom utiliza tehnicile
din lucrdrile C.Manole [7], L.Lupas si A.Lupas [6]. Vom mentine si pentru
acest operator notatiile din lucrarile citate

7n k m
Snem) =Y (& ) metopasts) (5 "
k=0
S()(ZE, yan) = p‘ll(z‘ + y)
Reamintim rezultatele din [7]

r
Tty ( 1
- _\PT Y a2,

Sa(z,y,m) = ——pn(z +) —— (Q"’pr-2) (e +).

Sl(xvy)n) = pﬂ(m +y)

In baza acestor rezultate, se obtine imediat:

4.2. PROPOZITIE. Imaginile functiilor €; (j = 0,1,2) prin operatoru
Ut sunt
n

Ueo = eo;
U@%er = ex;

()
(U@ey)(z) = 2 — -2) (a(n))

n—1 (Q%p
z

s are loc egelitatea

n—1 0,2(71) (Q’—zpn—"Z) (a(n))
. prla(m) ) W

U2((t - 2)%);2) = 2(1 - 2) (1 -
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Ultima egalitate ne conduce la preluarea notatiei w,(Q) din [6], cu o
ugoard adaptare:

_n-1a%(0) (Q%pns) (a(n)

(@) (Q) L4 5
Wy, »
) " pala(m) ©
ca si la preluarea, din [6], a clasei de delta operatori W, ca fiind

W ={Q:1I - I | @ delta operator, (6)

P (0)>0,n=1,23,...; lim w*(Q) =0}
n—oo

Tinand seama de egalititile precedente si aplicind teorema Bohman-
Korovkin- Popoviciu, se obtine rezultatul central din aceastd sectiune, legat
de convergenta sirului de operatori U2:® citre operatorul identic.

4.3. TEOREMA. Dacd delta operatorul Q apargine clasei W, atunci
Ugef — f pentru orice f € C[0,1].
X
* X

Vom trece acum la examinarea unor cazuri particulare ale operatorului
U2*, obtinute prin diferite particulariziri ale operatorului Q i alegeri adaptate
ale sirului a = (a,). .

a) Cazul Q@ = D (operatorul de derivare).

In acest caz, sirul polinoamelor bazice este constituit din monoame,
pa(2) = en(z) = 2"

Se obtine @’ = D' = I, (Q')~2 = I si deci

n —1a*(n)e,—a(a(n))
n en(a(n))

wp (D) =1- =1.
Asadar, operatorul corespunzitor UP® este operatorul lui Bernstein
B, si nu depinde de a = a(n). )
b) CazulQ =V =1 — E—! (operatorul de diferentd ascendent3).
In acest caz, sirul polinoamelor bazice este constituit de puterile factoriale
crescitoare p,(z) = z(z+1) ... (z+n—1) = (z+n—-1)[", dacin > 1, respectiv
Obtinem Q' = V' = E7!, deci (V')~2 = E? de unde
_n=1d*(n) (E’pa_2) (a(n)) a(n) +n
n pa(a(n)) n(a(n) +1)°

wp(V) =1
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Pentru constructia prezentatd, dacd particularizdm a(n) = a(n)’ se
aln

1
regaseste, In acest caz, operatorul lui D. D. Stancu, Unv"’ f=S55*>f.

In cazul a = a(n) —) 0, avem S5~ f — f.

(n—o00

c) Cazul L = (operatorul Laguerre).

I+ D

Sirul polinoamelor bazic corespunzétor, notat (I,,) este dat de formula
lo(z) =14i

n
!
Z n*T ( ) z*, pentru n > 1. Au loc egalititile
k=1

lo(z) = nlLi Y (-2),

in care L' (z) sunt polinoamele Laguerre de ordinul .
Operatorul corespunzitor este

1

a _ /' n . k
(U5 @) = 1y 2 (B aalacstama=ans (1)

Vom studia acum expresia w?(L). In acest scop, trebuie utilizate anumite
relatii din teoria polinoamelor Laguerre (L.Lupas si A.Lupag [6]), anume

L—-nl,=nl,; sau Dl,=n{l+ D)l,_1, (8)
precum si
B (@) = n(n+ D+ D) [0+ D@ + Dlals) — 2nis (0)]
lor1(z) = Cn 4 ), (z) — nn — Dl,—1(x) (9)
2l (2) = (0 + 1) Ly () — nla(z)] -

Astfel, gdsim, dupd citeva calcule

(87 ) el = gy iatoto

iar apoi

W) = — by (aln) _ (1 ML ) : (10)

na(n) l,(a(n)) n  a(n) na(n)

De aici rezultd o conditie suficientd pentru a avea lim WZ2(L) = 0,
n~$00

lnti(a(m) lnti(a(n)
La(a(m) ( Ln(a(m) “(")>'

anume a(n) — 0o si
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Dar rezultatul obtinut se adapteazi cel mai bine la doud cazuri particulare
importante pe care le prezentdm in continuare.

¢1) In cazul particular a(n) = 1, pentru orice n € N, se regiseste
operatorul introdus de T. Popoviciu in [9]. Avem

; lnﬂ(a(n)) T ln+1(1)
n.l—w)nc}o ln(a(n))  nooo ln(l)

=1

si din formula (10) rezulti
lim w(M (L) = 0.
11— 00

Astfel rezultda nll)rrolo ULlfs = 7, pentru orice f € C(I), deci se regisegte
convergenta sirului de operatori considerati de T.Popoviciu.

c2) In cazul particular a(n) = n, pentru orice n € N, se regiseste unul
din cazurile particulare ale operatorului L? definit si studiat de L.Lupag si
A.Lupas in [6] (anume, cazul IV, de la punctul 3, din lucrarea citati).

Din formula (10), particularizind a(n) = n, rezultd ca si in [6]

2 lppa(n)  3n+2
n? l,(n) n?

wn(Q) =i (L) =

Din a treia si respectiv a doua egalitate din (9), tindnd seama ci
I, 1(x) > 0 i respectiv I,,_;(z) > 0 pentru orice z € [0,1], se obtine dubla
inegalitate :

l, ; :
S 1+1(z) 52+£ (11)
nl,(z) n
~ - o ln+1(n)
Luand acum z = a in (11), rezultd 1 < < 3.
nl,(n)
Deci, obtinem ca in [6]
3 3
Z« (n) < 2
n — wTL (L) —_— n’

deci lim w{(L) = 0. Asadar lim UX"f = f, pentru orice f € C[0,1] si se
n—o0 00
regiseste convergenta sirului de operatori din [6].
d) Cazul Q =T = In(I 4+ D) (operatorul lui Touchard).

Sirul sdu de polinoame bazice, (¢,,) este numit girul polinoamelor exponential
sau girul polinoamelor lui Touchard si este definit de formula

n
tn(z) = Z[O, 1,2,...,k; eq]z”, (12)
k=0
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sau inca

to(z) = i S(n, k)z*
k=0

unde S(n, k) =[0,1,2,..., k;e,] sunt polinoamele lui Stirling de speta a doua.
Polinoamele pot fi reprezentate si prin formula lui Dobinski

n n,.k
© k"x

tu(z) =e” Z o

k=0

(13)
Derivata Pincherle este 7' = (I + D)™, de unde 7'~} = I + D, deci
T'=2 = (I + D)2. Mai avem (in baza formulei lui Rodrigues),
tn = X(I + D)tyn-1,

sau inca
t-n(:L') =T (tn—l(z) + t’n—l(m)) )

Tinand seama ci Di,(x) = @ — tn(z), rezultd
. tn(2) — th_1(z)
(T' ztn_z) (z) = m—znl

si deci

1 n—1t,-4(a(n))
wn(T) - ; + n W

Rezultatele obtinute pot fi aplicate in doud cazuri particulare.
d;) Situatia a(n) = 1, pentru orice n € N. Se obtine

_ 1 n—1 tn—l(l)
’lU“(T) - E + n tn(l) )

unde ¢,(1) = B,, sunt numerele lui Bell. In teza sa de doctorat, C. Manole a
ardtat ci existd doud constante pozitive ¢; si ¢, astfel Incat

De aici rezultd dubla inegalitate

1 —1lnn 1
Stot =S Cw (M) < - o
n n n

n
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deci operatoful definit de egalitatea
7,(1) k
(Urwf) () ( ) ta(@)tnr(1 - 2) f (15)

are proprietatea U?;’(l)f — f, pentru f € C[0,1]; altfel spus converge citre
operatorul identic I.

d2) Situatia a(n) = n, pentru orice n € N. Se obtine operatorul studiat
in [6], care, cu notatia noastra, se scrie

(UZ5) @) WZ( ) ttnnstn—n)t (£). o)

t/z 1( )
tn(z)

n

1

Tinand seama ca —, de unde

1 Lt
< —, rezultd
T n(n)-

3

2
0 <w,(T) < =
n

deci operatorul este convergent pe C(I), citre operatorul identic I.
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METODE PROIECTIONALE SI
NEPROIECTIONALE LA REZOLVAREA
ECUATIILOR OPERATORIALE. APLICATII

V. Zolotarevschi, V. Seiciuc

Este cunoscutd teoria metodelor proiectionale de rezolvare aproximativi a
ecuatiilor operatoriale de speta doi pe consecutivitdti de proiectori care converg
puternic catre operatorul unitate. Aceastd teorie, elaboratz de academicianul
L. Kantorovici la finele anilor 1940 (a se vedea [1]), a fost dezvoltati si
generalizatd de mai multi matematicieni gi mai cu seama de catre I. Gohberg
(a se vedea [23), de aceea poate fi considerati clasicd. Teoria clasics nu poate
fi aplicat3 in unele cazuri cum ar fi: atunci cand spatiul in care se cerceteazd
ecuatia nu este separabil (spatiile Holder) sau proiectorii ce genereazd metoda
nu sunt marginiti in norma (proiectorii de interpolare Lagrange, cercetati in
spatiul Lebesgue), sau cind metoda aproximativi nu este proiectionald. Astfel
a apdrut necesitatea elabordrii unei teorii generale a metodelor aproximative
neclasice aplicate la rezolvarea ecuatiilor operatoriale ce nu se includ in cele
clasice. Vom prezenta unele rezultate obtinute de noi in aceasti directie. Mai
intai, a fost elaborat3 teoria linealului de convergenti (a se vedea [5]) pentru
operatorii liniari, unde sunt stabilite conditii suficiente pentru ca metodele
aproximative, ce nu se includ in cele clasice (conform teoriei lui L. Kantorovici),
sd fie compatibile si convergente. S-au obtinut teoreme generale ce stabilesc
compatibilitatea schemelor de calcul si convergenta solutiilor aproximative
citre cea exactd in cazurile cand proiectorii, cu care se construiesc aceste
metode nu converg sau sunt nemarginiti in norma. Rezultate similare celor
descrise s-au obtinut pentru metode ce nu sunt proiectionale.

Cu ajutorul acestor rezultate s-a obtinut fundamentarea teoretici a metodei
de trunchiere pentru ecuatii si sisteme de ecuatii Wiener-Hopf, ecuatii integrale
singulare §i sistemelor lor, cercetate in scara spatiilor Holder. In aceleasi
spatii Holder, s-a stabilit fundamentarea teoretici a metodelor de colocatii
si cuadraturi pentru ecuatii integrale singulare gi sistemele lor.

Rezultatele mentionate mai sus au fost generalizate in mai multe directii.
Au fost elaborate gi teoretic fundamentate schemele de calcul ale metodelor

187
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de colocatii si cuadraturi pentru ecuatiile integrale singulare complete, nucleul
regular al cdrora contine singularitate slaba, au fost obtinute rezultate asupra
rezolvirii aproximative a ecuatiilor integro-diferentiale singulare si a sistemelor
lor, asupra ecuatiilor integrale singulare cu coeficienti operatoriali. Aceste
rezulate au fost stabilite pentru cazul In care conturul pe care sunt definite
aceste ecuatii coincide cu circumferinta unitate din planul complex. Pentru
acelasi domeniu de integrare, anume circumferinta unitate, au fost elaborate si
teoretic fundamentate schemele de calcul ale metodelor de colocatii si trunchiere
pentru ecuatiile integrale singulare cu argument deplasat, avind in vedere
specificul unor proprietdti caracteristice numai circumferintei unitate (a se
vedea [4,5]).

Cazul circumferintet unitate a fost conditie esentiald in cercetérile efectuate.
Nu se cunostea posibilitatea de trecere la alte contururi inchise din planul
complex, diferite de cel standard. S-ar pdrea ci trecerea de la conturul inchis
prin intermediul functiei Riemann la circumferinta unitate ar putea reduce
problema la cea studiati. In realitate, ins, situatia este mult mai complicat.
Spre exemplu, pentru conturul Liapunov, schemele de calcul ale metodelor de
trunchiere si colocatii, din punct de vedere aplicativ, devin dificile, iar viteza
de convergentd devine foarte mic# si depinde de contur; metoda cuadraturilor
in acest caz nu poate fi aplicati.

Investigatiile ce s-au ficut pe circumferinta unitate s-au extins asupra
ecuatiilor integrale singulare neliniare (a se vedea [6-8]). S-au stabilit conditiile
pentru care operatorul determinat de ecuatia integrala singulard neliniard
sau de sistemul ei admite derivatd Fréchet. Aceste rezultate gi cele pentru
ecuatiile liniare au permis fundamentarea teoreticd a metodelor de trunchiere,
colocatii si cuadraturi pentru ecuatiile mentionate. Convergenta metodelor a
fost stabilitd in scara spatiilor Holder.

In lucrdrile [9-12], pentru prima dat, sunt obtinute rezultate principial noi
de aplicare a metodelor direct-aproximative la rezolvarea ecuatiilor integrale
singulare definite pe contur inchis de tip Liapunov fird a face transformarea
acestula in circumferinta unitate. S-a obtinut fundamentarea teoreticd a
metodelor de trunchiere, colocatii si cuadraturi In scara spatiilor Hoélder pentru
ecuatil integrale singulare i sisteme, pentru ecuatii integrale singulare neliniare
si sisteme (a se vedea [13]), precum si pentru ecuatii integro-diferentiale singu-
lare (a se vedea [14]).

Fundamental noi sunt rezultatele continute in monografia [5]. Este
cercetat cazul in care ecuatiile integrale singulare sunt definite pe un contur
arbitrar neted Inchis ce mirgineste un domeniu monoconex al planului complex.
In legitura cu trecerea la conturul arbitrar a aparut necesitatea de a dezvolta in
continuare unele compartimente ale teoriei generale a metodelor de calcul cum
ar fi: a) teoria aproximirii functiilor de variabild complexa definite pe contur
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arbitrar neted si inchis, b) teoria linealului de convergentd pentru proiectori
nemirginiti, ¢) teoria cuadraturilor in planul complex g.a. Aceste probleme au
fost studiate in lucrérile [5,15-17].

Aceste rezultate au permis obtinerea [a se vedea 15, 16] fundamentarii
teoretice a unor metode direct-aproximative pentru rezolvarea mai multor
clase de ecuatil integrale singulare date pe contur arbitrar neted si inchis al
planului complex: ecuatii si sisteme de ecuatii integrale singulare de tip eliptic
si neeliptic, ecuatii si sisteme de ecuatii integro-diferentiale singulare (a se
vedea [18]), ecuatii integrale singulare cu conjugata functiei necunoscute gi cu
argument deplasat (a se vedea [19,20]). A fost obtinuti convergenta metodelor
de colocatii si cuadraturi in scara spatiilor Holder si in spatiile Lebesgue.

Ecuatiile integrale singulare neliniare pe contur arbitrar inchis cercetate in
spatiile Lebesgue, Holder si Holder generalizate au fost rezolvate prin metode
aproximative in lucrarile [21-25]. Rezolvarea aproximativi a ecuatiilor integrale
singulare cu indice nenul a fost efectuatd in [26]. S-au obtinut schemele de
calcul ale metodelor de colocatii si cuadraturi si s-au demonstrat teoreme ce
stabilesc convergenta acestor metode in scara spatiilor Holder si Lebesgue.

In lucrdrile [27, 28] au fost cercetate problemele rezolvirii aproximative a
ecuatiilor integrale bisingulare definite pe un produs cartezian a doud contururi
de tip Liapunov. S-au stabilit conditii suficiente de compatibilitate a schemelor
de calcul a metodelor de colocatii si cuadraturi si s-a stabilit convergenta
acestor metode in spatiile Holder. Pentru ecuatiile integrale bisingulare cu
coeficienti constanti, au fost obtinute scheme eficiente de calcul a metodei de
trunchiere si s-a demonstrat convergenta acestei metode.

Unele rezultate descrise mai sus au fost stabilite (a se vedea [29]) in spatiul
functiilor Holder generalizate.

Problemele rdmase deschise pentru cercetarea viitoare tin de extinderea
metodelor aproximative de rezolvare a mai multor clase de ecuatii integrale
pentru cazurile in care aceste ecuatii sunt definite pe: 1) contur compus ce
mirgineste un domeniu biconex, 2} contur care are autointersectie, 3) contur
inchis, care nu e neted, 4) contur neted deschis si alte cazuri, nestudiate pind
in prezent.
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