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An examination of the fundamental solution
and Green’s function in orthotropic
photothermoelastic with diffusion under the
MGT model
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Abstract

The objective of this paper is to investigate the fundamental solu-
tion and Green’s function in a semi-infinite orthotropic photothermoe-
lastic diffusion medium that is based on the Moore-Gibson-Thompson
heat equation (MGTPWD). First, we transform the governing equations
into a two-dimensional format and then make dimensionless to derive
the general solution for the MGTPWD model. Based on the general
solution, nine new harmonic functions were used to build the funda-
mental solution and Green’s function for a steady point heat source
on the surface and inside of a semi-infinite material in the proposed
model. The elementary functions are used to express the components
of displacements, stress, temperature distribution, carrier density dis-
tribution and chemical potential. The physical field quantities (stress,
temperature distribution, carrier density distribution and chemical po-
tential) are computed numerically and presented graphically to depict
diffusion impact. A unique case have been deduced and compared with
earlier known results. The results acquired can be used to delineate a
variety of semiconductor elements during the coupled photo thermoe-
lastic impact and can also be applied in the material and engineering
sciences.
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1 Opening Statement

The past few years have seen the extensive development of new methods in the
investigation of semiconductors and microelectronic structures by the fields of
photoacoustic (PA) and photothermal (PT) science and technology. PA and
PT techniques were recently established as diagnostic methods with high sen-
sitivity to the dynamics of photoexcited carriers (Mandelis [16], Nikolic and
Todorovic [22], Almond and Patel [3]. Photogeneration of electron-hole pairs,
also known as the carriers-diffusion wave or plasma wave, may be a significant
factor in PA and PT experiments for the majority of semiconductor materials.
This wave is generated by an absorbed intensity modulated laser beam.

Numerous researchers have examined the distinct effects of the thermoe-
lastic and electronic deformations in semiconductor media, disregarding the
coupling between the plasma and the thermoelastic equations (McDonald and
Wetsel [21], Stearns and Kino [34]). The theoretical analysis was presented by
Todorovi [35, 36, 37] to characterize two phenomena that provide information
about the properties of transport and carrier recombinations in the semicon-
ducting medium.

Marin et al. [18] examined a problem in microstretch thermoelastic with
two temperature. In the context of micropolar thermoelastic diffusion, Marin
et al. [17] investigated the fundamental equations and conditions of the mixed
initial boundary value problem. In the context of micropolar thermoelastic
diffusion. Sharma et al. [31] investigated the fundamental solution and plane
waves in electro-microstretch elastic solids. Sharma and Marin [27] examined
the reflection and transmission of waves in micropolar thermoelastic media.
Marin et al. [19] employed the fractional calculus with thermal relaxation pe-
riods to analyze a novel representation of the porothermoelastic model. Dif-
ferent types of vibrations are addressed in Vlase et al. [40], Vlase et al. [39],
Scutaru et al. [15], Vlase et al. [38], Ailawalia et al. [2] and Katouzian et al.
[8]. Sharma et al. [28] studied fundamental theorems and plane waves by us-
ing a novel mathematical formulation of temperature dependent thermoelastic
diffusion with multi-phase delays. Kumar et al. [9] investigated the impact of
dual phase latency caused by the reflection of plane waves that propagate in
a swelling porous thermoelastic medium with an impedance boundary. Quin-
tanilla [25, 26] established models based on MGT heat equation. Abouelregal
et al. [1] investigated thermomechanical waves in photothermoelastic with ro-
tation medium. The concept of thermoelasticity was employed by Marin et
al. [20] to investigate a dipole fluid under a modified MGT by incorporating
suitable initial conditions.

Diffusion is the spontaneous movement of particles from a high concentra-
tion region to a low concentration region. It is a response to a concentra-
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tion gradient, which is the change in concentration as a result of a change
in position. Thermal diffusion is employed to achieve isotope separation by
transferring heat across a thin liquid or vapour. Nowacki [23, 24] developed
coupled thermoelastic diffusion models. By modifying Fourier’s and Fick’s
laws, Sherief et al. [32] developed a generalized theory of thermoelasticity
that incorporates mass diffusion. Kumar and Kansal [12] developed the fun-
damental equations for generalized thermoelastic diffusion (G-L model) and
examined Lamb waves. Kumar and Chawla [10, 11] investigated the funda-
mental solution and Greens function in orthotropic thermoelastic diffusion
media. Hou et al. [6, 7] examined the Green’s function for a steady point heat
source in the interior of a semi-infinite thermoelastic material in two- and
three-dimensional problems. The two-dimensional general solutions and fun-
damental solutions in orthotropic thermoelastic materials were presented by
Hou et al. [5]. Chawla and Kamboj [4] investigated the fundamental solution
in anisotropic thermoelastic media with mass diffusion and voids. Sharma and
Khator [29, 30] investigated the challenges associated with power generation
that are a result of renewable energy sources and also explored the planning
of microgrids in the renewable inclusive prosumer market.

Nevertheless, the critical fundamental solution to the two-dimensional prob-
lem of a constant point heat source in orthotropic photothermoelastic diffusion
material has not been addressed to date.This paper examines the fundamental
solution and Green’s function for a two-dimensional orthotropic photother-
moelastic diffusion medium. The fundamental solutions and Green’s function
for a stable point heat source acting on the surface and in the interior of a
semi-infinite material of the MGTPWD model are obtained by seven newly
introduced harmonic functions.

2 Fundamental equations

In the absence of body forces, heat sources, and carrier photogeneration sources,
the constitutive relations and field equations for orthotropic photothermoelas-
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tic diffusion materials are as follows:

tijj = Pl (1)
tij = Cfment — ;T — 75 P — 5N, (2)
. E. . 0 .. .
K”TJ,L — KI*JT‘JZ -|— JT = (1 —|— TO@t) [%thoe + llTOT —|— dTOP}, (3)
T
Dijp,ji"_ijPji = (1—’_7—1875) [TLP'FZ’YZ@'FdT], (4)
ON N T

DN = —+——(—, i, 5, k0 =1,2,3).

1770 at + T CT (Z J 3) (5)
where (6)

o bi'bkl bl n nx
Ciirr = Cijm — Jb s Vi = Big +dbij, v = 7], Y5 = Cijki Vit »

* * pCe a 1

Kijdij = K, Kj; = Kj°, L= T, tad, d=o, n=1,

Dj;6;5 = D;. i — is not summed.

Also, t;; are the components of stress tensor, u; are the components of dis-
placement, p is the medium density, Cj;i; are the elastic parameters, ey; are
the components of strain tensor, 'yfj are the coefficients of linear thermal ex-
pansion, ij are the coefficients of diffusion, 7} are the coefficients of electronic
deformation, K;;) thermal conductivity, K7; thermal conductivity rate, E, de-
notes the semiconductor energy gap, T is the temperature distribution, N =
n-n,,(where n,) is the carrier concentration at equilibrium, 7, is the thermal
relaxation time, T, is the reference temperature, 7 represents the diffusion
relaxation time, b;; represents the components of diffusion tensor, C. repre-
sents the specific heat, Dj; represents the coefficients of carrier diffusion, a
and b are diffusion parameters, 7 denotes the photogenerated carrier lifetime,

on
= a—To , thermal activation coupling parameter. Partial derivatives and time

derivatives are represented by the symbols ”,” and ”.”, respectively.

3 Problem Formulation

Based on the MGT model, we examine an orthotropic photothermoelastic solid
with diffusion. Let OX; X5 X3 be the frame of reference in the Cartesian co-
ordinate system, with the origin O being any point on the plane boundary.
The plane of incidence for the two-dimensional static problem is assumed to
be the consider X;-X3 plane, and our analysis is limited to this plane. There-
fore, the temperature change, carrier density distribution, and displacement
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components are all functions of consider z; and consider x3, with the following
form:

7._[ = (ul(:cl,(),:cg), O,U3($1,0,IL’3)) , T = T(.’El,xg),
P = P(x1,23), and N = N(x1,z3). (7)

With the assistance of equation (7), we have derived the equations for or-
thotropic photothermoelastic solid in a two-dimensional problem by applying
the appropriate plane of symmetry, as outlined in Slaughter [33], to the set of
equations (1)-(5).

82 (9 U7 8211,3 8T 8P n ON
Chi——= 322 "‘055 022 +(CP3 + C85) m—F— D21075 18;10 13x 7187x1 =0, (8
o ° 82u1 ° 82 8 U3 t oT P oP n ON
(CT3 + C%5) 92105 +C3s5 02 +C33 02 73871:3_738773_736753 =0, (9)
92T 02T o%p (92
K7 KX Dp D
1 8 + 3 9.9 8 07 8 + 8 07
32N (92N N
DY — 3 -‘de (9 C* (10)
with
tll—Cua +CL38 ’YfT_’VfP_W?Nv
Oouy ou
laz = 0136 0338 18 — T — 5P — %N, (11)
8u1 8u3
t31 =0% | — + — ). 12
31 55 (8173 + ax1> ( )
And
b2 b2
C? =Ch — 317 C33 =C33 — 7 U5 = C13, Cg5 = Css,
B1 = Cr10f + Craahy + Ci30f, (13)
B3 = Ci3al + Cazal + C330d, by = Cr105 + Ciaa5 + Ci305,
b3 = Cizaf + Cazas + Csza, (14)

V= Cny 4+ Ciny +Cisny 98 =Cusry + Casvy + Casyl, (15)
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al, ab, ol af, a§, af and 47, y5 4% are linear thermal expansion coef-
ficients, diffusion coefficients and electronic deformation coefficients, respec-
tively. We define the dimensionless quantities

’ / / ’ ]_ ’ / ’ 1
(,w3,u1,uz) = — (1,23, u1,u3), (l11,t33,131) = =5 (t11,133,131),
L cy,
’ tT ’ N ’ P
=12 N=2 P =—. (16)
Cty o by

Using the dimensionless quantities defined by equation (16) in equations (8)-
(12) and, after suppressing the primes, this yields

32u1 82u1 82u?, aT 8P (9N
M M. -2 I — =0 17
0z? + M 0z3 + 20x,025 Oz, 3 0r, 491, ’ (17)
82U1 32 (9 us oT oP ON
M M A VAL A
20m0ms | o2 M T A TR
(18)
o*T LO*T _o o*pP LO0%P —0
0z3 ox3 7 0x? 833% -
0’°N  _09°N N
D—— — Mg— + Mio(— = 19
P + o232 9+ 10( (19)
8 811,3 6u1 8U3
t My1——T — M3sP — MyN, ts1 =M, | — + — |,
11 = 8 + g s 3 4 31 = My <8x3 + 92,
(20)
ouy Ous
taz = My ot + My 22 — MgT — MyP — MgN. (21)
ory Oxs
with
Ce C?% + C? by?P NeY}
M1: E())Sv M2: 13 ° 557 M3: (1) ) M4_ o
Cty Cty cty Cty
M5 = CEZS y l%a = b’yi’yg; MS = nozga 9 = L2*7
Ch c Cty DY
CL*CYy Cls K3 = Dj Dy
M= >——— = K* = D= , D= —
10 iTDT ) 11 0101 9 Kik ) DT D;i)
(22)
Equations (17)-(20) can be written as:
D (uy, us, T, P, N)"" =0 (23)
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Where tr denotes the transpose of D which is the differential operator matrix
given by

[ o2 8?2 8? o o o
SN Y R Mo—S 2 M2 Y
Ox? * 1895% 2 9z10x3 Oy ET 400,
2 8?2 8?2 o 4] o
[ V Ry S — M2 M, My
28.’1)18.%3 1827% + 5837:2; 68273 78r3 88.%3
8?2 _ 9?2
0 0 Mo 0 55+ Dz — Mo
o2 o2 1 3
0 0 — + K" —— 0 0
Ox? + O3
8? 8?2
0 0 0 D* — 0
ox? + 0x3 ]
(24)

Equation (23) is a homogeneous set of differential equations in uy, us, T, P,
and N. The general solution by the operator theory is as follows

u = A F + A:lG, usz = ApF + A;EG, T=A3F + A;},G,
P=AuF+ A;LG, N = A;sF + ArSG, (Z =1,2,3,4, 5) (25)

Where A;; (i,j=1,2,3,4) are algebraic cofactors of the matrix D, of which the
determinant is

o o4 o* 02 02
1Dl = <q16xg 25202 *qw) . <8x% o ma)
92 . 02 02 _ 2
g (ax%” ama) : (ax%”axa)

ot ot ot 0? 0? 0? 0?
Y Y Y * *
* <q1 oxg & Ox30x3 s 8x‘11) x (&r% D 8x§> x (8x% R 8;2%) '
(26)

The functions F and G in equation (25) satisfy the following homogeneous

equation
|ID|F =0 and |D|G=0. (27)

It is observed that the three sets of general solutions obtained with T=0 and
P=0 are identical to those without thermal and diffusion effects if i is set to 1, 2,
or 3 in equation (25). The general solution Y7 (say) with P=0 is represented
by i=4. The general solution Y5 (for example) with T=0 is represented by
i=5. The superposition of Y7 and Y5 is a result of the linear character of the
photothermoelastic theory used in this paper.
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98 n 0 n 98 n 9%\ OF
U = — | —
! m z§ hz Ox}0x2 hs Ox20x} 4 025 ) 0z,
ot ot ot 0G
Y Y Y
9
+ ((hl e + 12 022042 +q13 83:%) BT (28)
9o n 0 n 98 n 9%\ OF
u P —_— [ —_—
3 21 0z§ 22 Ox}0x% 423 Ox20x} 124 025 ) Oz
ot ot ot \ G
Y Y Y
9
+ (Qm 92! + g2 022022 + qa3 83:%) Dy’ (29)

8 8 8 8 8
T=(gog + + + + s~ | F
<Q31 0z8 132 029023 133 0z10z3 134 0z30x§ 135 0x§ )

N O R R
AP LIPS AR AR iy e 30
+ (q31 0z§ + 32 dx}0x% + 33 dx20x} + 34 (%cg) ’ (30)
o8 o8 08 o8 o8
P = —= — | F
(q41 0z¥ T 0z$02% s Ox}0x} T 023018 s 6x§>
9° o 9 o
Y 7 Yy _ 7 Y _ 7 Y = G 31
+ (Q41 B + Q4 021022 + Q43 0a20x] + qyq (%cg) ) (31)
N = "8—6+Y i + g5- i +Ya—6 (32)
—\ B 029 152 0z1023 453 0z30z4 154 0z§ )’

where
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qu1 = My + My Ms, qio = Ms + MsMs — MyMg — MyMy + My D* + My D
+ My M3K* + MiM3D, q3 = (Ms — MaMg) D* + MsMsK, — MaM7K,
+ (Ms — MyMg + MsMs — MyMy) D + MDD + M, MsDK*,

q1a = (M5 — MyMg) D*D + (M3Ms — My M) DK*,

qy1 = —MiMg — My M3zMy — My MyMio, gy = MaMgMig — MsMy

+ MyMeMy — MzMsMg — My M7 My — MyMsMyg — My Mg D* — My MyMioD*
— My MsMoK*, s = (Mo Mg — MyMsz)MyoD* — (M — My Mg)MoD*—
(M3Ms — MaM7)MoK™, qo1 = Mg + My — My — My M3, g2 = My Mg + My My
+ (Mg — M) D* + (Mg + M7 — My — Mo Ms) D+ (M7 — M3yMs) DK*,

@23 = My MgD* + (My Mg + My M7) D + MyM7; K* — MyMgD* D

+ (M7 — MyM3) DK*, qoy = My MgDD* + M, M;DK*,

431 = MgMg — Mo Mg — M7 Mg — Mg Mo + Mo Mz Mg + My My Mo,

Q3o = —MyM¢Mg — My Mg Mo + My M7 Mg — (M7 Mg — Mo MzMy) K™

+ (MgMg — MMy — Mg Mo + Mo My M) D",

Q33 = (M1 MgMgy — My MgMyo) D* — My M7z Mo K™, q31 = M5 = quu,

gs2 = Ms + M{ — M3 + M D* + M1 D, gs3 = M1 M5 + (M5 + M{ — M3)D*
+ (M5 + M7 — M3) D + M, D*D,

gsa = MiMsD* + My M5 D + (Ms + M — M3) D*D,

35 = MiMsD*D, g5, = —M1 My, g3, = — (M5 + M7 — M3) My — My MyD*,
Qg = =M MsMg — (Ms + M7 — M2)MyD*, ¢}, = —M, MsMoD*,

Qua = Ms + M7 — M3 + M, D + M, K*,

qus = My Ms + (Ms + M} — M3)D + (M5 + M? — M3)K* + M, DK*,

qua = MiMsD + My MsK* + (M5 + M7 — M3)DK*, q45 = My Ms DK™,

a5 = —MiMy, ¢}y = — (M5 + M} — M3) My — My MoK™,

Qi3 = —MiMsMy — (Ms + M7 — M3) MoK*, qj, = —MMsMoK*,

gs1 = —Mi Mg, gs2 = —Mi1MyoD* — (M5 + M{ — M3) Mo,

gs3 = —M1MsMyo — (Ms + M7 — M3) MioD*, gsa = —MyMsMyoD*.

F and G are general solutions of equation (27) respectively, which can be
written as

5 4
o2 02 2 o2
j];[l <8x%+8x§j> F =0, H <8x%+axgj2> G =0, (33)

Jj=1
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where z3; = S;r3, SS:”K*’ 1/DP,S’5 ”D* and S; (j=1,2) are

two roots (with positive real part) of the following algebraic equation

@St — 25% +q3=0. (34)
Y Y Y Ki oy DY Y o(:
and xg; = S)x3, S5 = T S, = ﬁ’ and S (j=1,2) are two roots
3

(with positive real part) of the following algebraic equation
0 St — a3 S* +qf =0. (35)

The functions F and G can be expressed in terms of harmonic functions, as is
well-known from the generalized Almansi theorem.

1.F2F1+F2+F3+F4+F57 G:G1+G2+G3+G4

for distinct S;(j =1,2,3,4,5), S;"(j =1,2,3,4). (36)
2F =F + Fy + F3+ Fy +23F5, G=G1 + Ga + Gz + 13Gy;

S1#8y#83#81=25s, 8 #85 #53 =51. (37)
3.F =F + Fy+ Fs+x3Fy + 3F5, G = Gy + Ga + 23G3 + 23Gy;

S1# Sy #S3=8,=28;5, S #5) =5 =5). (38)
4F =F, + Fy + 23F3 + 23F, + 23 F5 for Sy # Sy = S3 =S4 = Ss. (39)
5.F = + x3F5 + ;ngg + x§F4 + m§F5, G =G+ x23Go + x§G3 + x§G4;

S1=5,=8;3=5,=25;,9"=5) =5 =5/. (40)

where F; (j=1,2,3,4,5) and G, (j=1,2,3,4) satisfy the following harmonic equa-
tions

02 02
+ F:07 (j:172737475)7
(830% Oz ) !

$3j

2 2
(a + 2 )G]:o, (=1,2,3,4) (41)

Y 2
0z oz 3

For the case of distinct roots, the general solution can be derived as follows
L 00 oW ; vy

Z 83;1 Z 6331 ZS Mlja j +ZSYM1J 33:1

5 4 2. Y
a?qu 0?0
Iy E MY_ij’

2]81‘;,(]-2

Jj=1
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P NN ; P
PSS NoS Gl
35 j=1 Oy x5
with
86 84Gj
\I/j = mlj axg y \I/;( = le] axv 1 (43)
] .
ma; v My ms3 oy Mg Maa
Myj=—, My=—, Mys=— My=—5 My=—,
maj my; mi1 my3 M4
mY Py
Myy = —%, My, = 75],7M21 = Myy = My = Mas = Myy = My, =0,
myy mai;

My, = M3y = M3y = M3z = Mzy = M3| = Mgy = M5 = 0.
Mmij = —Qr1 + w2S; — @sS; + @Sy, (k=1,2,5),

mle =qh — ‘111{25;‘(2 + q;¥35]47 (k=1,2),

ms3 = 31 — ¢325; + q335; — q34S5 + q355;,

mis = a3y + 435, — 4355} " + 43S,

Mg = qa1 — 1257 + q13S; — quaS§ + @S5,

my; = —q) + QZQSJ'Y2 - QZBS;'(4 + QZ4SjY6~

The functions ¥, (j=1,2,3,4,5) and \I/JY (j=1,2,3,4) satisfy the harmonic equa-

tions
02 02 02 0?
— U, = — 4+ —— | U =0. 44
<ax% +ax§.> =0 (ax% +axgj?) ’ ()

J
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With the aid of equations (20)-(21) and (42), stress components t11, t31, t33
can be written as

5

j=1
My D S2 82%
— 22 My (=1 4+ DS? My Ms; 2.
Mg{ 4j (=14 DSj) + Mo 2j}>ax§j
\ 2\ Y
Y29y ¥ v MaMio o\ 07
n > (_1 +N115j Mlj — M2j — M3M3j — M9 M2j) 8$Y'2’
Jj=1 ;
(45)
i A 20
520 0!
ta =S M (1+M;)S;——2 My (14 My5) S o——==, (46
" ; L (1+ M) 38x18x3j+; 1 (14 M%) ! 0wy 0y’ (46)

5
t3s = Z ( Ny + M5S]2M1j — MgMoj; — M7 Ms;
J=1
2w,

M _
_ Mj {My; (-1 + Dsf) + MygMy; } ) ngj

4 2\ Y
Mg M PR
. 8 10Mj> J.

2
(—Nu + M5S) My, — MMy — My My —
J

1
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Substituting the values of 11, t33 and t3; from equation (45), (46) and (47) in
equations (1) yield

My (14 My;) 87 =1 — NuiS7Myj + Maj + MsMs;
% {My; (=14 DS2) + MigMy,}, (j =1,2,3,4,5) (48)
My (14 M%) SY% =1 NSy 2MY, + MyMyi+
(1 + M4M10> My, (j=1,2,3,4) (49)
My (14 Myj) = —Ni1 + M5S?M1j — MgMy; — M7 M3,

M _
- ﬁz {My; (=1 + DS?) + MyoMz;} . (j = 1,2,3,4,5)  (50)

My (1+ M) = —Nuy + M58} My — MM,

MM
8 1°>M2j, (j=1,2,3,4) (51)

—<M6+

The expressions of t11, t33, t31 given by (45)-(47) with the help of (48)-(51)
can be simplified as

5 2 5 Q\I’Y

tll:_ZSQMUa ZSY e y2’

Jj=1

5 20 Y

. 0%, ., 0!

taq = M, —L + MY —
33 jz:; 1j axgj ; 15 8$Y-2

5 20 Y

0°V; o0°v )

ta1 =Y S;M SYM 52
31 Z J ljaljafﬂg] +Z 138:5181, ( )
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with
Myj = —Niy 4 M5S7My; — MgMa; — M Ms;

M, _
- ﬁz {Mayj (-1 + DSJQ‘) + MygMa; } = My (14 My;)

M, _
1- N115]2-M1j + My; + MsMs; + — {My; (-1 + DSJQ-) + MygMy; }
9

_ M.
= 2 )
S;

(53)
. MgM
MYy = —Niy + M58 My — Mo My, — (MG + 18\4910) My;
MM
1— Ny S) 2 MY + MsMy; + (1 + =7 “’) My,
9
= My (14 43)) = o -
J
(54)

4 Fundamental solution for a point heat source in a semi-
infinite orthotropic photothermoelastic material with
diffusion under the MGT model

Under the MGT model, we examine a semi-infinite orthotropic photothermoe-
lastic diffusion material with x3 > 0. The surface z3 = 0 is thermally insulated
and stress-free, and a point heat source H; and diffusion source H, are applied
at the origin (Figure 1(a)). The general solutions provided by equations (42)
and (52) are subsequently applied and derived in this section. Introduce the
harmonic functions as

1 3
\I/] = AJ |: ('rgj - x%) (IOgTJ - 2) — L1235 tan_l ::1:| ) (.] = 1727374’ 5)

2 3j
(55)
v = a0 | (2222 (togry = 3) - aia) tant EL| (G =1,2,3,4)
i T g \Ts T 0gT; B Tirggtan = o5t U =529
3j
(56)
where

LR T SRV e 57

and A; (j=1,2,3,4,5), Af (j=1,2,3,4,5), are arbitrary constants to be deter-
mined.
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Here AJ can be expressed as a linear combination of Az and A) can be ex-

pressed as a hne%arecomblrﬁaéﬁlgnﬂolfgé‘* and A =192A4 (58)

where ¥, and ¥ is an arbitrary constants.

The expressions for the displacement, temperature change, carrier density
field, and stress components are obtained by substituting the values of U
and W) from equations (55) and (56) into equations (42) and (52).

5
- ZAj {xl (logr; — 1) + x3jtan™* xl}

T
j,l 3

— Z A |zy (logr) —1) + zy; tan™" 5&1 , (59)
37
usz = Z SleJAj |:.2?3j (log Ty — 1) — X1 tan_l 531:|
j=1 /
! T
+ ZSJYMK,A;( z3; (logr) —1) —z tan~! —Yl , (60)
xS,
j=1 37

T = MaysAslogrs + My5A3 logry, P = MsgAylogry + M54 A) logr)
(61)
5
3 4T
Z 145 A [ xgj ?) <10g7'j - 2> — x123; tan 1 1} ,

Z3;5

5
t33 :ZMUAJ IOgTj‘FZMlEA;( IOgT;(, (62)

t = ZS M, jA;logr; —|—Z:SY2M1]AY logr),

Jj=1 J=1
Y Y 1
t31 ;S Mle tan— TBJ +Z:S Ml]A tan— @ (63)

5 Boundary Conditions

The boundary conditions at the stress-free surface x3 = 0 are as follows:

The normal stress and tangential stress vanish, as well as the insulated thermal
boundary and the gradient of diffusion and carried density field. In terms of
mathematics, these are as follows:
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or

or o op O
oxrs n N

t33 =0, t31 =0, , =
33 31 B 92

0, 0. (64)
The following four conditions are obtained after the mechanical, thermal, dif-
fusion, and conveying density field are taken into account for a rectangle with

dimension of 0 < z3 < a and —b < z; < b, b > 0 (Figure 1(a)).

b a
/ t33 (331, Cl) dry + / [t31 (b, 333) — 131 (—b, 333)] drs = 0, (65)
—-b 0
b a
oT oT oT
_K* 9 _ gL 97 -
K s (21,a) dzy /0 [8:51 (b, x3) 90 (—b, 56'3):| dxs 1, (66)

b a
. OP oP oP _
-D /4) 925 (x1,a) dx; —/0 [(’)xl (b,z3) — a1 (—b,$3)] drs = Hy, (67)
b ON

o (b, 1‘3) - = (—b, (L’g):| dIg =0. (68)

(z1,a)dxy + / B oz

—b 8(E3 0

[ ON ON

Following the boundary conditions (64), we get the following when we substi-
tute the values of ¢33, t31, T, P and N from equations (61), (62), and (63).

5 4 4
ZMUAJ :0, ZMLA;( :0, ZSlejAj :0,
j=1 j=1

j=1
4 5
> OSIMGAT =0, > My;S;A; =0. (69)
j=1 j=1
At the surface z3 = 0, or and oP are automatically satisfied. Substituting
8x3 6$3

the values of ¢33 and t¢3; from equations (62) and (63) in equation (65), we
obtain

5 4
> MyA;L + ) MGAT T =0, (70)
j=1 j=1
with
b a b
I, = / log /22 + S?a?dz; — 2/ S;tan™! < ) drs = 2b(logb — 1),
—b ! 0 Sjxs
(71)

b a
b
2 -1
I = /_blog x} + Si%a?dr, — 2/0 S tan (%) drs = 2b(logb—1),

(72)



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 181

Now,
oT
L duy = My A3Ss tan~ (”“) + My, AY SY tan™ (ﬂl) . (73)
Oxs 33 L33
oT M3 As 1 ™1 M AY —1{*1
2 dpa = — t — ) - t — 74
0z 3 Ss3 : 33 Sy o r33) =
oP _ 1 _ Ty
—d M3 AgSytan™ [ == ) + MJ LAY S) tan™t | 75
Jxs o1 = Msafaoatal <$34) s oq tan x3y ) (75)
oP Mz, A M AY
I g = Mt e (20) MEA o (2) g
0x1 Sy T34 Sy 34

ON . 1 v
_ 1
aix?)dxl ;lejAij |:.’E1£L'3] <10g T’J > 5 (1'123] — SC%) tan 1 <)] )

Z3;5
(77)
ON My A; 3 1 T
/a—xldxg = ]; Sjj J |:$1$3j <10g Ty — 2> + 3 (ac%] - z%) tan " <x?’])] :
(78)

*

K*

With the integrals (73) and (74) as a reference and Ss= =S5, Equation

(66) with substitution (61) yields

Moz Azls + MyAY Iy =

JW ™
with Igz—[tanl <§31a)]i=_ [tan L )L = (80)

x1=b T3=
Iy =— [tam1 <S?aﬂ b [tan Sy 1’3>:| =-—m. (81)

The constant As is calculated by using equations (79), (80), (81) and (58) as

H,y

7 (Mas + 91 M) /K5 /Kf

Ay (2)

v
DP
tuting (61) in equation (67), yield

Using Sy= =S,, and the integrals (75) and (76) as a reference, substi-
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Hy

VD5/DY

M34A4I5 + M:;C;AZIG = (83)

where

e G €] R o ) IS
= — n _— n = -,
’ 840/ Xy :—b 54:1:3 I3:0

x1=b Tr3=a
1 b 3
Is = — -1 71‘1 -1 = —Tr.
o= (sm)Ll_b* o (M)]_ T ®)

The constant A4 is calculated by using equations (83), (84), (85) and (58) as

« (Vs + 92313) /DRTDT
Using equation (61) to equation (68) and applying the integrals (77) and (78)
provide

Ay = (86)

5
> MijAjp; = 0. (87)

j=1

where

_ b
pj = (Sj2 — 1) (ablog (b2 + Sj?aQ) — 3ab+ Sja2 tan~? (S]a>

b? 1 (b bir
—— tan ' — ) ) = 2. 88
Sja (Sja) ) 25; (58)
Using the Cramer rule approach, seven equations (58), (69), (82), (86), and
(87) can be used to find the remaining five constants, A; (j=1,2,5), A} (j=1,2):

Mlvl M}2 M}5 0 0
S1My o S3Myy S5Mas 0 0
A=lp1My oMz sMis 0 0 | #0, (89)
0 0 0 Mljfl Mlzé
0 0 0 SYM)Y, SyMy
Ay Ay As Ay As
Ay=51 4,=22 A4, =5% Ay =5t a4y =52
and Ay A 2= R 37 R 1= A =R (90)

where A1, Ay, Az, Ay, Ay are obtained by replacing the 15¢, 274 3rd 4th 5th
column by

- (1%3143 + M14A4)
— (S3Mi3A3 + Sy M4 Ay)
— (psMi3As + paMisAy) | . (91)
— (91 M13A3 + 92 M14A4)
— (ﬁlngmAs + ﬂgS}MﬂA;l)
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Where A3 and Ay are given by equations (82) and (86) and A3 and A) is
determined from equation (58).
6 Greens functions for a constant line heat source in a

semi-infinite orthotropic photothermoelastic diffusion
medium based on MGT model.

Under the MGT model, we examine a semi-infinite orthotropic photothermoe-
lastic diffusion material with x3 > 0. The surface x3 = 0 is taken as stress-free,
thermally insulated, and the gradient of diffusion and the carried density field
has vanished. A point heat source of strength H3 and a diffusion source Hy
are applied at the point (0, k) in a two-dimensional Cartesian coordinate sys-
tem (z1,x3) (Figure 1(b)). The following notations are introduced for future
reference:

Y Y Y Y
T3; = Sjl‘g, hi = Sih, T35 = Sj s, hk = Sk h, T3k = T35 + h,

Y TR o [ a2 Y oy v
Tik =\ TT + T35, Taje = T35 — he,  Tie = \JTT+ T35, g = T3y 4y,

rjyk =, /22 + (:L‘;{jk)2, jgjk = x;f] —hy, Ty = 23+ (i‘;fjk)? (92)

Following Hou et al. [7], Greens functions in the semi-infinite plane are as-
sumed to be of the following form:

_ 3 _ _ T
;=4 [ (23,5 — =) (10g7"jj - 2) — @1 T35 tan ! (xmﬂ
3 B 1
A 2) (1 - — ) = ot 1
JFZ ik { 933gk 1) <0g7"gk 2) 135} tan <$3jk>:| ,
1 B 3 ~ B 71
3 (m;f”? z3) (logr;fj - 2) — 2174;; tan 1 (3%)]
37
2 Y 3 Y —1 x]_
x3]k - 531) log 7}, — 5) Z1%35;, tan | (94)
35k

+ZA
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Substituting the values of ¥; and W) in equations (42) and (52), we get:

5
— 4 {3?1 (log 7j; — 1) + @35 tan ™" (-xl )]

= 3
T
_ZZAJk {m (log rjr — 1) + x5, tan™ 1 (1>}
J=1 k=1 L3k
—ZAY (lo —1)+zs s
gr ) + Z3j; tan —
L3j;
4 4 -
—ZZA]k 1 (logr), — 1) + a3, tan™" ( - )] . (95)
j=1k=1 T3k

> _ T
us = ZSlejAj {x;;jj (IOg’Fjj — ].) — I tan ! (_1):|
j=1

L35
5 5
+ Z Z SjMyjAj |:$3jk (logrjr — 1) — xy tan™" ( l )]
J=1 k=1 T3jk
4
+ZS}M1yjA}( Ty (logr); —1) —a tan~! (;)]
Jj=1 337

4 4
DD S MG A,

j=1k=1

x5, (logrjy — 1) — o1 tan™" (?)] (96)

L3k
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5 4
T = MyzAslog sz + Mo Z Az logra + My Ay log as + My Z A3 logrs,,
k=1 k=1
(97)
5 4
P = M3sAqlogTas + M3y Z Ay logra + M3y Af log .y + My Z Ay log 7y,
k=1 k=1
(98)
0 1 3 T
_ _ _ _ 1
N = ;MMAJ» {2 (chjj — x%) <log Tjj — 2) — 21734, tan~ " (%)}
L 1 3 T
+ My A [ 22, — 2 <10 r»k—>—xx~ktan_1( ! )},
;kZl 4545 D) ( 3k 1) g7 5 123; P—
(99)
tdg—ZMle logrw—i—ZZMlj Jklogrjk—i-ZMlj j log 7
j=1k=1
4 4
+3 D M AN log ), (100)
j=1k=1
5 5 05
tiy ==Y S7My;Ajlog(ry;) — > > S3My;Ajx log(rj)
j=1 j=1k=1
4 4 4
= 2SN AT log() = Y Y S PN AN, log (), (101)
j=1 j=1k=1
> x > x
t31 = _ZSJMlej tanfl <1> ZZS A7\41JA]]C tan— ( 1 )
=1 333/ i Sk= T3jk
x LS x
v Y 1 Y ALY AY -1 1
j=1k=1 J

The following expressions emerge from the continuity at the plane 3 = h for
us and t31.

5 4 5 4
ZSjMUAj =0, ZS}MIYJ.A} =0, Zstlej =0, ZS}MJJ.AJY =0.

i=1 3=1 j=1 j=1
(103)
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Substituting M;; and Mlyj from Equations (53) and (54) into Equation (103),
we get:

5 4
> OSiMi(1+ Myj)A; =0, >SS My(1+ M5)A] =0. (104)
Jj=1 j=1

Equation (104), by means of equation (102), can be written as

5 4
D 8i4;=0, Y STAS =0. (105)
j=1 j=1

The following four conditions are obtained after the mechanical, thermal, dif-
fusion, and carried density field are taken into account for a rectangle with
the dimension a1 < 23 < as (0 < ay; < h <ag) and —b < xy <b.

/b [tss(x1, a2) — tasz(x1,a1)] dxy + /a2 [ts1(b, z3) — t31(—b,x3)] dzg = 0,
~ h (106)

—K* /_bb [gz;(xl,az) g (xl,al):| dxy

- [ [t = g s = s (107
— D /_bb |:gi;($1,a2) 3 (xl,al)} dz,

- /:2 |:88£(b7 r3) — %(—57 CEB)] dxg = Hay, (108)
/_bb [g]\; (21, a2) gN(:rl,al)] dx,

+ /aa Bi\i(b, 3) — g—i\i(—b, :cg)] dzs = 0. (109)
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Now
_ _ _ 1 T
/log 7 dxy = xq (log7;; — 1) + Z3;; tan (_) ,
L355
/log rik dzy = z1 (logrr — 1) + 235k tan~! (m) , (110)
T3k
=Y -1 *1
/logr dry = x1 (log7); — 1) + Z3;; tan — |,
L3j
x
/1og rfdey =z (logr)j, — 1) + z3;, tan™! <:UY1,€> 7 (111)
3j

/ - dl‘l 53M23 <A3 tan_l ( — ) Z A3k tan— ())
X333 L33k

ST My, Agtanl( )+ZA3ktan (I ) |
333 33k‘

oT Mos 1
——dxs = ——= | A3t E Aspt
92, X3 S, ( 3 tan f333 + 3k tan™

k=1

(112)

(=)

.
- M—?(?’ Ay tan™ < > Z A tan™ < > , (113)
S3 331,

oP
——dzy = S4Msy | Agtan™! Agpet
O3 | 4 34< 4 tan <5344> +Z 4 tan

k=1

()

+ S My, AZtan1($1> ZA4ktan (CE ) ,
T344 T34,

(114)
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oP M °
o deg = — 2 Ay tan? <351> + ZA4k tan ™1 <x1>
Oz Sa Taaa) = T3k
M;, .
— S—i‘* (AZ tan ™~ (;yl) + ZAZIC tan ™! (ﬁ)) , (115)
4 344 Pt 34k
ON
9N g =
/(9363 o
o 3 1 T
_ _ _ _ - 1
> Mi;S;A; {zlx&'j log7jj — @135 + 5 (735 — 27) tan™! ( )]
= L33
A 3 1 T
_ 1
+ Z M4ijAjk- |:x1333jk logrjk — §x1$3jk + 5 (Igjk — 1‘%) tan ! <>:| 5
=1 k=1 T3k
(116)
ON
- d —
/5331 s
5
My;A; - - 3 L 2 -1({ "1
Moo 7 — 2 (32— 22)t o1
= S 1343 0B Tij T 51T Ty (73, = i) tan T3jj
°\ O~ Mz A 3 1 e
j=lk=1 7 Tajk
(117)

The integrals [** 9L dxz, [* 9L dps and [* g—ﬁ drs in equations (113),

a; Oz a; Oz a1
(115), and (117) are not continuous at x3 = h. Consequently, the following

expressions should be used:

“2 9T hor @2 g1
A dezg—/a Txldl’3+/h+ aixldl’g,

1 1

as P h™ P az P
a—dajg = / 6—d333+ a—d;ﬁg,

[“)xl h+ [“)xl

ay 1

asz h™ a2
aiN dxs = / 87N dxs + / 87N dxs. (118)
ai x h a

a1 + 0%
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In equation (106), the values of ¢33 and 17 from equations (100) and (102) are
substituted to determine:

5 5 4 5 5 4
Z My;A;T; + Z M Z Ajpls + Z MYGAY Ig + Z MY Z ANy Tip =0,
Jj=1 k=1 j=1 k=1

j=1 Jj=1
(119)
where
=z T3=as wlzb
I; = |z (1ogfjj — 1) + T34 tan~! <1>
'T3]] r3=ai :El:—b
T Ilib r3=az
- [xl log7;j + T3;; tan™* (1> ] =0, (120)
355 ) w1==b) 4o
" T3=as Jllzb
Is = |x1 (logrjk — 1) + T35k tan~! <1>
xS]k r3=ai 11:71)
T a:1:b T3=az
— [m log 71 + w3k tan ™! (1) ] =0, (121)
T3jk _
J xr1=— T3=ai
r3=asz £D1:b
_ _ — gt
Iy = [xl (log7); —1) + Zy,; tan™" (:ﬂ) 1
343 T3=a1- g1 =—b
:E1:b Tz=az
T
— |z1log7; + Ty, tan~! <le> =0, (122)
57 T1=701 g3=a,
r3=asq T1=b
T
Lo = lxl (logrjvk —-1) + Ty, tan~* <xY1> 1
3k T3=a1- g;=—b
3?1=b T3=az
— |a1logrl, + 2l tan~! [ 2L =0. (123)
Jjk 3jk g
37k z1=—b R

Substituting the value of T' from equation (97) into equation (107), and with

the help of S5 = % = S5 and the integrals (112) and (113), one can derive
3

the following:

5 4
H.-
Moz AsTiy + Mzs Y Agilio + MG AY Tig + My Y AfTia = —=

k=1 k=1 *

. (124)

o %

—
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r3=az

where
1

oo ()

%333 ) pi—a,

Ilzb
4 tant (ml)
X333 T1=—
r Eg:az-
x
I12 = — tanfl ()
L T33k r3=a1
B Trz=az
T
— -1 [~
113— tan ({EY >
L 333 T3=a1 |
ZEl*b
tan~! [ 2L
—+ an j‘T
333/ x1=-b
xr3=az
x
114 = — tan_l ()
L33k / w3=a,

|

mlzb

:El:*b

r3=az

xrs3 :h+

a:1:b

dxi=—

_ T
+ |tan (
333
= -2,
_ T
+ |tan 1 (
T33k
_ Z1
+ tan 1 (-Y
L T333
= —2m,
_ Z1
+ tan 1 (Y
L33k

)

)
)

)

:El:b
Ilz—b

Ilzb

3?1=—b_

$1=b

11:71)_

3?1=b

3?1=—b‘|

w3:h7

r3=ai

r3=az

r3=ai

x3=h"

r3=ai

r3=az

T3=ai

(127)

=0.

(128)

The following is obtained by utilizing equations (125), (126), (127), and (128)

in Equation (124):

H.
Ay =— & —. (129)
27T(M23 + 191M2\{3)1 / 7}
With the assistance of Sy = gg = S, and the integrals (114) and (115),

the value of P from equation (98) can be substituted into equation (108) to
obtain

5 1
H
My AgTis + Msy Y Auelig + MG AL Lr + M3y Y~ AfyIig = %»

k=1 k=1 Dt

(130)
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where
xr3=as |T1=b z1=b x3=h"
1 T -1 Z1 ! :
Ii5 = — |tan —_— + |tan —

X344 z1=a; lei=— 344 z1=—b lzz=a;
z x1=b Tr3=aso

_ 1

+ [tan ! ﬂ = 27, (131)

344 r1=—b lzg=h*t

T r3=az |T1=b T r1=b |x3=0a2
I = [tan—l ()} ¥ [tan—l ( )} 0,
T34k r3=a1 lx1=—>b L34k r1=—b lxz=a;
(132)
xr3=as |x1=b r1=b x3=h
e ()T o (2]
T344 r1=a1 lT1=— T344 T1=—0b lxrz=ay
T xr1=b Tr3=as
+ [tan ! _Y)} = —2m, (133)
L344 /) 1 gy =—b lag=h+
xr3=as |x1=b xr1=b Tr3=as
Ilg = — [tanl ‘?>:| + [tanl < :13(1 >:| =0.
T34k r3=a; lx1=— T34k r1=—b lzz=a;
(134)

Using equations (131), (132), (133), and (134) in equation (130), we arrive at
the following:

Hy
21 (Msq + V2 M3Y)

Ag=—

- (135)

D}

Substituting the value of N from equation (99) in equation (109) and using
the integrals (116) and (117), we get

5 4 4
> MyAjei+ > f Y MSAS =0, (136)
Jj=1 k=1

j=1



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 192

ey N 532-—1
o = 2T
! S; S;

20(Sja5 — 5;h)log (/12 + (Sja — 5;h)?

— 20(Sja1 — 5;h)log /12 + (Sja1 — 5;h)?
b

a2 2l O
+ ((Sja2 — Sjh)* — b°) tan S Sk

— ((Sjay — Sjh)* — b*) tan™*

S’jal — th 3 (SJCLQ Sjal)],

(137)

S7-1
p;( = ij [Zb(Sjag + Skh) 10g \/b2 + (Sja2 + Skh)Q + ((Sjag + Skh)Q)

b

—btan ! ———  _
an Sjag + Sih

20(Sja1 + Sih) log /b2 + (S;a1 + Sih)?

— ((Sjal + Skh)Q — b2) tan ™! 3b(Sja2 — Sjal) .

Sjal + Sih B
(138)

At the surface x3 = 0, equation (92) provides:

Igj = 0, hk = Skh, .’E:;(j = 0, h;: = S];(h, Igjk = hk,
rik =A\/TT+hi,  Tzje = —hg, Tje=\/21+hi,
Ty =hy, T =AJ2 RSP T = —hy, To= /R (139)

Using equation (139) and S3 = gg and Sy = 4/ gg as references, the values
of t33,t31,T, P, and N from equations (100), (102), (97), (98), and (99) are
inserted into equation (64) to obtain the following:
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5
MyA;+ > MyAr; =0, j=1,2,3,45
k=1

4
MGAY +3 MBAT; =0, j=1,2,34, (140)
k=1
5
SjMy;Aj — ZSlekAkj =0, j7=1,2,3,4,5,

k=1
4
SYMUSAY = SUMBLAL =0, j=1,2,34, (141)
k=1
AS_A33:07 A3k:07 k:172a475 )
A;’r - A?T3 = 07 Z;(k = Oa k= 1a 2347 (142)
A4_A44:07 A4k:0a k:1a2a375 )
Al — A}, =0, A, =0, k=1,23, (143)
5
MyjA; = > MyAg; =0, j=1,2,3,4,5. (144)
k=1

The remaining twenty-eight constants A;(j =1,2,5), A;x(j,k=1,2,3,4),
AV (j = 1,2) and Af(j,k = 1,2,3) can be determined by applying the
Cramer’s rule procedure to twenty-eight equations, specifically equations (102),
(105), (136), (140), (141), (142), (143), and (144).

7 Specific Situations

Case I: Photothermoelastic

Sub-case I:

In the absence of diffusion effects i.e. where Y} =Y, =D =Dy =P =01in
equations (59)-(63), the corresponding expressions for photothermoelastic ma-
terial (point heat source on the surface of semi-infinite medium) are expressed
as

4
x
up = — E Aj {5131 (logr; — 1) + w3 tan ™! x;}
j=1 J

3
-2 4]
j=1

T
21 (logr) —1) + z3; tan 1¢]7
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4
usz = Z SlejAj |:£L'3j (IOg T — 1) — I tanfl ;‘E;:|
j=1 !

3
1T
+ g S MYSA] |x3; (logr) —1) — 1 tan 1 xg] ;
j=1 J

T = M23A3 10g r3 + M2Y3Ag IOg T;,

4
1 3 T
N = ;MBJAj |:2 (fﬂgj - 33%) (IOgTj — 2) — X1T3; tan~! :| ,

1173j
4 3
t33 = ZMlej IOg’I‘j + ZM{EA;( IOgT;-(7
j=1 j=1
4 3
tll = — Z S?Mlej IOg’l"j — Z S]YQM{;AJY 10g T}(,
j=1 j=1
4 x 3 T
~ —1 41 ~ -1 41
j=1 J j=1 37
Sub-case II:

In the absence of diffusion effects, taking v7 =+ = DY = D = P =01in
equations (95)-(102), the expressions for a photothermoelastic material (point
heat source in the interior of a semi-infinite medium) are as follows:
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4
— ZAJ |:(E1 (IOg Fjj — ].) =+ fgjj tanfl (1’1):|
j=1

L3jj
4 4 -
72214]](‘ |:QZ IOgT]k*1)+I3Jktan <1):|
T35k
J=1 k=1
& X
—ZA}( 1 (log#); — 1) + Zg;; tan™" (ﬂlﬂ
373
3 3 i
— 1
=SS | (log i — 1)+ tan ™ ()1 |
j=1k=1 xgjk
- X
= - - 1
us =) S;Mi;A; [CCSJJ (log7j; —1) — a1 tan™! (jg)]
Jj=1 jj
4 4 i
+D > My Ay {wm (logrjx — 1) — x1 tan ™ (1”
J=1 k=1 T3k
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Case II: Thermoelastic

Sub-case I:

Taking W =, = D) =Dy =P =47 =43 = Df =D, =N =01in
equations (59)-(63), the corresponding expressions for thermoelastic material
(point heat source on the surface of a semi-infinite medium) are obtained as:

3
up = — ZAj [wl (logr; — 1) 4+ 23 tan™ " (:101)] ,
j=1

l‘gj

x3j

3
uz = ZSlejAj |:£C3j (logrj — ]_) - tan_l <{E1):| ’
j=1

3
T= M23A3 IOg r3, t33 = ZMlej IOgT'j,

J=1

3 3
. . -~ T
tll = 7]_75 . S?MUA]' logrj, t31 = 7]_75 ‘ SlejAj tan 1 <.’L‘3J> . (147)

The results are comparable to those of Kumar and Chawla [10].

Sub-case II:

Taking yf =~4 = DY = D} = P =~} =~% = Dj = D5 = N = 0 in equations
(95)-(102), we obtain the corresponding expressions for thermoelastic material
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(point heat source in the interior of a semi-infinite medium) as:

3
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3 3
—1 T
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= 35
3 3 .
1
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— = T3jk
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3
T = MjzAslog 73z + Mos Z Asp log rap,
k=1
3 3 3
t33 = Z Mle] logFjj + Z Z Mlejk: lOgTjk,,
j=1 j=1k=1
3 3 3
ti1 = ZS MUA log 7j; — ZZSlejA]klogr]k,
j=1 j=1k=1
3 . 3 3
b = — 3 8,0 A tan ! (1) 303 8, A tan ( ! )
— T35 . T35k
J J
(148)

The results obtained tally with those obtained by Kumar and Chawla [11].
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8 Numerical results and discussion

For the numerical computations, we implement the orthotropic Silicon (Si)
material constants (Kumar et al., [14], Kumar and Kansal[13]) as

Cy1 = 19.45N/m?, C13 = 6.41N/m?, Cz3 = 16.5TN/m?, Css5 = T.96N/m?,
ol =233 x10°K 1 al =248 x 107° K1, af =265 x 107 *m3 K¢,
af =283 x 107 m*Kg™!, v = —0.029715m>, 3 = —0.02714m?,
p=0.2328Kg/m? D} =185Kgm 3s, D} =.95Kgm™>s, E, =1.11€V,
K; =170Ns 'K, K =165Ns 'K~', Dj4.0m?/s, D} = 3.5m?/s,
C. =T710J/KgK,L=1m, n, =10*m™3, a=2.9 x 10*m?s 2K !,
b=.9m°s?Kg~ ', 7="5s, (=05m 3K %

Numerical computation has been accomplished via MATLAB (R2014a) soft-
ware at the plane x3 = 2. The Figures 2(a)-3(a) and Figures 4(a)-5(a) show
how the normal stress (¢33), temperature distribution (T), and carrier den-
sity (N) changes with distance (x;) for (i) point heat source Hy=1, Hy=0 (ii)
diffusion source H1=0, Ho=1 applied at the origin of semi-infinite medium in
the MGTPWD model and an orthotropic photothermoelastic medium without
diffusion based on the Moore-Gibson-Thompson (MGTPWTD) model. Figure
3(b) and 5(b) shows the variation of chemical potential P with x; for b=1.9
and b=2.9 on the plane x5 = 2 for (i) point heat source H1=1, Hy=0 (ii)
chemical potential source H1=0, Ho=1.

Figures 6(a)-7(a) and 8(a)-9(a) show how the same field variables change
with distance x; for (i) point heat source H3=1, Hy=0 (ii) chemical potential
source H3=0, H4=1 applied at point (0, h) in a semi-infinite medium for the
MGTPWD model and the MGTPWTD model. Figure 7(b)-9(b) depicts the
variation of chemical potential P changes at b=1.9 and b=2.9 in case of (i)
point heat source H3=1, H;=0 (ii) chemical potential source H3=0, Hy=1 at
the point (0, h).

Deliberation of the fundamental solution

Heat source

Figure 2(a) shows how the normal stress ¢33 changes and behaves with respect
to 1. The MGTPWD model has more changes in the average stress t33
between 0 < x7 < 3. The function is stable and tends to zero in the range
3 < x; for both models. Figure 2(b) shows how the temperature distribution
T changes as z; changes. In both the MGTPWD and MGTPWTD models,
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T behaves almost the same, with only small differences in how big they are.
Figure 3(a) shows how the carrier density N changes as z; changes. The
carrier density N has a low number at the beginning of both models, and it
rises steadily with distance. The value of N stays higher for the MGTPWTD
model compared to the MGTPWD model. Figure 3(b) shows how the chemical
potential P changes as z; changes. For b=1.9 and b=2.9, the behaviour and
changes in the shapes that correspond to P are the same. As b goes from 1.9
to 2.9, the curves show an upward trend, and P stays large at 1.9.

Chemical potential source

Figure 4(a) shows how t33 changes as z; changes. At first, the MGTPWTD
model’s normal stress ¢33 is less stable than the MGTPWD model’s. The
value of t33 stays high for the MGTPWD model compared to the MGTPWTD
model. Figure 4(b) shows how temperature T changes as x; changes. For both
models, the value of T goes up as the distance grows. Its magnitude is still
bigger for the MGTPWTD model than for the MGTPWD model. Figure 5(a)
shows how the carrier density N changes as x; changes. At the start, the
carrier density N is at its lowest point. It then starts to rise with distance for
both the models. The value of N stays bigger for the MGTPWD model than
for the MGTPWTD model. Figure 5(b) shows how the chemical potential
P changes as x; changes. Both the curves correspond to exhibit increasing
behavior for b=1.9 and b=2.9. The size of P is bigger when b=2.9 than when
b=1.9.

Deliberation of the Greens function

Heat source

Figure 6(a) shows how ¢33 changes as z1 changes. In the range 1 < 7 <4, ¢33
exhibits fluctuating behavior for MGTPWTD model whereas its magnitude
decreases for MGTPWD model. Under the MGTPWTD model, the magni-
tude of t33 exhibits a reduction and tend to zero in the range 4 < z; < 10,
however under the MGTPWD model, the magnitude of ¢33 follows an increas-
ing trend. Figure 6(b) shows how the T changes as x1 changes. The magnitude
of T on the MGTPWD model has less variation than the MGTPWTD model.
For the MGTPWTD model, T stays at a high level. Figure 7(a) shows how N
changes as x; changes. At first, the value of N is very small, but it grows as
x1 progresses for both models, but for the MGTPWTD model N has a bigger
value. The change P with respect to x; is shown in Figure 7(b). It is true
that the magnitude of P goes up from b=1.9 to b=2.9, with b=1.9 having the
larger magnitude.
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Chemical potential source

Figure 8(a) shows how the normal stress t33 changes as x1 changes. For the
MGTPWTD model, the normal stress t33 oscillates in the range 1 < x7 <
4, but for the MGTPWD model, it gets smaller. When 4 < z; < 10, the
difference between the magnitudes of ¢33 grows as the distance grows.Figure
8(b) shows how temperature T changes as x1 changes. The MGTPWD model
has more changes in the magnitude of T than the MGTPWTD model, but
the magnitude of T stays high for the MGTPWD model. Figure 9(a) shows
how the carrier density N changes as x; changes. The MGTPWD model’s N
magnitude is higher than the MGTPWTD model’s. As the distance grows,
the difference in magnitude decreases until it finally equalizes. Figure 9(b)
shows how the chemical potential P changes as x; changes. It is true that for
both b=1.9 and b=2.9, the chemical potential P increases as distance move
farther away, and the difference between the magnitudes of P get bigger.

In conclusion

The orthotropic MGTPWD model has been used to derive the fundamental
solution and Green’s function for a two-dimensional problem. Nine newly in-
troduced harmonic functions are used to construct the fundamental solution
and Green’s function for a stable point heat source on the surface and in the
interior of a semi-infinite orthotropic photothermoelastic material as a result
of the general solution’s effects. The elementary functions are used to express
the components of displacement, stress, temperature change diffusion, and
carrier density distribution. From numerical computed results following are
observed.

In case of fundamental solution, t33 oscillates for both the assumed mod-
els for both heat source and chemical potential source. t33 attains maximum
magnitude for MGTPWD model and minimum for MGTPWTD model. Re-
garding the heat source, the magnitude of T is larger for MGTPWD model
in comparison to MGTPWD model. In case of chemical potential source, the
magnitude of T follow a reverse pattern. For the two postulated models, the
magnitude of N rises monotonically. In case of heat source magnitude of N
is higher for MGTPWD model while in case of chemical potential source its
magnitude is higher for MGTPWTD model. When a heat source is present,
the magnitude of chemical potential P is larger at b = 1.9 than it is at b =
2.9 but when a chemical potential source is present, the magnitude of P follow
opposite trend.

In case of Greens function, for both the heat source and the chemical po-
tential source, the MGTPWTD model exhibits greater oscillating in ¢33 when
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compared to the MGTPWD model. For both the imagined models, magnitude
of T rises monotonically for both heat source and chemical potential source
but in a reversal trend. When analyzing a heat source, the difference in magni-
tudes of N for the two assumed models grows with increasing distance, however
when analyzing a chemical potential source, the difference in magnitudes di-
minishes. In contrast to b = 2.9, the chemical potential P magnitude for b =
1.9 is larger for the chemical potential source as well as the heat source.

The proposed model is distinct in its confirmation and physical meaning
is clear. It is appropriate, practically useful and deliver additional assesses to
estimate how a material behaviour acts in the real world.it is also concluded
that all the field quantities are sufficiently restricted to thermal and diffusion
parameters. Physical views presented in this article are useful for the design

and scientific domains.
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|
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|
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Figure 1: Geometry of the problem



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 202

Normal Stress t,,

5 6
Distance X,

(a) Variation of normal stress ¢33 with respect to x1

NGTPWD
- IGTPWTD|

=

=

Temperature T

Distance X,

(b) Variation of temperature distribution T with respect to 1

Figure 2:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 203

Carrier Density N

5 6
Distance X,

(a) Variation of carrier density N with respect to z1

Chemical Potential P

Distance X,

(b) Variation of chemical potential P with respect to x1

Figure 3:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 204

Normal Stress t,,

N S N S Y
T

5 6
Distance X,

(a) Variation of normal stress ¢33 with respect to x1

WGTPD ;
——— MGTPWTD ; e

07| I

= o

o5

Temperature T

Distance X,

(b) Variation of temperature distribution T with respect to 1

Figure 4:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 205

'
W d
z 08 =
z 7
2 //
8 osf- - 4
5 _
e
5 "
8 oal- — 4
/,/
o2 — 4
T L I . | I |
T 2 3 . s 0 7 s o 0
Distance X,

(a) Variation of carrier density N with respect to z1

Chemical Potential P

02 -

01}

6
Distance X,

(b) Variation of chemical potential P with respect to x1

Figure 5:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 206

14 i r |
12

10~ 7

é 8+ |
3

E oof |
3

| ]

| ]

. ‘ | | ‘ ‘
1 2 3 4 : ; s | |
Distance X,
(a) Variation of normal stress ¢33 with respect to x1
o
o M
—

= |
-
£
&

Distance X,

(b) Variation of temperature distribution T with respect to 1

Figure 6:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION

207

Chemical Potential P

Carrier Density N

Distance X,

(a) Variation of carrier density N with respect to z1

6
Distance X,

(b) Variation of chemical potential P with respect to x1

Figure 7:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 208

Normal Stress t,;

L 1 1 T L L

Distance X,

(a) Variation of normal stress ¢33 with respect to x1

MGTPWD.
e MGTPWTD
07|

Temperature T

B
Distance X,

(b) Variation of temperature distribution T with respect to 1

Figure 8:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 209

Carrier Density N

5 6
Distance X,

(a) Variation of carrier density N with respect to z1

Chemical Potential P

Distance X,

(b) Variation of chemical potential P with respect to x1

Figure 9:



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 210

References

[1]

A.E. Abouelregal, M. Marin, and S. Askar. Thermo-optical mechanical
waves in a rotating solid semiconductor sphere using the improved green—
naghdi iii model. Mathematics, 9(22):2902, 2021.

P. Ailawalia, M. Marin, and H. Nagar. Behavior of functionally graded
semiconducting rod with internal heat source under a thermal shock.
Journal of Computational Applied Mechanics, 55(1):51-61, 2024.

D.P. Almond and P. Patel. Photothermal science and techniques, vol-
ume 10. Springer Science & Business Media, 1996.

V. Chawla and D. Kamboj. A general study of fundamental solutions
in aniotropicthermoelastic media with mass diffusion and voids. Interna-
tional Journal of Applied Mechanics and Engineering, 25(4), 2020.

P.F. Hou, S. He, and C.P. Chen. 2d general solution and fundamental
solution for orthotropic thermoelastic materials. FEngineering Analysis
with Boundary Elements, 35(1):56-60, 2011.

P.F. Hou, A.Y. Leung, and C.P. Chen. Green’s functions for semi-infinite
transversely isotropic thermoelastic materials. ZAMM-Journal of Applied
Mathematics and Mechanics/Zeitschrift fir Angewandte Mathematik und
Mechanik: Applied Mathematics and Mechanics, 88(1):33-41, 2008.

P.F. Hou, L. Wang, and T. Yi. Two dimension greens functions for semi-
infinite orthotropic thermoelastic plane. Applied mathematical modelling,
33(3):1674-1682, 2009.

M. Katouzian, S. Vlase, and M. Marin. Elastic moduli for a rectangular
fibers array arrangement in a two phases composite. Journal of Compu-
tational Applied Mechanics, 55(3):538-551, 2024.

R. Kumar, D. Batra, and S. Sharma. Thermoelastic medium with swelling
porous structure and impedance boundary under dual-phase lag. FEngi-
neering Solid Mechanics, 13, 2024.

R. Kumar and V. Chawla. A study of fundamental solution in orthotropic
thermodiffusive elastic media. International Communications in Heat and
Mass Transfer, 38(4):456-462, 2011.

R. Kumar and V. Chawla. Green’s functions in orthotropic thermoe-
lastic diffusion media. FEngineering Analysis with Boundary Elements,
36(8):1272-1277, 2012.



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 211

[12]

[15]

[16]

[19]

[20]

R. Kumar and T. Kansal. Propagation of lamb waves in transversely
isotropic thermoelastic diffusive plate. International Journal of Solids
and Structures, 45(22-23):5890-5913, 2008.

R. Kumar and T. Kansal. Effect of relaxation times on circular crested
waves in thermoelastic diffusive plate. Applied Mathematics and Mechan-
ics, 31:493-500, 2010.

R. Kumar, N. Sharma, and S. Chopra. Modelling of thermomechani-
cal response in anisotropic photothermoelastic plate. Int. J. Mech. Eng,
6:577-594, 2022.

S. Luminita, S. Vlase, and M. Marin. Symmetrical mechanical system
properties-based forced vibration analysis. Journal of Computational Ap-
plied Mechanics, 54(4):501-514, 2023.

A. Mandelis. Photothermal/photoacoustic spectroscopic measurements of
optical absorption coefficients in semiconductors. In Handbook of Optical
Constants of Solids, pages 59-97. Elsevier, 1997.

M. Marin, I. Abbas, and R. Kumar. Relaxed saint-venant principle for
thermoelastic micropolar diffusion. Struct. Eng. Mech, 51(4):651-662,
2014.

M. Marin, R.P. Agarwal, and S.R. Mahmoud. Modeling a microstretch
thermoelastic body with two temperatures. In Abstract and Applied Anal-
ysis, volume 2013, page 583464. Wiley Online Library, 2013.

M. Marin, A. Hobiny, and I. Abbas. The effects of fractional time deriva-
tives in porothermoelastic materials using finite element method. Math-
ematics, 9(14):1606, 2021.

M. Marin, A. Ochsner, and M.M. Bhatti. Some results in moore-gibson-
thompson thermoelasticity of dipolar bodies. ZAMM-Journal of Applied
Mathematics and Mechanics/Zeitschrift fir Angewandte Mathematik und
Mechanik, 100(12):202000090, 2020.

F.A. McDonald and Grover C. Wetsel J. Generalized theory of the pho-
toacoustic effect. Journal of Applied Physics, 49(4):2313-2322, 1978.

P.M. Nikolic and D.M. Todorovic. Photoacoustic and electroacoustic
properties of semiconductors. Progress in quantum electronics, 13(2):107—

189, 1989.

W. Nowacki. Dynamical problems of thermodiffusion in solids ii. Bulletin
of the Polish Academy of Sciences: Technical Sciences, 22:55-64, 1994.



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 212

[24]

[25]

[26]

[27]

[28]

[33]

[34]

[35]

W. Nowacki. Dynamical problems of thermodiffusion in solids ii. Bulletin
of the Polish Academy of Sciences: Technical Sciences, 22:205-211, 1994.

R. Quintanilla. Moore—gibson—thompson thermoelasticity. Mathematics
and Mechanics of Solids, 24(12):4020-4031, 2019.

R. Quintanilla. Moore-gibson-thompson thermoelasticity with two tem-
peratures. Applications in Engineering Science, 1:100006, 2020.

K. Sharma and M. Marin. Reflection and transmission of waves from im-
perfect boundary between two heat conducting micropolar thermoelastic
solids. Analele stiintifice ale Universitatii” Ovidius” Constanta. Seria
Matematicd, 22(2):151-176, 2014.

S. Sharma, S. Devi, R. Kumar, and M. Marin. Examining basic theorems
and plane waves in the context of thermoelastic diffusion using a multi-
phase-lag model with temperature dependence. Mechanics of Advanced
Materials and Structures, pages 1-18, 2024.

S. Sharma and S. Khator. Power generation planning with reserve
dispatch and weather uncertainties including penetration of renew-
able sources. International Journal of Smart Grid and Clean Energy,
10(4):292-303, 2021.

S. Sharma and S. Khator. Micro-grid planning with aggregators role in
the renewable inclusive prosumer market. Journal of Power and Energy
Engineering, 10(4):47-62, 2022.

S. Sharma, K. Sharma, and R.R. Bhargava. Plane waves and fundamen-
tal solution in an electro-microstretch elastic solids. Afrika Matematika,
25:483-497, 2014.

H.H. Sherief, F.A. Hamza, and H.A. Saleh. The theory of generalized ther-
moelastic diffusion. International journal of engineering science, 42(5-
6):591-608, 2004.

W.S. Slaughter. The linearized theory of elasticity. Springer Science &
Business Media, 2002.

R.G. Stearns and G.S. Kino. Effect of electronic strain on photoacoustic
generation in silicon. Applied Physics Letters, 47(10):1048-1050, 1985.

D.M. Todorovi¢. Photothermal and electronic elastic effects in microelec-
tromechanical structures. Review of scientific instruments, 74(1):578-581,
2003.



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 213

[36]

[37]

[38]

[39]

D.M. Todorovi¢. Plasma, thermal, and elastic waves in semiconductors.
Review of scientific instruments, 74(1):582-585, 2003.

D.M. Todorovi¢. Plasmaelastic and thermoelastic waves in semiconduc-
tors. In Journal de Physique IV (Proceedings), volume 125, pages 551-555.
EDP sciences, 2005.

S. Vlase, M. Marin, A. Elkhalfi, and P. Ailawalia. Mathematical model
for dynamic analysis of internal combustion engines. Journal of Compu-
tational Applied Mechanics, 54(4):607-622, 2023.

S. Vlase, M. Marin, M.L. Scutaru, and R. Munteanu. Coupled transverse
and torsional vibrations in a mechanical system with two identical beams.
AIP Advances, 7(6), 2017.

S. Vlase, C. Nastac, M. Marin, and M. Mihalcica. A method for the
study of the vibration of mechanical bars systems with symmetries. Acta
Technica Napocensis-Series: Applied Mathematics, Mechanics, and Engi-
neering, 60(4), 2017.

Saurav Sharma,

Department of Industrial Engineering,
University of Houston,

17900 Cambridge Street, 7-2G,
Houston, Texas-77054, USA.

Email: sauravkuk@gmail.com



AN EXAMINATION OF THE FUNDAMENTAL SOLUTION 214




