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The characterization of Nelson algebras by
Sheffer stroke
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Abstract

In this study, Sheffer stroke Nelson algebras (briefly, s-Nelson alge-
bras), (ultra) ideals, quasi-subalgebras, quotient sets, and fuzzy struc-
tures on these algebraic structures are introduced. The relationships
between s-Nelson and Nelson algebras are analyzed. It is also shown
that an s-Nelson algebra is a bounded distributive modular lattice, and
the family of all ideals forms a complete distributive modular lattice. A
congruence relation on an s-Nelson algebra is determined by an ideal and
quotient s-Nelson algebras are constructed by this congruence relation.
Finally, it is indicated that a quotient s-Nelson algebra constructed by
the ultra ideal is totally ordered and that the cardinality of the quotient
is less than or equal to 2.

1 Introduction

H. M. Sheffer introduced Sheffer stroke (or Sheffer operation) [24] which can
states all mathematically definable connectives in Boolean logic [14]. In other
words, this operation can independently construct a logical formal system
without requiring any other logical operations, a property that other unary or
binary connectives do not possess. Therefore, there exist its some applications
in computer science, technology and industry. For instance, The Sheffer stroke
operates all diodes on the chip forming the processor in a computer, making it
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easier and cheaper than producing different diodes for other operation. Since
this operator is a commutative, applying to logical algebras leads to many
useful results, and it reducts axiom systems of many algebraic structures.
Thus, the Sheffer stroke replaces unary and binary operations in many alge-
braic structures such as orthoimplication algebras [1], ortholattices [3], strong
Sheffer stroke non-associative MV-algebras [4] and filters [18], fuzzy filters of
Sheffer stroke Hilbert algebras [19], neutrosophic N-structures of Sheffer stroke
BL-algebras [12], and Sheffer stroke Hilbert algebras [20]. Also, Molkhasi et al
studied representations of strongly algebraically closed algebras, Sheffer stroke
algebras and Visser algebras ([15], [16]), and Veroff present a shortest 2-basis
for Boolean algebra in terms of the Sheffer stroke [25]. Currently, Chajda and
Länger extend the notion of Sheffer operation and orthomodular lattices to
arbitrary directed in relational systems with involution [5].

Ewald introduced intuitionistic tense logic IKt as a generalization of in-
tuitionistic propositional logic with the unary operators P, F, H, and G [6].
Additionally, Figallo and Pelaitay introduced the variety IKt of IKt-algebras
and demonstrated that the IKt system has IKt-algebras as its algebraic coun-
terpart [6]. Later, H. Rasiowa introduced the concept of Nelson algebras,
or N-lattices [21], and referred to them as quasi-pseudo Boolean algebras [22],
which are the algebraic counterparts of the constructive logic with strong nega-
tion introduced by Nelson [17] and Markov [13]. Figallo et al. introduced and
investigated the variety of tense Nelson algebras, which are Nelson algebras
with two tense operators, and analyzed the relationships between (centered
tense) Nelson algebras and IKt-algebras [8]. Rivieccio et al. generalized Nel-
son algebras by considering a negation that is not necessarily involutive [9],
introducing the variety of quasi-Nelson algebras and fragments [10]. Recently,
Gomez et al. studied the relationship between strong and weak (or intuition-
istic) negation in Nelson algebras [11].

We present basic definitions of Sheffer stroke and Nelson algebras. Then
Sheffer stroke Nelson algebras (in short, s-Nelson algebras) and a partial order
on this algebra are defined, and some of the properties are investigated. It is
proved that an s-Nelson algebra is a bounded distributive modular lattice. In
addition, we indicate that every s-Nelson algebra is a Nelson algebra but the
special conditions are necessary to prove the inverse. Also, an (ultra) ideal
of an s-Nelson algebra is introduced and it is presented the statements which
are equivalent to the definition of an (ultra) ideal of this algebraic structure.
Indeed, it is demonstrated that every ultra ideal of an s-Nelson algebra is the
ideal but the inverse is not true in general. Besides, a congruence relation
on an s-Nelson algebra is defined by its ideal, and so, it is illustrated that
a quotient set of an s-Nelson algebra defined by this congruence relation is
an s-Nelson algebra. Consequently, it is showed that a partial order on the
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quotient s-Nelson algebra defined by an ultra ideal is a totally order on this
algebraic structure.

2 Preliminaries

In this section, we present basic definitions and notions about Sheffer operation
and Nelson algebras.

Definition 2.1. [3] Let N = 〈N, |〉 be a groupoid. The operation | is said to be
a Sheffer operation (or Sheffer stroke) if it satisfies the following conditions:
(S1) n1|n2 = n2|n1,
(S2) (n1|n1)|(n1|n2) = n1,
(S3) n1|((n2|n3)|(n2|n3)) = ((n1|n2)|(n1|n2))|n3,
(S4) (n1|((n1|n1)|(n2|n2)))|(n1|((n1|n1)|(n2|n2))) = n1,
for all n1, n2, n3 ∈ N .

Definition 2.2. [8] A Nelson algebra is an algebra N = 〈N,∧,∨,→,∼, 1〉 of
type (2, 2, 2, 1, 0) that satisfy the conditions:

(N1) n ∨ 1 = 1,
(N2) n1 ∧ (n1 ∨ n2) = n1,
(N3) n1 ∧ (n2 ∨ n3) = (n3 ∧ n1) ∨ (n2 ∧ n1),
(N4) ∼∼ n = n,
(N5) ∼ (n1 ∧ n2) =∼ n1∨ ∼ n2,
(N6) n1∧ ∼ n1 = (n1∧ ∼ n1) ∧ (n2∨ ∼ n2), (N7) n→ n = 1,
(N8) n1 ∧ (n1 → n2) = n1 ∧ (∼ n1 ∨ n2),
(N9) (n1 ∧ n2)→ n3 = n1 → (n2 → n3),
(N10) (n1 → n2) ∧ (∼ n1 ∨ n2) =∼ n1 ∨ n2,
(N11) n1 → (n2 ∧ n3) = (n1 → n2) ∧ (n1 → n3),
for all n, n1, n2, n3 ∈ N .

Moreover, it follows from axioms (N2) and (N3) that 〈N,∧,∨,∼, 1〉 is a
Kleene algebra.

Definition 2.3. [23] A modular lattice is any lattice which satisfies x ≤ y −→
x ∨ (y ∧ z) = y ∧ (x ∨ z).

Theorem 2.1. [23] Every distributive lattice is a modular lattice.

3 Sheffer stroke Nelson algebras

In this section, we introduce Sheffer stroke Nelson algebras and give some
properties.



THE CHARACTERIZATION OF NELSON ALGEBRAS BY
SHEFFER STROKE 96

Definition 3.1. A Sheffer stroke Nelson algebra (shortly, s-Nelson algebra)
is an algebra N = (N, |, 1) of type (2, 0) satisfying the following conditions:

(sn1) n|(n|n) = 1,
(sn2) n1|(n2|n3) = ((n1|(n2|n2))|(n1|(n3|n3)))|((n1|(n2|n2))|(n1|(n3|n3))),
for all n, n1, n2, n3 ∈ N .

Notation: 0 = 1|1.

Remark 3.1. The axioms (sn1) and (sn2) are independent.

1. Independence of (sn1): Given a set N = {0, α, 1} with the following
Cayley table:

Table 1:

| 0 α 1

0 1 1 1

α 1 α α

1 1 α 0

Then (sn2) holds while (sn1) does not since 1 6= α = α|(α|α).

2. Independence of (sn2): Consider a set N = {0, α, 1} with Cayley table
as follows:

Table 2:

| 0 α 1

0 1 1 1

α 1 0 α

1 1 α 0

Then (sn1) is satisfied (sn2) is not since α = α|(0|1) 6= 0 = α|α =
(α|1)|(α|1) = ((α|(0|0))|(α|(1|1)))|((α|(0|0))|(α|(1|1))).

Example 3.1. Consider a structure (N, |, 1) where N = {0, w1, w2, 1} and a
binary operation | on N with Cayley table (Table 3). Then it is an s-Nelson
algebra.

Proposition 3.1. Let (N, |, 1) be an s-Nelson algebra. Then
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Table 3: Cayley table of the Sheffer operation on N in Example 3.1

| 0 w1 w2 1

0 1 1 1 1

w1 1 w2 1 w2

w2 1 1 w1 w1

1 1 w2 w1 0

1. n|(1|1) = 1,

2. 1|(n|n) = n,

3. (n|1)|(n|1) = n,

4. n|n = n|1,

5. (n|1)|1 = n,

6. n|(n|1) = 1,

7. ((n1|n2)|(n1|n3))|((n1|n2)|(n1|n3)) = n1|((n2|n2)|(n3|n3)),

8. ((n1|n2)|n2)|n2 = n1|n2,

9. n1|n1 = n1|n2 ⇔ n1|(n2|n2) = 1,

10. n1|(n1|n2) = n1|(n2|n2),

11. n|0 = 1,

12. 0|0 = 1,

13. 0|n = 1,

for all n, n1, n2, n3 ∈ N .

Proof. Let (N, |, 0, 1) be an s-Nelson algebra.

1. n|(1|1) = n|((n|(n|n))|(n|(n|n))) = ((n|n)|(n|n))|(n|n) = n|(n|n) = 1
from (sn1), (S2) and (S3).

2. 1|(n|n) = (n|(n|n))|(n|n) = n from (sn1), (S1) and (S2), respectively.

3. (n|1)|(n|1) = (n|(n|(n|n)))|(n|(n|(n|n))) = (((n|n)|(n|n))|((n|n)|n))|(((n|n)
|(n|n))|((n|n)|n)) = n from (sn1), (S1) and (S2).
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4. n|n = ((n|1)|(n|1))|((n|1)|(n|1)) = n|1 from (3) and (S2), respectively.

5. (n|1)|1 = 1|(((n|1)|(n|1))|((n|1)|(n|1))) = 1|(n|n) = n from (S1), (S2),
(3) and (2), respectively.

6. n|(n|1) = (n|1)|((n|1)|(n|1)) = 1 from (S1), (3) and (sn1), respectively.

7.
((n1|n2)|(n1|n3))|((n1|n2)|(n1|n3))
= ((n1|((n2|n2)|(n2|n2)))|(n1|((n3|n3)|(n3|n3))))
|((n1|((n2|n2)|(n2|n2)))|(n1|((n3|n3)|(n3|n3))))

= n1|((n2|n2)|(n3|n3))

from (S2) and (sn2).

8.
((n1|n2)|n2)|n2 = n2|(n2|(n2|n1))

= ((n2|(n2|n2))|(n2|((n2|n1)|(n2|n1))))
|((n2|(n2|n2))|(n2|((n2|n1)|(n2|n1))))

= (1|(n2|((n2|n1)|(n2|n1))))
|(1|(n2|((n2|n1)|(n2|n1))))

= n2|((n2|n1)|(n2|n1))
= ((n2|n2)|(n2|n2))|n1
= n1|n2

from (S1)-(S3) and (sn1)-(sn2).

9. Let n1|n1 = n1|n2. Then it follows from (S2), (S3), (sn1) and (1) that

n1|(n2|n2) = ((n1|n1)|(n1|n1))|(n2|n2)
= ((n1|n2)|(n1|n2))|(n2|n2)
= n1|((n2|(n2|n2))|(n2|(n2|n2)))
= n1|(1|1)
= 1,

for all n1, n2 ∈ N .

Conversely, let n1|(n2|n2) = 1. Thus, it is obtained from (2)-(3), (sn1)-
(sn2) and (S1)-(S2) that

n1|n1 = 1|((n1|n1)|(n1|n1))
= 1|n1
= n1|(n1|(n2|n2))
= ((n1|(n1|n1))|(n1|((n2|n2)|(n2|n2))))
|((n1|(n1|n1))|(n1|((n2|n2)|(n2|n2))))

= (1|(n1|n2))|(1|(n1|n2))
= n1|n2,
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for all n1, n2 ∈ N .

10. We have from (3), (sn1)-(sn2) and (S1) that

n1|(n1|n2) = ((n1|(n1|n1))|(n1|(n2|n2)))
|((n1|(n1|n1))|(n1|(n2|n2)))

= (1|(n1|(n2|n2)))|(1|(n1|(n2|n2)))
= n1|(n2|n2)

for all n1, n2 ∈ N .

11. It follows from (1) that n|0 = n|(1|1) = 1, for all n ∈ N .

12. It is clear by (12).

13. We have 0|n = (1|1)|n = 1|(n|n) = n by (10) and (2), respectively.

Lemma 3.1. Let (N, |1) be an s-Nelson algebra. Then a binary operation ≤
on N defined by

n1 ≤ n2 ⇔ n1|(n2|n2) = 1

is a partial order on N .

Proof. Let (N, |, 0, 1) be an s-Nelson algebra and a binary operation ≤ on N
be defined by n1 ≤ n2 ⇔ n1|(n2|n2) = 1, for any n1, n2 ∈ N .

• Reflexive: since n|(n|n) = 1 from (sn1), we have n ≤ n, for all n ∈ N .

• Antisymmetric: let n1 ≤ n2 and n2 ≤ n1. Then n1|(n2|n2) = n2|(n1|n1) =
1. Since

n1 = 1|(n1|n1)
= (n2|(n2|n2))|(n1|n1)
= (n1|n1)|(n2|(n2|n2))
= (((n1|n1)|(n2|n2))|((n1|n1)|((n2|n2)|(n2|n2))))|

(((n1|n1)|(n2|n2))|((n1|n1)|((n2|n2)|(n2|n2))))
= (((n1|n1)|(n2|n2))|(n2|(n1|n1)))|

(((n1|n1)|(n2|n2))|(n2|(n1|n1)))
= (n1|n1)|(n2|n2)

and similarly, n2 = (n1|n1)|(n2|n2) from (S1)-(S2), (sn1)-(sn2) and (2)-
(3), it follows that n1 = n2.
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• Transitive: let n1 ≤ n2 and n2 ≤ n3. Then n1|(n2|n2) = n2|(n3|n3) = 1.
Since

1 = n1|(n2|n2)
= n1|(n2|1)
= n1|(n2|(n2|(n3|n3)))
= n1|(((n2|(n2|n2))|(n2|((n3|n3)|(n3|n3))))
|((n2|(n2|n2))|(n2|((n3|n3)|(n3|n3)))))

= n1|((1|(n2|n3))|(1|(n2|n3)))
= n1|(n2|n3)
= ((n1|(n2|n2))|(n1|(n3|n3)))|((n1|(n2|n2))|(n1|(n3|n3)))
= (1|(n1|(n3|n3)))|(1|(n1|(n3|n3)))
= n1|(n3|n3)

from (S1)-(S2), (sn1)-(sn2) and (3), it is obtained that n1 ≤ n3.

It is clear that 0 is the least element and 1 is the greatest element of N .

Lemma 3.2. Let (N, |, 1) be an s-Nelson algebra and ≤ be a partial order on
N . Then (N,≤) (or (N,∨,∧, 0, 1)) is a bounded distributive modular lattice
where n1∨n2 = (n1|n1)|(n2|n2) and n1∧n2 = (n1|n2)|(n1|n2), for all n1, n2 ∈
N .

Proof. Let (N, |, 0, 1) be an s-Nelson algebra and ≤ be a partial order on N .
Since ((n1|n2)|(n1|n2))|(n2|n2) = n1|((n2|(n2|n2))|(n2|(n2|n2))) = n1|(1|1) =
1 and ((n1|n2)|(n1|n2))|(n1|n1) = n2|((n1|(n1|n1))|(n1|(n1|n1))) = n2|(1|1) =
1 from (S1), (S3) and Proposition 3.1 (1), we get (n1|n2)|(n1|n2) ≤ n1 and
(n1|n2)|(n1|n2) ≤ n2. So, (n1|n2)|(n1|n2) is a lower bound of n1 and n2. Let
n3 ≤ n1, n2. Then n3|(n1|n1) = n3|(n2|n2) = 1. Since

n3|(((n1|n2)|(n1|n2))|((n1|n2)|(n1|n2))) = n3|(n1|n2)
= ((n3|(n1|n1))|(n3|(n2|n2)))|

((n3|(n1|n1))|(n3|(n2|n2)))
= (1|1)|(1|1)
= 1

from (S2) and (sn2), it follows that n3 ≤ (n1|n2)|(n1|n2) ≤ n1, n2. Thus,
n1 ∧n2 = (n1|n2)|(n1|n2) is the greatest lower bound (infimum) of n1 and n2.
Similarly, n1 ∨ n2 = (n1|n1)|(n2|n2) is the least upper bound (supremum) of
n1 and n2. Hence, (N,≤) is a lattice.

Since

n1 ∨ (n2 ∧ n3) = (n1|n1)|(n2|n3)
= (((n1|n1)|(n2|n2))|((n1|n1)|(n3|n3)))
|(((n1|n1)|(n2|n2))|((n1|n1)|(n3|n3)))

= (n1 ∨ n2) ∧ (n1 ∨ n3)
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and

n1 ∧ (n2 ∨ n3) = (n1|((n2|n2)|(n3|n3)))|(n1|((n2|n2)|(n3|n3)))
= (n1|n2)|(n1|n3)
= (((n1|n2)|(n1|n2))|((n1|n2)|(n1|n2)))
|(((n1|n3)|(n1|n3))|((n1|n3)|(n1|n3)))

= (n1 ∧ n2) ∨ (n1 ∧ n3)

from (sn2), Proposition 3.1 (6) and (S2), (N,≤) is distributive. By Theorem
2.1, it is modular lattice.

Moreover, since n ∨ 1 = (n|n)|(1|1) = 1, n ∨ 0 = (n|n)|(0|0) = 1|(n|n) = n
and n∧0 = (n|0)|(n|0) = (n|(1|1))|(n|(1|1)) = 1|1 = 0, n∧1 = (n|1)|(n|1) = n
from Proposition 3.1 (1)-(3) and (S1), (N,≤) is bounded.

Therefore, (N,≤) is a bounded distributive modular lattice.

Lemma 3.3. Let (N, |, 1) be an s-Nelson algebra. Then

1. n1 ≤ n2 ⇔ n2|n2 ≤ n1|n1,

2. n1 ≤ n2 implies n2|n3 ≤ n1|n3,

3. n1 ≤ n2|(n1|n1),

4. n2|n2 ≤ n2|(n1|n1),

5. n1 ≤ (n1|n2)|n2,

6. n1 ≤ n2|(n3|n3)⇔ (n1|n2)|(n1|n2) ≤ n3,

7. (n1|(n3|n3))|(n1|(n3|n3)) ≤ (n1|(n2|n2))|(n2|(n3|n3)),

8. n1|(n2|n2) ≤ (n2|(n3|n3))|((n1|(n3|n3))|(n1|(n3|n3))),

9. n1|(n2|n2) ≤ (n3|(n1|n1))|((n3|(n2|n2))|(n3|(n2|n2))),

for all n1, n2, n3 ∈ N .

Proof. Let (N, |, 1) be an s-Nelson algebra.

1. n1 ≤ n2 ⇔ n1|(n2|n2) = 1 ⇔ (n2|n2)|((n1|n1)|(n1|n1)) = n1|(n2|n2) =
1⇔ n2|n2 ≤ n1|n1 from Lemma 3.2 and (S1)-(S2).
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2. Let n1 ≤ n2. Then n1|(n2|n2) = 1 from Lemma 3.1. Since

(n2|n3)|((n1|n3)|(n1|n3)) = ((n1|n3)|(n1|n3))|(n2|n3)
= ((((n1|n3)|(n1|n3))|(n2|n2))|

(((n1|n3)|(n1|n3))|(n3|n3)))|
((((n1|n3)|(n1|n3))|(n2|n2))|
(((n1|n3)|(n1|n3))|(n3|n3)))

= ((n3|((n1|(n2|n2))|(n1|(n2|n2))))|
(n1|((n3|(n3|n3))|(n3|(n3|n3)))))|
((n3|((n1|(n2|n2))|(n1|(n2|n2))))|
(n1|((n3|(n3|n3))|(n3|(n3|n3)))))

= ((n3|(1|1))|(n1|(1|1)))|((n3|(1|1))|(n1|(1|1)))
= 1

from (S1)-(S3), (sn1)-(sn2) and Proposition 3.1 (1), it follows that n2|n3 ≤
n1|n3.

3. Since

n1|((n2|(n1|n1))|(n2|(n1|n1))) = ((n1|(n1|n1))|(n1|(n1|n1)))|n2
= n2|(1|1)
= 1

from (S1), (S3) and Proposition 3.1 (1), it is obtained from Lemma 3.1
that n1 ≤ n2|(n1|n1).

4. n2|n2 ≤ (n1|n1)|((n2|n2)|(n2|n2)) = n2|(n1|n1) from (3), (S1) and (S2),
respectively.

5. Since n1|(((n1|n2)|n2)|((n1|n2)|n2)) = (n1|n2)|((n1|n2)|(n1|n2)) = 1 from
(S1), (S3) and (sn1), it follows from Lemma 3.1 that n1 ≤ (n1|n2)|n2.

6. n1 ≤ n2|(n3|n3)⇔ (n1|n2)|(n1|n2) ≤ n3 is proved from Lemma 3.1 and
(S3).
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7. Since

((n1|(n3|n3))|(n1|(n3|n3)))|(((n1|(n2|n2))|
(n2|(n3|n3)))|((n1|(n2|n2))|(n2|(n3|n3))))
= (n1|(n2|n2))|(((n2|(n3|n3))|((n1|(n3|n3))|(n1|(n3|

n3))))|((n2|(n3|n3))|((n1|(n3|n3))|(n1|(n3|n3)))))
= (n1|(n2|n2))|((n1|(((n2|(n3|n3))|(n3|n3))|((n2|(n3|n3))|(n3|

n3))))|(n1|(((n2|(n3|n3))|(n3|n3))|((n2|(n3|n3))|(n3|n3)))))
= ((n1|(n1|(n2|n2)))|(n1|(n1|(n2|n2))))|(((n2
|(n3|n3))|(n3|n3))|((n2|(n3|n3))|(n3|n3)))

= ((n1|n2)|(n1|n2))|(((n2|(n3|n3))|
(n3|n3))|((n2|(n3|n3))|(n3|n3)))

= ((((n1|n2)|(n1|n2))|(n3|n3))|(((n1|
n2)|(n1|n2))|(n3|n3)))|(n2|(n3|n3))

= ((n1|((n2|(n3|n3))|(n2|(n3|n3))))|(n1|((n2
|(n3|n3))|(n2|(n3|n3)))))|(n2|(n3|n3))

= n1|(((n2|(n3|n3))|((n2|(n3|n3))|(n2|(n3|n3))))
|((n2|(n3|n3))|((n2|(n3|n3))|(n2|(n3|n3)))))

= n1|(1|1)
= 1

from (S1)-(S3), (sn1), Proposition 3.1 (1) and (10), it follows from
Lemma 3.1 that (n1|(n3|n3))|(n1|(n3|n3)) ≤ (n1|(n2|n2))|(n2|(n3|n3)).

8. Since
(n1|(n2|n2))|(((n2|(n3|n3))|((n1|(n3|n3))|(n1|(n3|
n3))))|((n2|(n3|n3))|((n1|(n3|n3))|(n1|(n3|n3)))))
= ((n1|(n3|n3))|(n1|(n3|n3)))|(((n1|(n2|n2))
|(n2|(n3|n3)))|((n1|(n2|n2))|(n2|(n3|n3))))

= 1

from (S1), (S3), (7) and Lemma 3.1, we have from Lemma 3.1 that

n1|(n2|n2) ≤ (n2|(n3|n3))|((n1|(n3|n3))|(n1|(n3|n3))).

9. By substituting [n1 := n2|n2], [n2 := n1|n1] and [n3 := n3|n3] in (8),
simultaneously, it follows from (S1) and (S2) that

n1|(n2|n2) ≤ (n3|(n1|n1))|((n3|(n2|n2))|(n3|(n2|n2))).

Theorem 3.1. Let (N, |, 1) be an s-Nelson algebra. If n1 → n2 := n1|(n2|n2),
n1 ∨ n2 := (n1|n1)|(n2|n2), n1 ∧ n2 := (n1|n2)|(n1|n2) and ∼ n := n|n, for all
n, n1, n2 ∈ N , then a structure N = 〈N,∧,∨,→,∼, 1〉 states a Nelson algebra.
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Proof. Let (N, |, 0, 1) be an s-Nelson algebra, and n1 → n2 := n1|(n2|n2),
n1 ∨ n2 := (n1|n1)|(n2|n2), n1 ∧ n2 := (n1|n2)|(n1|n2) and ∼ n := n|n, for all
n, n1, n2 ∈ N . Then

(N1) n ∨ 1 = (n|n)|(1|1) = 1 from Proposition 3.1 (1),

(N2) n1 ∧ (n1 ∨ n2) = (n1|((n1|n1)|(n2|n2)))|(n1|((n1|n1)|(n2|n2))) = n1 from
(S2),

(N3) n1 ∧ (n2 ∨ n3) = (n3 ∧ n1) ∨ (n2 ∧ n1) from Lemma 3.1,

(N4) ∼∼ n = (n|n)|(n|n) from (S2),

(N5) ∼ (n1 ∧ n2) = n1|n2 = ((n1|n1)|(n1|n1))|((n2|n2)|(n2|n2)) =∼ n1∨ ∼ n2
from (S2),

(N6) Since n1∧ ∼ n1 = (n1|(n1|n1))|(n1|(n1|n1)) = 1|1 = 0 and n2∨ ∼ n2 =
n2|(n2|n2) = 1 from (sn1), (S1) and (S2), it follows from Proposition 3.1
(3) that n1∧ ∼ n1 = 0 = (0|1)|(0|1) = 0 ∧ 1 = (n1∧ ∼ n1) ∧ (n2∨ ∼ n2),

(N7) n→ n = n|(n|n) = 1 from (sn1),

(N8)
n1 ∧ (n1 → n2) = (n1|(n1|(n2|n2)))|(n1|(n1|(n2|n2)))

= (n1|(((n1|n1)|(n1|n1))|(n2|n2)))
|(n1|(((n1|n1)|(n1|n1))|(n2|n2)))

= n1 ∧ (∼ n1 ∨ n2)

from (S2),

(N9) (n1 ∧ n2) → n3 = ((n1|n2)|(n1|n2))|n3 = n1|((n2|n3)|(n2|n3)) = n1 →
(n2 → n3) from (S3),

(N10) (n1 → n2) ∧ (∼ n1 ∨ n2) = n1|(n2|n2) = ((n1|n1)|(n1|n1))|(n2|n2) =∼
n1 ∨ n2 from (S2), and

(N11) n1 → (n2∧n3) = n1|(n2|n3) = ((n1|(n2|n2))|(n1|(n3|n3)))|((n1|(n2|n2))|
(n1|(n3|n3))) = (n1 → n2) ∧ (n1 → n3) from (sn2).

Example 3.2. Consider the s-Nelson algebra (N, |, 1) in Example 3.1. Then
〈N,∧,∨,→,∼, 1〉 defined by the s-Nelson algebra is a Nelson algebra with the
following Cayley tables:

Theorem 3.2. Let N = 〈N,∧,∨,→,∼, 1〉 be a Nelson algebra with 0. If
n1|n2 :=∼ (n1 ∧ n2) =∼ n1∨ ∼ n2 = n1 →∼ n2, for all n1, n2 ∈ N , then a
structure (N, |, 1) is an s-Nelson algebra
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Table 4:

→ 0 w1 w2 1

0 1 1 1 1

w1 w2 1 w2 1

w2 w1 w1 1 1

1 0 w1 w2 1

∨ 0 w1 w2 1

0 0 w1 w2 1

w1 w1 w1 1 1

w2 w2 1 w2 1

1 1 1 1 1

p ∼ p
0 1

w1 w2

w2 w1

1 0

∧ 0 w1 w2 1

0 0 0 0 0

w1 0 w1 0 w1

w2 0 0 w2 w2

1 0 w1 w2 1

Proof. Let N = 〈N,∧,∨,→,∼, 1〉 be an Nelson algebra with 0 and n1|n2 :=∼
(n1 ∧ n2) =∼ n1∨ ∼ n2 = n1 →∼ n2, for all n1, n2 ∈ N . Then

(S1) n1|n2 =∼ n1∨ ∼ n2 =∼ n2∨ ∼ n1 = n2|n1,

(S2) (n1|n1)|(n1|n2) =∼ (∼ n1∧ (∼ n1∨ ∼ n2)) =∼∼ n1 = n1 from (N2) and
(N4),

(S3) n1|((n2|n3)|(n2|n3)) =∼ n1 ∨ (∼ n2∨ ∼ n3) = (∼ n1∨ ∼ n2)∨ ∼ n3 =
((n1|n2)|(n1|n2))|n3 from (N4),

(S4) (n1|((n1|n1)|(n2|n2)))|(n1|((n1|n1)|(n2|n2))) = n1∧ (n1∨n2) = n1, from
(N2) and (N4),

(sn1) n|(n|n) = n→ n = 1 from (N4) and (N7), and

(sn2)

n1|(n2|n3) = n1 → (n2 ∧ n3)
= (n1 → n2) ∧ (n1 → n3)
= (n1 →∼∼ n2) ∧ (n1 →∼∼ n3)
= ((n1|(n2|n2))|(n1|(n3|n3)))|((n1|(n2|n2))|(n1|(n3|n3)))

from (N4) and (N11).

Example 3.3. Consider a Nelson algebra 〈N,∧,∨,→,∼, 1〉 in which N =
{0, a, b, c, d, e, f, 1}, binary operations ∧,∨,→ and an unary operation ∼ on N
with the following Cayley tables:
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Table 5:

→ 0 a b c d e f 1

0 1 1 1 1 1 1 1 1

a f 1 f f 1 1 f 1

b e e 1 e 1 e 1 1

c d d d 1 d 1 1 1

d c e f c 1 e f 1

e b d b f d 1 f 1

f a a d e d e 1 1

1 0 a b c d e f 1

p ∼ p
0 1

a f

b e

c d

d c

e b

f a

1 0

∨ 0 a b c d e f 1

0 0 a b c d e f 1

a a a d e d e 1 1

b b d b f d 1 f 1

c c e f c 1 e f 1

d d d d 1 d 1 1 1

e e e 1 e 1 e 1 1

f f 1 f f 1 1 f 1

1 1 1 1 1 1 1 1 1

∧ 0 a b c d e f 1

0 0 0 0 0 0 0 0 0

a 0 a 0 0 a a 0 a

b 0 0 b 0 b 0 b b

c 0 0 0 c 0 c c c

d 0 a b 0 d a b d

e 0 a 0 c a e c e

f 0 0 b c b c f f

1 0 a b c d e f 1
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Then a structure (N, |, 1) defined by this Nelson algebra is an s-Nelson
algebra with Cayley table as follow:

Table 6:

| 0 a b c d e f 1

0 1 1 1 1 1 1 1 1

a 1 f 1 1 f f 1 f

b 1 1 e 1 e 1 e e

c 1 1 1 d 1 d d d

d 1 f e 1 c f e c

e 1 f 1 d f b d b

f 1 1 e d e d a a

1 1 f e d c b a 0
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4 Ideals of s-Nelson algebras

In this section, we define a quasi-subalgebra and an ideal of an s-Nelson al-
gebra, and examine some features. When not otherwise specified, N is an
s-Nelson algebra.

Definition 4.1. Let N be an s-Nelson algebra. Then a nonempty subset M
of N is called a quasi-subalgebra of N if (n1|(n2|n2))|(n1|(n2|n2)) ∈ M , for
all n1, n2 ∈M .

Example 4.1. Consider the s-Nelson algebra N in Example 3.3. Then a
subset M = {0, b, e, 1} of N is a quasi-subalgebra of N .

Definition 4.2. Let N be an s-Nelson algebra. Then a nonempty subset I of
N is called an ideal of N if

(NI1) 0 ∈ I
(NI2) n2 ∈ I and (n1|(n2|n2))|(n1|(n2|n2)) ∈ I imply n1 ∈ I,
for all n1, n2 ∈ N .

Example 4.2. Consider the s-Nelson algebra N in Example 3.3. Then N
itself, {0}, {0, a, d, b} and {0, c} are ideals of N .

Lemma 4.1. Let I be a nonempty subset of an s-Nelson algebra N . Then I
is an ideal of N if and only if

(NI3) n1 ≤ n2 and n2 ∈ I imply n1 ∈ I,
(NI4) n1, n2 ∈ I implies n1 ∨ n2 ∈ I,
for all n1, n2 ∈ N .

Proof. Assume that I is an ideal of N . Let n1 ≤ n2 and n2 ∈ I. Then
(n1|(n2|n2))|(n1|(n2|n2)) = 1|1 = 0 ∈ I from Lemma 3.1 and (NI1). Thus,
n1 ∈ I by (NI2). Let n1, n2 ∈ I. Since ((((n1∨n2)|(n2|n2))|((n1∨n2)|(n2|n2)))|
(n1|n1))|((((n1 ∨ n2)|(n2|n2))|((n1 ∨ n2)|(n2|n2)))|(n1n1)) = ((n1 ∨ n2)|((n1 ∨
n2)|(n1 ∨n2)))|((n1 ∨n2)|((n1 ∨n2)|(n1 ∨n2))) = 1|1 = 0 ∈ I from (S1), (S3),
Lemma 3.2, (sn1) and (NI1), we have from (NI2) that n1 ∨ n2 ∈ I.

Conversely, let I be a nonempty subset of N satisfying (NI3) and (NI4).
Since 0 ≤ n and n ∈ I, we get from (NI3) that 0 ∈ I. Let n2 ∈ I and
(n1|(n2|n2))|(n1|(n2|n2)) ∈ I. Since

n1 ∨ n2 = (n1|n1)|(n2|n2)
= (((n1|n1)|(n2|n2))|1)|(((n1|n1)|(n2|n2))|1)
= (((n2|n2)|(n1|n1))|((n2|n2)|((n2|n2)|(n2|n2))))
|(((n2|n2)|(n1|n1))|((n2|n2)|((n2|n2)|(n2|n2))))

= (n1|(n2|n2))|(n2|n2)
= ((n1|(n2|n2))|(n1|(n2|n2))) ∨ n2 ∈ I
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from Lemma 3.2, Proposition 3.1 (1), (S1)-(S2), (sn2) and (NI4), and n1 ≤
n1 ∨ n2, it follows from (NI3) that n1 ∈ I.

Lemma 4.2. Every ideal of an s-Nelson algebra N is a quasi-subalgebra of
N .

Proof. Let I be an ideal of N and n1, n2 ∈ I. Since

((n1|(n2|n2))|(n1|(n2|n2)))|(((n1|n1)|(n2|n2))|((n1|n1)|(n2|n2)))
= (n2|n2)|((n1|(((n1|n1)|(n2|n2))|((n1|n1)|(n2|

n2))))|(n1|(((n1|n1)|(n2|n2))|((n1|n1)|(n2|n2)))))
= (n2|n2)|((((n1|(n1|n1))|(n1|(n1|n1)))|(n2|

n2))|(((n1|(n1|n1))|(n1|(n1|n1)))|(n2|n2)))
= (n2|n2)|(((n2|n2)|(1|1))|((n2|n2)|(1|1)))
= 1

from (S1), (S3), (sn1) and Proposition 3.1 (1), it follows from Lemma 3.1 and
Lemma 3.2 that (n1|(n2|n2))|(n1|(n2|n2)) ≤ (n1|n1)|(n2|n2) = n1 ∨ n2. Thus,
we have from Lemma 4.1 that (n1|(n2|n2))|(n1|(n2|n2)) ∈ I, and so, I is a
quasi-subalgebra of N .

However, the inverse of Lemma 4.2 is not true in general.

Example 4.3. Consider the s-Nelson algebra N in Example 3.3. Then I =
{0, c, d, 1} is a quasi-subalgebra of N but it is not an ideal of N since a /∈ I
when (a|(d|d))|(a|(d|d)) = 0 ∈ I and d ∈ I.

Theorem 4.1. The family IN of all ideals of an s-Nelson algebra N forms a
complete distributive modular lattice.

Proof. Let {Ii : i ∈ N} be a family of ideals of N . Since 0 ∈ Ii, for all i ∈ N,
it follows that 0 ∈

⋃
i∈N Ii and 0 ∈

⋂
i∈N Ii. Assume that n2 ∈

⋂
i∈N Ii and

(n1|(n2|n2))|(n1|(n2|n2)) ∈
⋂
i∈N Ii. Since n2 ∈ Ii and (n1|(n2|n2))|(n1|(n2|n2))

∈ Ii, for all i ∈ N, it is obtained that n1 ∈ Ii, for all i ∈ N, which implies that
n1 ∈

⋂
i∈N Ii. Let X be the family of all ideals of N containing

⋃
i∈N Ii. Thus,⋂

X is also an ideal of N .
If

∧
i∈N Ii =

⋂
i∈N Ii and

∨
i∈N Ii =

⋂
X, then (IN ,

∨
,
∧

) is a complete
lattice. Moreover, (IN ,

∨
,
∧

) is distributive from the definitions of
∨

and
∧

,
and so, it is modular by the Theorem 2.1.

Corollary 4.1. Let V be a subset of an s-Nelson algebra N . Then there exists
the minimal ideal 〈V 〉 of V containing the subset V .

Proof. Let V = {I : I is an ideal of N containing M ⊆ N}. Then
⋂
V =

{n ∈ N : n ∈
⋂
I∈V I} is the minimal ideal of N containing M ⊆ N .
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Definition 4.3. Let I be an ideal of an s-Nelson algebra N . Then I is called
an ultra ideal of N if n1 ∧n2 ∈ I implies n1 ∈ I or n2 ∈ I, for all n1, n2 ∈ N .

Example 4.4. Consider the s-Nelson algebra N in Example 3.3. Then {0, a, b, d}
is an ultra ideal of N .

Remark 4.1. Every ultra ideal of N is an ideal of N by Definition 4.3, but
the inverse does not usually hold.

Example 4.5. Consider the s-Nelson algebra N in Example 3.3. Then I =
{0, b} is an ideal of N but it is not ultra since d, f /∈ I when d ∧ f = b ∈ I.

Proposition 4.1. Let I be an ideal of an s-Nelson algebra N . Then I is an
ultra ideal of N if and only if n ∈ I or n|n ∈ I, for all n ∈ N .

Proof. (⇒) Let I be an ultra ideal of N . Since n∧ (n|n) = (n|(n|n))|(n|(n|n))
= 1|1 = 0 ∈ I from Lemma 3.2 and (sn1), it is obtained that n ∈ I or n|n ∈ I,
for all n ∈ N .

(⇐) Let I be an ideal of N such that n ∈ I or n|n ∈ I, for all n ∈ N , and
n1 ∧ n2 ∈ I. Assume that n1 /∈ I, for some n1 ∈ N . Then n1|n1 ∈ I. Since
(n2|((n1|n1)|(n1|n1)))|(n2|((n1|n1)|(n1|n1))) = (n1|n2)|(n1|n2) = n1 ∧ n2 ∈ I
from (S1), (S2) and Lemma 3.2, it follows from (NI2) that n2 ∈ I. Suppose
that n2 /∈ I, for some n2 ∈ N . Then n2|n2 ∈ I. Similarly, it is obtained
from (NI2) that n1 ∈ I by substituting [n1 := n2] and [n2 := n1] in above
statement, simultaneously. Thus, I is an ultra ideal of N .

Proposition 4.2. Let I be an ideal of an s-Nelson algebra N . Then I is an ul-
tra ideal of N if and only if n1 /∈ I and n2 /∈ I imply (n1|(n2|n2))|(n1|(n2|n2)) ∈
I and (n2|(n1|n1))|(n2|(n1|n1)) ∈ I, for all n1, n2 ∈ N .

Proof. Let I be an ultra ideal of N , and n1, n2 /∈ I. By Proposition 3.1,
n1|n1 ∈ I and n2|n2 ∈ I. Since (n1|(n2|n2))|(n1|(n2|n2)) ≤ n2|n2 and
(n2|(n1|n1))|(n2|(n1|n1)) ≤ n1|n1 from Lemma 3.3 (1) and (3), it follows from
(NI3) that (n1|(n2|n2))|(n1|(n2|n2)) ∈ I and (n2|(n1|n1))|(n2|(n1|n1)) ∈ I, for
all n1, n2 ∈ N .

Conversely, let I be an ideal of N satisfying that n1 /∈ I and n2 /∈ I
imply (n1|(n2|n2))|(n1|(n2|n2)) ∈ I and (n2|(n1|n1))|(n2|(n1|n1)) ∈ I, for any
n1, n2 ∈ N . Suppose that n /∈ I and n|n /∈ I, for some n ∈ N . Then we have
from (S2) that (n|((n|n)|(n|n)))|(n|((n|n)|(n|n))) = (n|n)|(n|n) = n ∈ I and
((n|n)|(n|n))|((n|n)|(n|n)) = n|n ∈ I, which are contradictions. Thus, n ∈ I
or n|n ∈ I. Thereby, I is an ultra ideal of N from Proposition 3.1.

Proposition 4.3. Let I be an ideal of an s-Nelson algebra N . Then I is an ul-
tra ideal of N if and only if (n1|(n2|n2))|(n1|(n2|n2)) ∈ I or (n2|(n1|n1))|(n2|(n1|
n1)) ∈ I, for all n1, n2 ∈ N .
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Proof. Let I be an ultra ideal of N . Since

((n1|(n2|n2))|(n1|(n2|n2))) ∧ ((n2|(n1|n1))|(n2|(n1|n1)))
= (((n1|(n2|n2))|(n1|(n2|n2)))|((n2|(n1|n1))|(n2|(n1|n1))))
|(((n1|(n2|n2))|(n1|(n2|n2)))|((n2|(n1|n1))|(n2|(n1|n1))))

= (((((n1|(n2|n2))|(n1|(n2|n2)))|(n1|n1))|(((n1|(n2|n2))|
(n1|(n2|n2)))|(n1|n1)))|n2)|(((((n1|(n2|n2))|(n1|(n2|
n2)))|(n1|n1))|(((n1|(n2|n2))|(n1|(n2|n2)))|(n1|n1)))|n2)

= (((n2|n2)|((n1|(n1|n1))|(n1|(n1|n1))))|((n2|n2)|((n1|
(n1|n1))|(n1|(n1|n1))))|n2)|(((n2|n2)|((n1|(n1|n1))|(n1
|(n1|n1))))|((n2|n2)|((n1|(n1|n1))|(n1|(n1|n1))))|n2)

= (((n2|n2)|(1|1))|((n2|n2)|(1|1))|n2)|(((n2|n2)|(1|1))|((n2|n2)|(1|1))|n2)
= 1|1
= 0 ∈ I

from Lemma 3, (S1), (S3), (sn1) and Proposition 3.1 (1), it follows from
Definition 4.3 that (n1|(n2|n2))|(n1|(n2|n2)) ∈ I or (n2|(n1|n1))|(n2|(n1|n1)) ∈
I, for all n1, n2 ∈ N .

Conversely, let I be an ideal of N such that (n1|(n2|n2))|(n1|(n2|n2)) ∈ I
or (n2|(n1|n1))|(n2|(n1|n1)) ∈ I, for any n1, n2 ∈ N . Assume that n1∧n2 ∈ I.
Since

(n1|((n1 ∧ n2)|(n1 ∧ n2)))|(n1|((n1 ∧ n2)|(n1 ∧ n2)))
= (n1|(((n1|n2)|(n1|n2))|((n1|n2)|(n1|n2))))
|(n1|(((n1|n2)|(n1|n2))|((n1|n2)|(n1|n2))))

= (n1|(n1|n2))|(n1|(n1|n2))
= (n1|(n2|n2))|(n1|(n2|n2)) ∈ I

or
(n2|((n1 ∧ n2)|(n1 ∧ n2)))|(n2|((n1 ∧ n2)|(n1 ∧ n2)))
= (n2|((n2 ∧ n1)|(n2 ∧ n1)))|(n2|((n2 ∧ n1)|(n2 ∧ n1)))
= (n2|(((n2|n1)|(n2|n1))|((n2|n1)|(n2|n1))))
|(n2|(((n2|n1)|(n2|n1))|((n2|n1)|(n2|n1))))

= (n2|(n2|n1))|(n2|(n2|n1))
= (n2|(n1|n1))|(n2|(n1|n1)) ∈ I

from Lemma 3.2, (S2) and Proposition 3.1 (10), it follows from (NI2) that
n1 ∈ I or n2 ∈ I, for all n1, n2 ∈ N . Therefore, I is an ultra ideal of N .

5 Quotient s-Nelson algebra by ideals

In this section, a congruence relation on an s-Nelson algebra is defined by
means of ideals and a quotient s-Nelson algebra is determined via this congru-
ence relation. Also some of properties of the quotient algebra are given.
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Definition 5.1. Let R be an equivalence relation on N and (n1, n2) ∈ R imply
(n1|n3, n2|n3) ∈ R, for all n1, n2, n3 ∈ N . Then R is called a congruence
relation on N .

Example 5.1. Consider the s-Nelson algebra N in Example 3.1. Then R =
{(0, 0), (w1, w1), (w2, w2), (1, 1), (0, w1), (w1, 0), (w2, 1), (1, w2)} is a congruence
relation on N .

Lemma 5.1. An equivalence relation R is a congruence relation on N if and
only if (n1,m1) ∈ R and (n2,m2) ∈ R imply (n1|n2,m1|m2) ∈ R, for all
n1, n2,m1,
m2 ∈ N .

Proof. Let R be a congruence relation on N and (n1,m1) ∈ R and (n2,m2) ∈
R. Since n1|n2βm1|n2 and m1|n2βm1|m2 from (S1), it is obtained from the
transitivity of R that (n1|n2,m1|m2) ∈ R, for all n1, n2,m1,
m2 ∈ N .

Conversely, let R be an equivalence relation on N such that (n1,m1) ∈ R
and (n2,m2) ∈ R imply (n1|n2,m1|m2) ∈ R, for any n1, n2,m1,m2 ∈ N .
Suppose that n1, n2 and n3 be arbitrary elements of N such that (n1, n2) ∈ R.
Since (n3, n3) ∈ R, it follows that (n1|n3, n2|n3) ∈ R, for all n1, n2, n3 ∈ N .
Hence, R is a congruence relation on N .

The following lemma shows that a binary relation on an s-Nelson algebra
defined by ideals states a congruence relation on this algebra.

Lemma 5.2. Let I be an ideal of an s-Nelson algebra N and a binary relation
λI on N be defined by

(n1, n2) ∈ λI ⇔ (n1|(n2|n2))|(n1|(n2|n2)) ∈ I
and (n2|(n1|n1))|(n2|(n1|n1)) ∈ I,

for all n1, n2 ∈ N . Then λI is a congruence relation on N .

Proof. Let I be an ideal of N .
•: The reflexivity property is obtained from (sn1).
•: The symmetry property is obvious from the definition of λI .
•: Transitivity: let (n1, n2) ∈ λI and (n2, n3) ∈ λI . Then (n1|(n2|n2))|(n1|

(n2|n2)), (n2|(n1|n1))|(n2|(n1|n1)), (n2|(n3|n3))|(n2|(n3|n3)), (n3|(n2|n2))|(n3|
(n2|n2)) ∈ I. Since (n1|(n2|n2))|(n2|(n3|n3)) = ((n1|(n2|n2))|(n1|(n2|n2))) ∨
((n2|(n3|n3))|(n2|(n3|n3))) ∈ I from Lemma 3.2, (S2) and (NI4), it follows
from Lemma 3.3 (7) and (NI3) that (n1|(n3|n3))|(n1|(n3|n3)) ∈ I. Similarly, it
is obtained from Lemma 3.3 (7) and (NI3) that (n3|(n1|n1))|(n3|(n1|n1)) ∈ I
since (n3|(n2|n2))|(n2|(n1|n1)) = ((n3|(n2|n2))|(n3|(n2|n2))) ∨ ((n2|(n1|n1))
|(n2|(n1|n1))) ∈ I from Lemma 3.2, (S2) and (NI4). So, (n1, n3) ∈ λI .
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Hence, λI is an equivalence relation on N .
Let (n1, n2) ∈ λI and (m1,m2) ∈ λI . Then (n1|(n2|n2))|(n1|(n2|n2)), (n2|

(n1|n1))|(n2|(n1|n1)), (m1|(m2|m2))|(m1|(m2|m2)), (m2|(m1|m1))|(m2|(m1|
m1)) ∈ I.

1. Since

n1|(n2|n2) = (n2|n2)|((n1|n1)|(n1|n1))
≤ (m1|((n2|n2)|(n2|n2)))|((m1|((n1|n1)
|(n1|n1)))|(m1|((n1|n1)|(n1|n1))))

= (m1|n2)|((m1|n1)|(m1|n1))

and

n2|(n1|n1) = (n1|n1)|((n2|n2)|(n2|n2))
≤ (m1|((n1|n1)|(n1|n1)))|((m1|((n2|n2)
|(n2|n2)))|(m1|((n2|n2)|(n2|n2))))

= (m1|n1)|((m1|n2)|(m1|n2))

from (S1), (S2) and Lemma 3.3 (9), it is obtained Lemma 3.3 (1) and (S1)
that ((n2|m1)|((n1|m1)|(n1|m1)))|((n2|m1)|((n1|m1)|(n1|m1))) ≤ (n1|(n2|
n2))|(n1|(n2|n2)) and ((n1|m1)|((n2|m1)|(n2|m1)))|((n1|m1)|((n2|m1)|(n2
|m1))) ≤ (n2|(n1|n1))|(n2|(n1|n1)). Thus, ((n2|m1)|((n1|m1)|(n1|m1)))|
((n2|m1)|((n1|m1)|(n1|m1))) ∈ I and ((n1|m1)|((n2|m1)|(n2|m1)))|((n1|
m1)|((n2|m1)|(n2|m1))) ∈ I from (NI3), and so, (n1|m1, n2|m1) ∈ λI .

2. By substituting [n1 := m1], [n2 := m2] and [m1 := n2] in (1), it follows
from (S1) that (n2|m1, n2|m2) ∈ λI .
Hence, (n1|m1, n2|m2) ∈ λI from the transitivity of λI .

Therefore, λI is a congruence relation on N .

The following theorem states that a quotient set of an s-Nelson algebra is
determined by means of a congruence relation defined as in Lemma 5.2 and
the quotient set is an s-Nelson algebra.

Theorem 5.1. Let I be an ideal of an s-Nelson algebra N and λI be a congru-
ence relation on N defined by I. Then (N/λI , |λI

, [1]λI
) is an s-Nelson algebra

where the quotient set N/λI = {[n]λI
: n ∈ N}, the binary operation |λI

is
defined by [n1]λI

|λI
[n2]λI

= [n1|n2]λI
and [1]λI

|λI
[1]λI

= [0]λI
= I.

Proof. Let I be an ideal of an s-Nelson algebra N and λI be a congruence
relation on N defined by I.

(S1): [n1]λI
|λI

[n2]λI
= [n1|n2]λI

= [n2|n1]λI
= [n2]λI

|λI
[n1]λI

(S2): ([n1]λI
|λI

[n1]λI
)|λI

([n1]λI
|λI

[n2]λI
) = [(n1|n1)|(n1|n2)]λI

= [n1]λI
,
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(S3):
[n1]λI

|λI
(([n2]λI

|λI
[n3]λI

)|λI
([n2]λI

|λI
[n3]λI

))
= [n1|((n2|n3)|(n2|n3))]λI

= [((n1|n2)|(n1|n2))|n3]λI

= (([n1]λI
|λI

[n2]λI
)|λI

([n1]λI
|λI

[n2]λI
))|λI

[n3]λI
,

(S4): ([n1]λI
|λI

(([n1]λI
|λI

[n1]λI
)|λI

([n2]λI
|λI

[n2]λI
)))|λI

([n1]λI
|λI

(([n1]λI
|λI

[n1]λI
)|λI

([n2]λI
|λI

[n2]λI
)))

= [(n1|((n1|n1)|(n2|n2)))|(n1|((n1|n1)|(n2|n2)))]λI

= [n1]λI
,

(sn1): [n]λI
|λI

([n]λI
|λI

[n]λI
) = [n|(n|n)]λI

= [1]λI
,

(sn2): [n1]λI
|λI

([n2]λI
|λI

[n3]λI
)

= [n1|(n2|n3)]λI

= [((n1|(n2|n2))|(n1|(n3|n3)))|((n1|(n2|n2))|(n1|(n3|n3)))]λI

= (([n1]λI
|λI

([n2]λI
|λI

[n2]λI
))|λI

([n1]λI
|λI

([n3]λI
|λI

[n3]λI
)))|λI

(([n1]λI
|λI

([n2]λI
|λI

[n2]λI
))|λI

([n1]λI
|λI

([n3]λI
|λI

[n3]λI
))),

for all n1, n2, n3 ∈ N .
Thereby, (N/λI , |λI

, [1]λI
) is an s-Nelson algebra.

Moreover, [1]λI
|λI

[1]λI
= [1|1]λI

= [0]λI
. Assume that n ∈ [0]λI

. Since
(n, 0) ∈ λI , we have from Proposition 3.1 (1), (3) and (S1) that n = (n|1)|(n|1) =
(n|(0|0))|(n|(0|0)) ∈ I and 0 = 1|1 = ((n|n)|(1|1))|((n|n)|(1|1)) = (0|(n|n))|(0|
(n|n)) ∈ I. So, [0]λI

⊆ I. Suppose that n ∈ I. Since (n|(0|0))|(n|(0|0)) =
(n|1)|(n|1) = n ∈ I and (0|(n|n))|(0|(n|n)) = ((n|n)|(1|1))|((n|n)|(1|1)) =
1|1 = 0 ∈ I from Proposition 3.1 (1), (3) and (S1), it follows that (n, 0) ∈ λI ,
and so, I ⊆ [0]λI

. Thus, [0]λI
= I.

Example 5.2. Consider the s-Nelson algebra N in Example 3.3. For an ideal
I = {0, c} of N , a relation λI = {(0, 0), (a, a), (b, b), (c, c), (d, d), (e, e), (f, f), (1,
1), (0, c), (c, 0), (d, 1), (1, d), (a, e), (e, a), (b, f), (f, b)} is a congruence relation
on N . Then (N/λI , |λI

, [1]λI
) is an s-Nelson algebra where N/λI = {[0]λI

, [b]λI
,

[e]λI
, [1]λI

} and the Sheffer operation |λI
on N/λI have Cayley table as follow:

Table 7:

|λI
[0]λI

[b]λI
[e]λI

[1]λI

[0]λI
[1]λI

[1]λI
[1]λI

[1]λI

[b]λI
[1]λI

[e]λI
[1]λI

[e]λI

[e]λI
[1]λI

[1]λI
[b]λI

[b]λI

[1]λI
[1]λI

[e]λI
[b]λI

[0]λI
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Lemma 5.3 demonstrates that a relation on a quotient s-Nelson algebra
defined by means of a congruence relation and ideals is partial order on the
quotient algebra.

Lemma 5.3. Let I be an ideal of an s-Nelson algebra N and λI be a congru-
ence relation on N defined by I. Then a relation ≤ on N/λI defined by

[n1]λI
≤ [n2]λI

⇔ (n1|(n2|n2))|(n1|(n2|n2)) ∈ I

is a partial order on N/λI .

Proof. Let I be an ideal of an s-Nelson algebra N and λI be a congruence
relation on N defined by I. By Theorem 5.1, (N/λI , |λI

, [1]λI
) is an s-Nelson

algebra.
• Since (n|(n|n))|(n|(n|n)) = 1|1 = 0 from (sn1), it follows that [n]λI

≤
[n]λI

.
• Let [n1]λI

≤ [n2]λI
and [n2]λI

≤ [n1]λI
. Since (n1|(n2|n2))|(n1|(n2|n2)) ∈

I and (n2|(n1|n1))|(n2|(n1|n1)) ∈ I, it is obtained that (n1, n2) ∈ λI , which
means that [n1]λI

= [n2]λI
.

• Let [n1]λI
≤ [n2]λI

and [n2]λI
≤ [n3]λI

. Then (n1|(n2|n2))|(n1|(n2|n2)) ∈
I and (n2|(n3|n3))|(n2|(n3|n3)) ∈ I. Since (n1|(n2|n2))|(n2|(n3|n3)) = ((n1|(n2
|n2))|(n1|(n2|n2))) ∨ ((n2|(n3|n3))|(n2|(n3|n3))) ∈ I and (n1|(n3|n3))|(n1|(n3|
n3)) ≤ (n1|(n2|n2))|(n2|(n3|n3)) from (S2), Lemma 3.2 and Lemma 3.3 (7),
it is obtained from (NI3) that (n1|(n3|n3))|(n1|(n3|n3)) ∈ I. Thus, [n1]λI

≤
[n3]λI

.
Hence, a relation ≤ on N/λI is a partial order on N/λI .

Theorem 5.2. Let I be an ideal of an s-Nelson algebra N . Then I is an
ultra ideal of N if and only if N/λI is a totally ordered s-Nelson algebra and
| N/λI |≤ 2.

Proof. (⇒) Let I be an ultra ideal of an s-Nelson algebra N . By Theorem 5.1,
(N/λI , |λI

, [1]λI
) is an s-Nelson algebra. Since (n1|(n2|n2))|(n1|(n2|n2)) ∈ I

or (n2|(n1|n1))|(n2|(n1|n1)) ∈ I from Proposition 4.3, it follows that [n1]λI
≤

[n2]λI
and [n2]λI

≤ [n1]λI
, for all n1, n2 ∈ N . So, N/λI is a totally ordered s-

Nelson algebra. Suppose that | N/λI |> 2. Let [n]λI
∈ N/λI such that [0]λI

<
[n]λI

< [1]λI
. Since I is an ultra ideal of N , we get from Proposition 4.1 that

n ∈ I or n|n ∈ I. Assume that n|n ∈ I. Since (1|(n|n))|(1|(n|n)) = n|n ∈ I
and (n|(1|1))|(n|(1|1)) = 1|1 = 0 ∈ I from Proposition 3.1 (1)-(2) and (NI1),
it is obtained that (n, 1) ∈ λI . Thus, [n]λI

= [1]λI
which is a contradiction.

Hence, | N/λI |≤ 2.
(⇐) Let I be an ideal of N and N/λI be a totally ordered s-Nelson algebra.

Since [n1]λI
≤ [n2]λI

or [n2]λI
≤ [n1]λI

, we get that (n1|(n2|n2))|(n1|(n2|n2)) ∈
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I or (n2|(n1|n1))|(n2|(n1|n1)) ∈ I, for all n1, n2 ∈ N . Therefore, I is an ultra
ideal of N by Proposition 4.3.

Corollary 5.1. Let I be an ideal of an s-Nelson algebra N . Then N/λI is a
totally ordered s-Nelson algebra if and only if n ∈ I or n|n ∈ I, for all n ∈ N .

Corollary 5.2. Let I be an ideal of an s-Nelson algebra N . Then N/λI
is a totally ordered s-Nelson algebra if and only if n1 /∈ I and n2 /∈ I im-
ply (n1|(n2|n2))|(n1|(n2|n2)) ∈ I and (n2|(n1|n1))|(n2|(n1|n1)) ∈ I, for all
n1, n2 ∈ N .

Corollary 5.3. Let I be an ideal of an s-Nelson algebra N . Then N/λI is a
totally ordered s-Nelson algebra if and only if (n1|(n2|n2))|(n1|(n2|n2)) ∈ I or
(n2|(n1|n1))|(n2|(n1|n1)) ∈ I, for all n1, n2 ∈ N .

6 Conclusion

In the study, we have given a Sheffer stroke Nelson algebra, some types of
ideals, a quasi-subalgebra and a quotient set of this algebraic structure. We
introduce a Sheffer stroke Nelson algebra (for short, s-Nelson algebra) and
show that the axioms are independent. Then a partial order on an s-Nelson
algebra is defined and some properties are examined. We indicate that an
s-Nelson algebra states a bounded distributive modular lattice. Also, it is
proved that every s-Nelson algebra is a Nelson algebra and a Nelson algebra
with zero is an s-Nelson algebra under the special conditions. Indeed, we
describe an (ultra) ideal of an s-Nelson algebra and present some properties. It
is demonstrated that every ideal of an s-Nelson algebra is its quasi-subalgebra
but the inverse is generally not true. In fact, it is indicated that a family
of all ideals of an s-Nelson algebra forms a complete distributive modular
lattice, and so, a minimal ideal of an s-Nelson algebra containing its subset
is determined. Besides, it is illustrated that every ultra ideal of an s-Nelson
algebra is the ideal but the inverse does not mostly hold. It is given the
statements which are equivalent to the definition of an (ultra) ideal of an s-
Nelson algebra. Moreover, a congruence relation on an s-Nelson algebra is
defined by means of its ideal. Thus, a quotient s-Nelson algebra is described
via this congruence relation and a partial order on the quotient structure is
determined. It is proved that a quotient s-Nelson algebra is totally ordered
if and only if an ideal of an s-Nelson algebra is ultra, and some results are
presented.

In future works, we wish to investigate fuzzy and neutrosophic structures
on s-Nelson algebras.
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