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Square-difference factor absorbing submodules
of modules over commutative rings

Hani A. Khashan and Ece Yetkin Celikel

Abstract

Let R be a commutative ring with identity and M an unitary R-
module. Recently, in [5], Anderson, Badawi and Coykendalla defined
a proper ideal I of R to be a square-difference factor absorbing ideal
(sdf-absorbing ideal) of R if whenever a®> —b® € I for 0 # a,b € R,
then a+b € I or a —b € I. Generally, this article is devoted to in-
troduce and study square-difference factor absorbing submodules. A
proper submodule N of M is called square-difference factor absorbing
(sdf-absorbing) in M if whenever m € M and a,b € R\Anng(m) such
that (a®> — b*)m € N, then (a +b)m € N or (a — b)m € N. Many
properties, examples and characterizations of sdf-absorbing submodules
are introduced, especially in multiplication modules. Comparing this
new class of submodules with classical prime submodules, we present
new characterizations for von-Neumann regular modules in terms of
sdf-absorbing submodules. Further characterizations of some special
modules in which every nonzero proper submodule is sdf-absorbing are
investigated. Finally, the sdf-absorbing submodules in amalgamated
modules are studied.

1 Introduction

Throughout this paper, we assume that all rings are commutative with nonzero
identity and all modules are unitary. Let R be a ring and M be an R-module.
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By Char(R), U(R), Z(R), we denote the smallest integer which satisfies
n.1r = 0, the set of unit elements of R and the set of zero-divisors of R, respec-
tively. Let N and K be submodules of M and I be an ideal of R. The residual
of N by K is defined as the set (N :g K) = {r € R:rK C N} which is clearly
an ideal of R. The residual of N by I'istheset (N :p I) ={m € M : Im C N}
which is clearly a submodule of M containing N. In particular, for N = {0},
a € R and m € M, we have Anng(m) = (0:g m) ={r € R:rm = 0p} and
Annpr(a) = (0:7 a) = {m € M : am = 0p;}. Recall that an element m € M
is said to be torsion if there exists » € R such that rm = 05,. The set of torsion
elements of M is denoted by T'(M). Specially, if T(M) = M or T(M) = {0},
we call M a torsion module or a torsion-free module, respectively.

It is well-known that a proper submodule N of an R-module M is called
prime if whenever r € R, m € M and rm € N, then r € (N :g M) or m € M.
More generally, the concept of classical prime submodules (or namely weakly
prime submodules as in [8]) is introduced and studied by Behboodi in [8]-[10].
A proper submodule P of M is called a classical prime submodule if for a,b € R
and m € M such that abm € N, we have am € N or bm € N. The significance
of prime submodules transcends mere definition; they serve as crucial tools
for understanding the structure of modules, particularly in the context of
Artinian and Noetherian modules, where their properties can yield insights
into the classification and decomposition of modules. Over the last decades,
many generalizations of prime ideals and submodules have been built (see for
example, [2], [6], [15]-[18], [21]). Among them, the one originally proposed by
Anderson, Badawi and Coykendall offers a new perspective. According to their
paper [5], a proper ideal I of R is called a square-difference factor absorbing
ideal (sdf-absorbing ideal) of R if for nonzero a,b € R, whenever a® — b* € I,
then a+b € I or a—b € I. They gave many properties of sdf-absorbing ideals
such as showing that a nonzero sdf-absorbing ideal is a radical ideal which
leads to a characterization of rings in which every nonzero proper ideal is sdf-
absorbing. Moreover, they determine the sdf-absorbing ideals in a PID, direct
product of two rings, polynomial rings, idealizations, amalgamation rings and
D + M constructions.

This paper aims to extend the notion of sdf-absorbing ideals by establishing
the concept of square-difference factor absorbing submodules of an R-module
M. We call a proper submodule N of an R-module M an square-difference
factor absorbing submodule (briefly, sdf-absorbing submodule) of M if for
m € M and a,b € R\ Anng(m), whenever (a®> —b?)m € N, then (a+b)m € N
or (a—b)m € N. It is clear that this notion also generalizes the class of classical
prime submodules. However, Example 3 shows that this generalization is
proper.

Section 2 is started by introducing several properties and characterizations
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of sdf-absorbing submodules (see Propositions 1-6, Corollary 1). We determine
conditions under which sdf-absorbing submodules are classical prime (see The-
orem 1, Corollary 3). Moreover, we show that the property ”sdf-absorbing”
can be carried by a module homomorphism, a localization and a Cartesian
product (see Propositions 8, 9, 11, Theorems 6-8, Corollaries 4, 7). We ex-
actly determine the positive integers n € N for which the zero submodule of the
Z-module Z,, is sdf-absorbing and then specify all sdf-absorbing submodules
of Z,, (see Proposition 4 and Theorem 3). Furthermore, we present new char-
acterizations for von-Neumann regular modules in terms of semiprime and sdf-
absorbing submodules (see Theorems 4, 5). We investigate characterizations
for the modules in which every nonzero proper submodule is sdf-absorbing (see
Proposition 10, Corollaries 5, 6).

In section 3, we start by considering the idealization ring R x M of an
R-module M. We justify conditions on an ideal I of R and a submodule N
of M such that I x N is an sdf-absorbing ideal of R x M if and only if N is
an sdf-absorbing submodule of M (Proposition 12). Let f : Ry — Ry be a
ring homomorphism, J be an ideal of Ry, M7 be an Ri-module, Ms be an Ro-
module (which is an Rj;-module induced naturally by f) and ¢ : My — Ms be
an Rj-module homomorphism. We conclude section 3 by investigating some
kinds of sdf-absorbing submodules in the amalgamation (R; xf J)-module
My x%® JMsy of My and My along J with respect to ¢ (see Theorems 9 and
10).

2 Properties of Sdf-absorbing submodules

In this section, among other results concerning the general properties of sdf-
absorbing submodules, some characterizations of this notion will be inves-
tigated. Moreover, the relations among sdf-absorbing submodule and some
other types of submodules will be clarified.

Definition 1. Let R be a ring and M be an R-module. A proper submodule N
of M is called a square-difference factor absorbing submodule (sdf-absorbing
submodule) of M if form € M and a,b € R\Anng(m), whenever (a®>—b*)m €
N, then (a+b)m € N or (a —b)m € N.

We note that IV is an sdf-absorbing submodule of the R-module R if and
only if it is an sdf-absorbing ideal of R. Indeed, suppose N is an sdf-absorbing
ideal of R. Let a,b,m € R where a,b ¢ Anng(m) and (a® — b*)m € N. Then
am,bm # 0 with (am)? — (bm)? € N and by assumption, either (a +b)m € N
or (a —b)m € N as needed. The converse is clear.

An R-module M is said to be a reduced module if for any m € M and
a € R, a®m = 0 implies am = 0, [19]. We note that in our definition of
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sdf-absorbing submodules, the hypothesis "a,b ¢ Anng(m)” is needed when
N = {0} since otherwise, N is not sdf-absorbing in any non-reduced module.
Indeed, if M is a non-reduced R-module, then there exist m € M and a € R
such that a?m = 0 but am # 0. Then (a? — 0?)m = 0 and am # 0 imply that
N = {0} is not sdf-absorbing.

Note that if R is a boolean ring, then a? = a for all @ € R and so every
proper submodule of a module over R is sdf-absorbing. Also, clearly, the zero
submodule is always an sdf-absorbing submodule in a torsion-free module.

We start by the following useful characterization of sdf-absorbing submod-
ules.

Proposition 1. The following statements are equivalent for a proper submod-
ule N of an R-module M.

1. N is an sdf-absorbing submodule of M.

2. For a,b € R and a cyclic submodule L of M with L ¢ Anny(a),
Annpy(b), whenever (a? —b?)L C N, then (a+b)L C N or (a—b)L C N.

Proof. (1) = (2) Suppose N is an sdf-absorbing submodule of M. Let a,b € R
and L = Rm be a cyclic submodule of M with L ¢ Annas(a), Annas(b).
Assume on contrary that (a? —b?)L C N but (a+0b)l; ¢ N and (a —b)lo ¢ N
for some nonzero l1,ly € L. If Iy = rm and a € Anng(l1), then I € Anny(a)
and so L = Rl; C Annyp(a), a contradiction. Thus, a ¢ Anng(ly). Similarly,
b ¢ Anng(l1) and a,b ¢ Anng(l2). Since (a? — b?)l; € N and (a + b)l; ¢ N,
we have (a — b)l; € N. Similarly, since (a® — b?)lz € N and (a — b)ly ¢ N,
we have (a + b)lz € N. Now, (a? — b?)(I1 + lz) € N and either I; + 1y = 0 or
a,b ¢ Anng(ly + l2) which imply (a+b)(l1 +12) € N or (a —b)(l1 +12) € N.
Therefore, (a+0b)l; € N or (a—b)l2 € N, a contradiction. Thus, (a+b)L C N
or (a—b)L C N.

(2) = (1) Suppose that (a>—b?)m € N for m € M and a,b € R\ Anng(m).
Take L = Rm in (2) so that (a®?—b?)L C N. If m = 0, then we are done. If m #
0, then a,b ¢ Anng(m) implies L ¢ Annps(a), Annp(b). By assumption,
(a+bL C Nor(a—>bL CN. Hence, (a+bym € N or (a—b)m € N as
needed. O

In the following proposition, we give two characterizations of nonzero sdf-
absorbing submodules.

Proposition 2. Let N be a proper nonzero submodule of an R-module M.
The following statements are equivalent.

1. N is an sdf-absorbing submodule of M.
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2. For every a,b € R, we have (N 13y a®> —b?) = (N :pr a+b) or (N iy
a?—v?) = (N :pra—0).

3. For a,b € R and a submodule L of M whenever (a> — b*)L C N, then
(a+b)LC N or (a—b)L CN.

Proof. (1) = (2) Suppose N is an sdf-absorbing submodule of M and let
a,b € R. Firstly, we prove that (N :ps a? —b?) = (N :pr a+b) U (N 131 a—b).
Clearly, (N :pf a +b) U (N :pp a—b) € (N :ar a? — b?). Conversely, let
m € (N :p a® —b?) and suppose m ¢ (N :g a+b). Then (a? —b?)m € N but
(a+b)m ¢ N and so by assumption, (e —b)m € N. Thus, m € (N :py a—b) C
(N :pra+b)U(N :p a—b) and the required equality holds. It follows that
(N:pa?—=0%)=(N:yya+b)or (N:ya?—0b%)=(N:ya—0b).

(2) = (3) Let a,b € R and L be a submodule of M such that (a®>—b%)L C N
but (a+b)L € N. Then L C (N :pr a® —b*)\(N :ar a+b) and by assumption,
we have L C (N :p; a — b). Therefore, (a — b)L C N as needed.

(3) = (1) Suppose that (a*> —b?)m € N for a,b € R and m € M. The
claim follows by taking L = Rm in (3). O

The following example shows that the condition ” N be nonzero” in Propo-
sition 2 is crucial.

Example 1. Consider the Z-module M = Z4. Then {0} is an sdf-absorbing
submodule of M by Theorem 3. However, choose L = M, a = 4 and b = 2.
Then (a® — b*)L = {0} but (a + b)L # {0} and (a — b)L # {0}. Note that
L C Annys(a) so that Proposition 1 can not be used.

Next, we give another characterization of sdf-absorbing submodules satis-
fying a certain condition.

Proposition 3. Let N be a proper submodule of an R-module M.

1. If N is sdf-absorbing in M, then (N :g K) is an sdf-absorbing ideal of
R for every faithful cyclic submodule K of M not contained in N. In
particular, if M is faithful and cyclic, then (IV :g M) is an sdf-absorbing
ideal of R.

2. Suppose N is nonzero. If N is sdf-absorbing in M, then (N :p K) is an
sdf-absorbing ideal of R for every submodule K of M not contained in
N. The converse is true if (N :g K) # 0 for every submodule K of M
not contained in N.

Proof. (1) Suppose that N is an sdf-absorbing submodule of M and let K
be a faithful cyclic submodule of M not contained in N. Let 0 # a,b € R
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such that a? —b? € (N :g K). Then (a®> —b*)K C N. If K C Anny(a) or
K C Annp(b), then K being faithful implies ¢ = 0 or b = 0, a contradiction.
Thus, K ¢ Annps(a), Anny(b) and by Proposition 1, (a + b)K C N or
(a—b)K C N, Hence,a+be (N:g K)ora—be (N :g K) as needed. The
”in particular” statement is clear.

(2) If N is nonzero sdf-absorbing in M, then (N :g K) is an sdf-absorbing
ideal of R for every submodule K of M not contained in N by Proposition
2. Now, suppose that for every submodule K of M not contained in N,
(N :g K) # 0 is an sdf-absorbing ideal of R. Let a,b € R and L be a
submodule of M such that (a®> — b?)L C N. If L C N, then we are done. If
L ¢ N, then by assumption, (N :g L) # 0 is an sdf-absorbing ideal of R and
so (a+b) € (N:g L)or (a—0) € (N :g L). Therefore, (a +b)L C N or
(a —b)L C N, as needed. O

Corollary 1. Let N be a nonzero proper submodule of an R-module M.

1. If N is an sdf-absorbing submodule of M and A is an ideal of R, then
either (N :py A) = M or (N :pr A) is an sdf-absorbing submodule of M.

2. If N is an sdf-absorbing submodule of M, then (N :gp M) is an sdf-
absorbing ideal of R. The converse is true if R is a PIR and M is a
multiplication module.

Proof. (1) Let A be an ideal of R and suppose that (N :j; A) is proper in
M. Let m € M and a,b € R such that (a®> — b*)m € (N :py A). Then
(a® —b?)Am C N and so by Proposition 2, (a+b)Am C N or (a —b)Am C N.
Thus, (a +b)m € (N :pr A) or (a —b)m € (N :py A) and we are done.

(2) If N is an sdf-absorbing submodule of M, then by Proposition 3(2),
(N :g M) is an sdf-absorbing ideal of R. Now, suppose R is a PIR, M is a
multiplication module and (N :g M) is an sdf-absorbing ideal of R. Note that
(N :g M) # 0 since N # 0 and M is multiplication. Let a,b € R and let
L = xRM be a submodule of M (z € R) such that (a* — b*)L C N. Then
(ax)? — (bz)? € (a®> —b?)xR C (N :g M) and by assumption, (a +b)z € (N :g
M) or (a —b)xz € (N :g M). Therefore, (a +b)L C N or (a —b)L C N and
the result follows by Proposition 2. O

Next, for all n € N, we use Corollary 1 and [5, Example 2.8] to justify all
nonzero sdf-absorbing submodules of the Z-module Z,,.

Proposition 4. Let n be a positive integer. Then all nonzero sdf-absorbing
submodules of the Z-module M = 7Z,, are either prime submodules or of the
form N = 2qZ,, for some odd prime integer q dividing n.
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Proof. Clearly a prime submodule is sdf-absorbing. Also, for a prime integer ¢
dividing n, N = 2¢Z,, is sdf-absorbing in M by Corollary 1(2) as (N :z M) =
2¢7Z is an sdf-absorbing ideal of Z, [5, Example 2.8]. Let N be a nonzero sdf-
absorbing submodule of M. Then (N :z M) is a nonzero sdf-absorbing ideal
of Z by Corollary 1(2). Thus, (N :z M) is a prime ideal or (N :z M) = 2¢Z
for some odd prime integer ¢. It follows that N is a prime submodule of M
or N= (N :z MM = 2qZ,, O

The converse of Corollary 1(1) is not true in general. Moreover, if M is
not a multiplication R-module, then the converse of Corollary 1(2) need not
be true either.

Example 2.

1. Consider the submodule N = (6) x (4) of the non multiplication Z-
module M = Z x Zg. Then (N :z M) = 67 is an sdf-absorbing ideal of
Z by [5, Example 2.8] but N is not an sdf-absorbing submodule of M.
Indeed, (5% —12)(1,1) € N but 6.(1,1) ¢ N and 4.(1,1) ¢ N.

2. Consider the submodule N = (4) of the Z-module M = Zj5 and the
ideal A = 2Z of Z. Then clearly (N :p; A) = (2) is an sdf-absorbing sub-
module of M. On the other hand N is not sdf-absorbing by Proposition

4.

Let M be an R-module. If for every submodule N of M, there exists an
element r € R such that N = rM, then we say that M is a principal ideal
multiplication module, [7]. We note clearly that if (N :g M) # 0, the converse
of Corollary 1(2) is true in the particular case that M is a principal ideal
multiplication module. For multiplication modules over principal ideal rings,
we have the following characterization for nonzero sdf-absorbing submodules:

Corollary 2. Let R be a PIR and N be a nonzero proper submodule of a
multiplication R-module M. Then N is an sdf-absorbing submodule of M if
and only if (N :gp M) is an sdf-absorbing ideal of R.

Proof. Suppose (N :g M) is an sdf-absorbing ideal of R. If (N :g M) # 0,
then the result follows by (2) of Corollary 1. If (N :g M) = 0, then as M is
multiplication, N = (N :g M)M = 0 which is a contradiction. The converse
is clear. O

It is clear that any classical prime submodule is sdf-absorbing. However,
the converse need not be true in general.
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Example 3. Consider the multiplication Z-modules My = Zoy and My =
Zo x Z3. Then N1 = (6) and Ny = 0y, are sdf-absorbing submodules of M,
and My, respectively since (Ny iz, My) = (Na :z Ms) = 6Z is an sdf-absorbing
ideal of Z by [5, Example 2.8]. On the other hand, N1 and Ny are not classical
prime in My and Ma, respectively. For exzample, 2.3.1 € Ny but 2.1 ¢ Ny,
3.1¢ N. Also, 2.3.(1,1) = Opz, but 2.(1,1) # Opr, and 3.(1,1) # Opy, .

In [5, Theorem 2.6], it is shown that if I is a nonzero sdf-absorbing ideal
of a ring R and 2 € U(R), then I is a prime ideal of R. As an extention of
this relationship to modules, the next result gives a case where sdf-absorbing
submodules and classical prime submodules coincide.

Theorem 1. Let N be a nonzero sdf-absorbing submodule of an R-module M.
If2 e U(R), then N is classical prime.

Proof. Let a,b € R and m € M such that abm € N. Choose z = %t and

a

vy = ;b- Then z,y € R and (22 — y*)m = abm € N. By assumption,
am = (x +y)m € N or bm = (x —y)m € N and so N is classical prime in
M. O

In the following corollary, we conclude another condition on sdf-absorbing
submodules to be classical prime.

Corollary 3. Let N be a mazimal sdf-absorbing submodule of an R-module
M with respect to inclusion. Then N is a classical prime submodule of M.

Proof. If N = 0, then N is a maximal submodule of M and so it is classical
prime. Suppose N is nonzero. Let a,b € R and m € M such that abm € N
and am ¢ N. Then m ¢ (N :p; a) and so (N :ps a) is proper in M. Moreover,
(N :pr a) is an sdf-absorbing submodule of M by Corollary 1(1). Since N C
(N :pr a) and by the maximality of N, we conclude that N = (N :3r a). Thus,
bm € (N :pr a) = N and N is a classical prime submodule of M. O

Recall from [22] that a proper submodule N of an R-module M is called
semiprime if for ¢ € R and m € M, we have a>m € N implies am € N.
Equivalently, N is semiprime in M if and only if for each a € R and each
submodule K of M, a?’K C N implies that a X C N. More general, for
k,n € N, N is called (k,n)-semiprime if a*m € N implies a"m € N for a € R
and m € M, [21].

Proposition 5. Let N be a proper submodule of an R-module M.

1. If N is a nonzero sdf-absorbing submodule of M, then N is semiprime
in M.
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2. If char(R) = 2 and N is semiprime in M, then N is an sdf-absorbing
submodule of M.

Proof. (1) Suppose N is an sdf-absorbing submodule of M and let a € R and
m € M such that a®?m € N. Then (a? — 0?)m € N and by assumption,
am € N as needed.

(2) Suppose char(R) = 2 and N is semiprime in M. Let m € M and
a,b € R\Anng(m) such that (a® —b*)m € N. Then char(R) = 2 implies that
(a+b)?>m € N and by assumption, (a+b)m € N. Thus, N is an sdf-absorbing
submodule of M. O

Example 4. If char(R) # 2, then the conclusion of Proposition 5(2) need
not be true. For example, N = {0} is clearly a semiprime submodule of the
Z-module M = Z15 but N is not sdf-absorbing in Z15 by Proposition 3.

Analogous to [5, Theorem 2.5] on sdf-absorbing ideal, we have the following
characterization of sdf-absorbing submodules N of M such that 2 € (N :g M).

Theorem 2. Let N be a proper sdf-absorbing submodule of an R-module M.
The following statements are equivalent.

1. For m € M and a,b € R\Anng(m), whenever (a®> — b*>)m € N, then
(a+b)m e N and (a —b)m € N.

2. 2¢€ (N g M).
3. char(R/(N :g M)) = 2.

Proof. (1) < (2) Suppose (1) holds and let m € M. Choose a = b =1 so that
(a®> = bv*)m € N. If m = 0, then 2m € N. If m # 0, then a,b € R\ Anng(m)
and by assumption, 2m = (a + b)m € N. It follows that 2 € (N :g M)
as needed. Conversely, suppose 2 € (N :g M) . Let m € M and a,b €
R\Annpg(m) such that (a*> —b*)m € N. Then (a+b)m € N or (a —b)m € N
as N is an sdf-absorbing submodule of M. Suppose (a + b)m € N. Since
2 € (N :g M), then 2bm € N and so (a — b)m = (a + b)m — 2bm € N.
Similarly, if (a — b)m € N, then (a + b)m € N and the result follows.

(2) & (3) Clear. O

For the next result, we need to recall the following lemma.

Lemma 1. [1] For an ideal I of a ring R and a submodule N of a finitely
generated faithful multiplication R-module M, the following hold.

1. (IN :g M) = I(N :z M).
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2. If I is finitely generated faithful multiplication, then

(a) (IN :pp I) = N.
(b) Whenever N C IM, then (JN :pp I) = J(N :p I) for any ideal J
of R.

Proposition 6. Let I be a finitely generated faithful multiplication ideal of
a ring R and N a submodule of a finitely generated faithful multiplication
R-module M.

1. Suppose M is cyclic and Anny(I) = 0. If IN is an sdf-absorbing sub-
module of M, then either I is an sdf-absorbing ideal of R or N is an
sdf-absorbing submodule of M.

2. Suppose N is nonzero. Then N is an sdf-absorbing submodule of IM if
and only if (N :ps I) is an sdf-absorbing submodule of M.

Proof. (1) Suppose IN is an sdf-absorbing submodule of M. If N = M, then
I=1I(N:g M)=(IN :g M) is an sdf-absorbing ideal of R by Proposition
3(1). Suppose that N is proper in M. Let m € M and a,b € R\Anngr(m)
such that (a®> — b*)m € N. Then (a® — b?)Im C IN and clearly Im ¢
Annps(a), Annps(b) since Anny(I) = 0. By Proposition 1, (a + b)Im C IN
or (a—b)Im C IN and so by Lemma 1, (a + b)m € (IN :p3y I) = N or
(a—b)m € (IN :p I) = N and we are done.

(2) Suppose N is a nonzero sdf-absorbing submodule of IM. Then (N :jp;
I) is proper in M since otherwise IM = N, a contradiction. Moreover, (N :js
I) # 0 since otherwise by Lemma 1, N = (IN :py I) C (N 1y I) = 0, a

contradiction. Let m € M and a,b € R such that (a® — b?)m € (N :p I).
Then I'm is a submodule of IM and (a? — b*)Im C N. By Proposition 2,
(a4+b)Im CNor(a—b)ImC N andso (a+bmée (N :pI)or (a—b)m e
(N :ap I) as required. Conversely, suppose (N :p; I) is an sdf-absorbing
submodule of M. Let a,b € R and m’ € IM such that (a®> —b*)m’ € N. Then
by Lemma 1,
(a® =b*)((m") :ar 1) = ({(a® = b*)m') :ar ) € (N 2pg ).

By Proposition 2, (a + b)({m/) :pr I) € (N :pr I) or (a —b)((m') :pr I) C
(N :ps I). Therefore, again Lemma 1 implies
(a+b)m’ € (I ((a+b)m') :pe I) = I(((a+b)m')y :;s I) CI(N iy I) = (IN i I) = N
or

(a=b)ym’ € (I{(a=bym") ;s I) =I({(a—=b)ym’) :rs I) CI(N :ps I) = (IN :pp I) = N
and N is an sdf-absorbing submodule of M. O
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In general, if [ is an sdf-absorbing ideal of R and N is an sdf-absorbing
submodule of an R-module M, then I N need not be sdf-absorbing in M. For
example, I = 6Z is an sdf-absorbing ideal of Z and by Proposition 4, N = (6)
is an sdf-absorbing submodule of the Z-module Zi5. But, IN = (0) is not
sdf-absorbing in Zj;5 by Theorem 3.

Proposition 7. Let M be a finitely generated faithful principal ideal multi-
plication R-module and I be an ideal of R. If I is an sdf-absorbing ideal of R,
then IM is an sdf-absorbing submodule of M. The converse is true if M is
cyclic.

Proof. Suppose I is an sdf-absorbing ideal of R. If IM = M, then Lemma 1
implies I = (IM :p M) = R, a contradiction. Let a,b € R and L = rM be
a submodule of M such that L ¢ Annys(a), Annps(b) and (a* — b*)L C IM.
Then (a? — b?)r € (IM :g M) = I and so (ar)? — (br)? € I. Since clearly,
ar,br # 0, then by assumption, (a +b)r € I or (a —b)r € I. Thus, (a+b)L C
IM or (a —b)L C IM as needed. Now, suppose M is cyclic and IM is an
sdf-absorbing submodule of M. As I = (IM :g M), then clearly I is proper.
Now, let 0 # a,b € R such that (a® — b?) € I. Then (a® — b*)M C IM with
M ¢ Annps(a), Annp(b) as M is faithful. By Proposition 1, (a +b)M C IM
or (a—b)M C IM. Tt follows that (a +b) € IM :g M) =1 or (a—0) €
(IM :g M) =1 and I is an sdf-absorbing ideal of R. O

Next, we verify that ”sdf-absorbing” property in modules can carried with
a module homomorphism.

Proposition 8. Let My and Mz be R-modules and ¢ : My — My be a module
homomorphism.

1. If ¢ is one to one and Ny is an sdf-absorbing submodule of M; with
@ Y(Ny) # My, then p~1(Ny) is an sdf-absorbing submodule of M;.

2. If Ny is a nonzero sdf-absorbing submodule of My with =1 (Ny) # My,
then ¢~!(Ny) is an sdf-absorbing submodule of Mj.

3. If ¢ is onto and N; is an sdf-absorbing submodule of M; containing
Ker(p), then ¢(N7) is an sdf-absorbing submodule of M.

Proof. (1) Let my € M; and a,b € R\Anng(m4) such that (a* — b?)m; €
@ 1(Ny). Then a,b € R\Anng(p(m1)) as ¢ is one to one and (a®—b%)p(m;) =
©((a? — b?)my) € No. By assumption, (a + b)p(m1) = ¢((a + b)my) € No or
(a—b)p(my) = p((a—b)m1) € No. Thus, (a+b)m; € ¢~ (Nz) or (a—b)m; €
@ 1(Ny) as needed.

(2) Similar to (1).
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(3) Suppose ¢ is onto. Let mo € My and a,b € R\Anng(ms) such that
(a®> — b*)my € ¢(Ny). Choose m; € Mj such that my = @(m;). Since
Ker(p) € Ny, we have clearly, (a®> — b*)m; € Ny and a,b € R\Anng(my).
Therefore, either (a + b)m; € Ny or (a — b)ym; € Ny. Therefore, (a + b)ms €
©(N1) or (a —b)ma € p(N1) and ¢(Ny) is an sdf-absorbing submodule of
Ms. O

In the following example, we show that the hypothesis ” Ker(p) C N;” is
needed in Proposition 8(3).

Example 5. Consider the Z-modules Z. and Z[x] and the module epimorphism
v : Z[x] — Z defined by o(f(x)) = f(0). Then the submodule N = (x + 18)
of Zlx] is clearly an sdf-absorbing submodule of Z[x]. But, ¢(N) = 18Z is not
sdf-absorbing in Z by [5, Example 2.8]. Note that Ker(p) = (z) £ N.

As a direct consequence of Proposition 8, we have the following.

Corollary 4. Let R be a ring and My, My be nonzero R-modules.

1. If My € M5 and N is a nonzero sdf-absorbing submodule of Ms, then
N N M;j is an sdf-absorbing submodule of M;.

2. Let K C N be submodules of M;. Then N is an sdf-absorbing submod-
ule of M; if and only if N/K is an sdf-absorbing submodule of M;/K.

In the following theorem which is an analogy of [5, Theorem 4.11] on sdf-
ideal, we completely determine when {0} is an sdf-absorbing submodule of the
Z-module Z,, for each n € N.

Theorem 3. Let n € N. Then {0} is an sdf-absorbing submodule of the Z-
module Z,, if and only if n =4, n =9, n = p is prime, or n = 2p for some
odd prime p.

Proof. If n = p is prime, then {0} is an sdf-absorbing submodule of Z,, since it
is maximal in Z,,. Suppose n = 2p for some odd prime p. Since 2pZ is an sdf-
absorbing submodule of the Z-module Z, then by Corollary 4, {0} = 2pZ/2pZ
is an sdf-absorbing submodule of Z/2pZ = Z,,. Now, let n = 9. Let m € Zg
and a,b € Z\Annz(m) such that (a®> — b?)m = 0. Then a? — b* € 9Z with
a,b ¢ 9Z. Suppose a+b ¢ 9Z and a—b ¢ 9Z. Then a+b € 3Z and a—b € 3Z
as 97 is primary in Z. Write a + b = 3k where k = 1(mod 3) or k = 2(mod 3)
and @ — b = 3] where | = 1(mod3) or I = 2(mod3). If k = 1(mod3) and
! = 1(mod3), then 3 | (k —1) and so b = 3(%5!) € 9Z, a contradiction. If
k = 1(mod3) and I = 2(mod3), then 3 | (k+ 1) and so a = 3(&H) € 9Z, a
contradiction. The remaining two cases give similar contradictions. Therefore,
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a+be9Zora—be 9Z. Hence, (a+b)ym =0 or (a —b)m = 0 and we are
done. By using a similar argument, one can prove that {0} is an sdf-absorbing
submodule of Zg4.

Conversely, let n € N such that n # 4, n # 9, n # p (prime) and n # 2p
for odd prime p. Suppose on contrary that {0} is an sdf-absorbing submodule
of Z,,. Then we have four cases.

Case 1: Let n = kl for some distinct odd integers k,l # 1.

Let a = ® and b= 231 Then a,b ¢ Annz(1) and (a® — b?).1 =kl.1=0
but k.1 £ 0 and [.1 # 0, a contradiction.

Case 2: n = p* for a prime p and k > 3 and p # 2,3 if k = 2.

Let a = W%?’p and b = 1’}97%3”’. Then a,b ¢ Annz(1) and (a® — b?).1
pF~1.3p.1 =0 but p*~1.1# 0 and 3p.1 # 0, a contradiction.

Case 3: n = 2kl where k,[ are distinct integers such that kl # 1, 2.

Let a = k+1and b = k — 1. Then a,b ¢ Annz(1) and (a® — b?).1
2k.21.1 = 0 but 2k.1 # 0 and 2.1 # 0, a contradiction.

Case 4: n = 2k™ where k # 1 for each n and k # 2 for n = 1.

Leta=k""'+kand b =k""' —k. Then a,b ¢ Annz(1) and (a® —b?).1 =
2k"~1.2k = 0 but 2k" 1.1 # 0 and 2k.1 # 0, a contradiction.

Therefore, {0} is not an sdf-absorbing submodule of Z,,. O

Let N be a submodule of an R-module M. By Zy (M), we denote the set
{r € R:rm € N for some m € M\N}.

Proposition 9. Let N be a proper submodule of an R-module M and S be a
multiplicatively closed subset of R such that (N :g M) NS = 0. Then

1. If N is an sdf-absorbing submodule of M, then S™!N is an sdf-absorbing
submodule of S™!M.

2. If S7IN is an sdf-absorbing submodule of S™'M and Zyx(M) N S =
Z(M)N S =0, then N is an sdf-absorbing submodule of M.

Proof. (1) Let ™ € S7'M and %,% € ST'R\Anng-1z() such that ((%)? —
(2)2)™ € S~IN. Then there exists v € S such that v(t?a® — s?b?)m € N.
If vta € Anng(m), then 22 = utam — 0 5 contradiction. Thus, vta ¢

Anng(m) and similarly vsbs¢uAnn ;E:;;) Since N is sdf-absorbing, then either
(vta+wvsb)m € N or (vta—vsb)m € N. Thus, (2+2)™ € S=!Nor (¢—b)=
S~IN and S™!N is sdf-absorbing in S~'M.

(2) Let m € M and a,b € R\Anng(m) such that (a2 — b?)m € N. Then
((2)2— (1)) € S7IN. If ¢ € Anng-1x(%2), then there exists t € S such
that tam = 0 and Z(M) NS = @ implies am = 0, a contradiction. Thus,
¢ ¢ Anng-1p(F) and similarly % ¢ Anng-1z(f). By assumption, either
(4+b)m e S7IN or (¢ — %)= € STIN. Thus, there exist u,v € S such that

S

=le
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u(a+b)m € N or v(a—b)m € N. Since Zny(M) NS = 0, then we have either
(a+b)ym € N or (a—b)m € N and N is an sdf-absorbing submodule of M. O

Recently, Jayaram and Tekir [14] extended the concept of von Neumann
regular ring to modules by defining M-von Neumann regular elements of a
module. Let M be an R-module. Then an element a € R is called an M-
von Neumann regular if aM = a?M. An R-module M is said to be a von
Neumann regular module if for each m € M, Rm = aM = a?>M for some
a € R. In particular, if M is finitely generated, then M is a multiplication von
Neumann regular module if and only if every element in R is M-von Neumann
regular, [14, Theorem 2]. In [21], the finitely generated von Neumann regular
modules are characterized as multiplication reduced modules in which every
proper submodule is (k,n)-semiprime where k,n € N.

However, in semiprime submodules, we can drop the ”"multiplication re-
duced” condition in the above characterization analogous to [5, Theorem 3.1]:

Theorem 4. Let M be a finitely generated R-module. The following state-
ments are equivalent.

1. M is a von Neumann regular module.

2. Every proper submodule of M is semiprime.

Proof. (1) = (2) Since M is a finitely generated von Neumann regular module,
then clearly M is a multiplication module. Let N be a proper submodule of M.
Let a € R and K be a submodule of M such that a?K C N. By assumption,
aM = a*M and so aK = a(K :g M)M = a*(K :g M)M = a*K C N, as
needed.

(2) = (1) Let a € R. If a>M = M, then aM = a*M. Suppose a’M C M.
Then by assumption, a?M is semiprime in M. Since a?M C a?M, then
aM C a®>M so that aM = a>M and M is a von Neumann regular module by
[14, Theorem 1]. O

Recall that an element m in an R-module M is nilpotent if r*m = 0 for
some 7 € R and k € N. The set of all nilpotent elements of M is denoted
by N(M). Note that M is reduced if N(M) = 0 and moreover, M /N (M) is
reduced for any R-module M.

Analogous to [5, Theorem 3.1] on sdf-absorbing ideal, we have the following
result.

Theorem 5. Let M be a finitely generated R-module.

1. If every nonzero proper submodule of M is sdf-absorbing, then M /N (M)
is a von Neumann regular module.
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2. If char(R) = 2 and M is a von Neumann regular module, then every
proper submodule of M is sdf-absorbing.

Proof. (1) If every nonzero proper submodule of M is sdf-absorbing, then by
Proposition 5, every nonzero proper submodule of M is semiprime. Thus,
M/N(M) is a von Neumann regular module by Theorem 4.

(2) If char(R) = 2, then every semiprime submodule of M is sdf-absorbing
by Proposition 5. In this case, the claim follows again by Theorem 4. O

Note that the conclusion of Theorem 5(2) is not true in general. For
example, the Z-module M = Z;5 is von Neumann regular by [14, Exanple 5].
But the submodule N = (0) is not sdf-absorbing in M by Theorem 3.

The proof of the following lemma can be seen in [4, Corrolary 3]

Lemma 2. [j/Let R be a quasi-local ring and M an R-module. Then M is
von Neumann reqular if and only if M is trivial or simple.

Therefore, we have the following result which is an analogy of [5, Theorem
3.3] on sdf-ideal.

Proposition 10. Let R be a quasi-local ring and M be a finitely generated
R-module. If every proper submodule of M is sdf-absorbing, then N(M) = M
or N(M) is a mazimal submodule of M.

For the case of M being a faithful multiplication R-module and R satisfying
certain conditions, we have the following corollaries.

Corollary 5. Let R be a reduced ring with 2 € U(R) and M be a faithful
principal ideal multiplication R-module. The following are equivalent.

1. Every nonzero proper submodule of M is sdf-absorbing.
2. Every nonzero proper ideal of R is an sdf-absorbing ideal of R.

3. R is a field or R is isomorphic to Fy x Fy for fields Fy, F5.

Proof. (1) < (2): Follows directly by Proposition 7.
(2) < (3): [5, Theorem 3.5]. O

Corollary 6. Let R be a von Neumann regular ring with 0 # 2 € Z(R) and
M be a faithful principal ideal multiplication R-module. The following are
equivalent.

1. Every nonzero proper submodule of M is sdf-absorbing.

2. Every nonzero proper ideal of R is sdf-absorbing.
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3. Exactly one maximal ideal M of R has char(R/M) # 2.

Proof. (1) < (2): Proposition 7.
(2) < (3): [5, Theorem 3.7]. O

As we conclude this section, we turn our attention to examining the rela-
tionship between sdf-absorbing submodules within modules and those within
the Cartesian products of these modules.

Proposition 11. Let N1 and Na be nonzero proper submodules of R-modules
My and My, respectively. Consider the R-module My X M.

1. N1 x M5 is an sdf-absorbing submodule of M7 x M, if and only if V; is
an sdf-absorbing submodule of M;.

2. My x Ns is an sdf-absorbing submodule of M7 x Ms if and only if N5 is
an sdf-absorbing submodule of Ms.

3. If N1 x Ny is an sdf-absorbing submodule of M; x Ms, then N; and
Ny are sdf-absorbing in M; and M, respectively. The converse holds
provided that 2 € (N1 ‘R Ml) or2e (NQ ‘R Mg)

Proof. (1) and (2) are clear by using Corollary 4(2).

(3) Suppose Ny x Ny is an sdf-absorbing submodule of M; x Ms. Let a,b €
R, m € M such that (a> —b*)m € Ny. Then (a® —b?)(m,0) € Ny x Ny implies
either (a+b)(m,0) € N1 x Ny or (a—b)(m,0) € Ny x No. Thus, (a+b)m € N;
or (a —b)m € Ny and Nj is an sdf-absorbing submodule of M;. Similarly, Ny
is an sdf-absorbing submodule of M;. Conversely, assume 2 € (Ny :g Mj).
Let a,b € R, (my,mz) € My x My such that (a? — b?)(m1,mz) € Ny x Na.
Since N is sdf-absorbing, (a? — b%)m; € Ny and 2 € (Ny :g M), we have
(a+b)my € Ny and (a — b)my € Ny by Theorem 2. On the other hand, since
Ny is sdf-absorbing in My, we get either (a + b)ms € No or (a — b)my € No.
Thus, (a+b)(mq, ms) € N1 X Ny or (a—b)(m1,ma) € Ny X Ny and Ny X Ny is
sdf-absorbing in M7 x Ms. The proof of the case 2 € (Ny :g M) is similar. [

The condition "2 € (Ny :gr, M) or 2 € (N3 :g, M>)” in Proposition 11(3)
is crucial. For example, consider the Z-module Z x Z and the submodules
Ny = 3Z and Ny = 77Z of the Z-module Z. Then Ny and Ny are sdf-absorbing
submodules of Z but N7 x Ny is not sdf-absorbing in Z x Z as (5% —22)(1,1) €
Ny x Na, 7(1,1) ¢ N1 x Ny and 3(1,1) ¢ Ny x Ny. The following theorem is
an analogy of [5, Theorem 4.12] on sdf-absorbing ideal.

Theorem 6. Let My be an Ryi-module, Ms an Ro-module and Ny, No be
nonzero submodules of My, My, respectively. Then N1 X N5 is an sdf-absorbing
submodule of the Ry X Ro-module My x Ms if and only if one of the following
holds.
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1. Ny = M, and N, is an sdf-absorbing submodule of Ms.
2. Ny = M5 and Nj is an sdf-absorbing submodule of M;.

3. N1, Ny are sdf-absorbing submodules of M7, Ms, respectively and 2 €
(N]_ 'Ry Ml) or2e (N2 'Ry MQ)

Proof. Suppose N7 x N, is an sdf-absorbing submodule of M; x My and
N7, Ny are proper. Then N; and N, are sdf-absorbing submodules of M,
and Ms, respectively by Corollary 4(2). Now, suppose 2 ¢ (N3 :p, Ma).
Choose mga € Mj such that 2mg ¢ Ny and let Op;, # my € Mp. Since
((1, 1)2 — (1, —1)2)(m1,m2) € N1 X N2 and (0,2)(m1,m2) ¢ N1 X NQ, then by
assumption, (2,0)(m1, ms) € N1 x Ny and so 2m; € N. Thus, 2 € (N7 :g, M;)
as required. The converse part can be proved by using the same argument of
the proof of Proposition 11. O

In general, we can use the mathematical induction to characterize sdf-
absorbing submodules of Cartesian product of finitely many R;-modules.

Corollary 7. Let Ny, Na,---,Ni be nonzero submodules of R;-modules
My, Ms, -, My where k > 2. Let R = xi-“:lRi, M = xi—“:lMi and N =
xX_| N;. Suppose that Ny, ..., N; are proper for some 1 <t <k and N; = M;
forallt < j <k. Then N is an sdf-absorbing submodule of M if and only if
N; ’s are sdf-absorbing submodules of M; for all i € {1,...,t} and at most for
one of i € {1,....,t}, 2 ¢ (N; :g, M;).

Now, we consider the case when one or both of the submodules in the
direct product is zero analogous to [5, Theorem 4.13].

Theorem 7. Let My be an Ri-module, Ms an Ro-module and Ny, No be
nonzero submodules of My, My, respectively.

1. {0} x M3 is an sdf-absorbing submodule of M; x My if and only if {0} is
an sdf-absorbing submodule of M; and M; is reduced. A similar result
holds for M; x {0}.

2. {0} x N3 is an sdf-absorbing submodule of M; x My if and only if {0}
is an sdf-absorbing submodule of M7, N is an sdf-absorbing submodule
of Ms, M is reduced and 2 € (0 :z, My) or 2 € (N :g, Ms). A similar
result holds for N7 x {0}.

3. {0} x {0} is an sdf-absorbing submodule of M; x Ms if and only if
My, My are reduced, {0} is an sdf-absorbing submodule of M7, M and
2 e (O ‘R, Ml) or2e€ (O 'Ry M2)
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Proof. (1) Note that {0} x My is a nonzero submodule of My x Ms. Tt is clear
that {0} is an sdf-absorbing submodule of M;. Now, let m; € M; and a1 € Ry
such that a?m; = 0. Then ((a1,0)? — (0,0)?)(m1,0) € {0} x M. Thus, our
assumption implies that a;m; = 0 and so M; is reduced. Conversely, suppose
{0} is sdf-absorbing in M; and M; is reduced. Let (a1, as),(b1,b2) € Ry X Ra
and (my,ma) € My x My such that ((a1,az)? — (b1, b2)?)(my,mz) € {0} x Ms.
Then (a2 — b3)m; = 0. If a; € Anng, (m1), then b3m; = 0 and so bym; = 0
as M; is reduced. Similarly, if b € Anng, (m1), then aym; = 0. Therefore,
(a1 +b1)my = (a1 — by)my = 0. If ay,b1 ¢ Anng, (m,), then by assumption,
we have also (a1 + b1)m; = 0 or (a3 — by)m; = 0. Therefore, ((a1,a2) +
(bl,bg))(mhmz) € {0} X M2 or ((al,ag) — (bl,bg))(mhmz) € {0} X M2 as
needed.

(2) If {0} x No is an sdf-absorbing submodule of My x My, then similar to
the proof of (1), {0} is sdf-absorbing in M;, N3 is sdf-absorbing in Ms and M;
is reduced. Let m; € My and mg € Ma. Since ((1,1)2 — (1,—1)%)(m1,m2) €
N x Na, then either (2,0)(my, ma) € {0} x Nz or (0,2)(mq,mz) € {0} x Na.
Hence, 2m; = 0 or 2mg € Ny and so 2 € (0 :g, My) or 2 € (N3 :g, Ms).
Conversely, let (a1, as),(b1,b2) € Ry X Ra, (m1,mz2) € My X My such that
((a1,a2)? — (b1,b2)?)(m1,m2) € {0} x No. If 2 € (Ng :g, M), then by
using Theorem 2, (ag + by)mg € Ny and (ag — b2)mg € Ni. Since also,
(a1+b1)m1 = 0or (a1 —by)my = 0, then ((a1,a2)+(b1,b2))(m1,ma2) € {0} x Ny
or ((ag,az) — (b1,b2))(my1,ma) € {0} x No. If 2 € (0 :g M), we also get
the same conclusion. Therefore, {0} x Ny is an sdf-absorbing submodule of
M1 X Mg.

(3) Suppose {0} x {0} is an sdf-absorbing submodule of M; x Ms. Then
clearly, {0} is an sdf-absorbing submodule of M; and Ms, and by using a
similar argument to that in part (2), we have M; and M, are reduced. Let
0 # my € My and 0 # my € M. Since ((1,1)2—(1,—1)%)(m1, m2) € {0} x {0}
and clearly (1,1),(1,—1) ¢ Anng, xr,((m1,m2)), we have 2 € (0 :, M;) or
2 € (0 :g, My). Conversely, let (my,ma) € My X Ms and (a1, a2), (b1,b2) €
R1 X Rg\A’ﬁ/ﬂRl X Ro ((ml, ng)) such that ((al, a2)27 (bl, 62)2)(7774, mg) € {0} X
{0}. Since M; and My are reduced, it is enough to consider the case aq,b; ¢
Anng, (my) and as, by ¢ Anng,(ms). By using a similar argument to that in
the proof of part (2), we conclude that {0} x {0} is an sdf-absorbing submodule
of M1 X Mg. ]

The proof of the following theorem is similar to that of Theorem 7 and is
left to the reader.

Theorem 8. Let N; and No be nonzero proper submodules of nonzero R-
modules My and M.
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1. {0} x M5 is an sdf-absorbing submodule of M; x My if and only if {0} is
an sdf-absorbing submodule of M; and M;j is reduced. A similar result
holds for M; x {0}.

2. If {0} x N3 is an sdf-absorbing submodule of M; x M, then {0} is an
sdf-absorbing submodule of M7, N5 is an sdf-absorbing submodule of M,
and M is reduced. The converse is true if 2 € (Ng :g Ms). A similar
result holds for Ny x {0}.

3. If {0} x {0} is an sdf-absorbing submodule of M; x My, then {0} is
an sdf-absorbing submodule of My, M and My, My are reduced. The
converse is true if 2 € (0:5 M;) or 2 € (0:5 Mo).

3 Sdf-absorbing Submodules of Amalgamation Modules

Let R be a ring and M be an R-module. Recall that the idealization of M
in R denoted by R x M is the commutative ring R & M with coordinate-wise
addition and multiplication defined as (r1,m1)(r2, ma) = (r1r2, r1ma + r2my)
[20]. For an ideal I of R and a submodule N of M, The set I x N =1& N is
an ideal of R x M if and only if IM C N [3, Theorem 3.1].

It is proved in [5, Theorem 4.16] that for a nonzero ideal I of a ring R,
I x N is an sdf-absorbing ideal of R x M if and only if [ is an sdf-absorbing
ideal of R and N = M. Therefore, for every sdf-absorbing submodule N of M
and a nonzero ideal I of R, I x N is never an sdf-absorbing ideal of R x M.

For I = {0}, we have the following result analogous to [5, Remark 4.18].

Proposition 12. If N is a proper submodule of an R-module M and {0} x N is
an sdf-absorbing ideal of Rx M, then N = {0ps} is an sdf-absorbing submodule
of M.

Proof. Suppose {0} x N is an sdf-absorbing ideal of R x M. Then N = {0y}

by [5, Remark 4.18]. Now, let m € M and a,b € R\Anng(m) such that

(a® — b%)m = 0p7. Then (0,am)? — (0,bm)? = (0,0,7) with (0,am), (0,bm) #
(

(0,041)- Thus, [(0,am)+ (0,bm)] = (0,(a + b)m) = (0,0p) or
[(0,am) — (0,bm)] = (0,(a — b)m) = (0,057). Hence, (a + b)m = 0p or
(a — b)m = 0p as needed. O

Let R be a ring, J an ideal of R and M an R-module. The amalgamated
duplication of R along J is defined as

RxJ={(r,r+j):r€R,jeJ}

which is a subring of R x R, see [12]. The duplication of the R-module M
along the ideal J denoted by M x J is defined recently in [11] as
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MxJ={(mm')eMxM:m-m'eJM}

which is an (R x J)-module with scalar multiplication defined by (r,r +
J(m,m') = (rm,(r + j)m’) for r € R, j € J and (m,m') € M x J. Many
properties and results concerning this kind of modules can be found in [11].

Let N be a submodule of an R-module M and J be an ideal of R. Then
clearly

NwxJ={(a,b) e NxM:a—be JM}

and -
N={(bja)e M xN:b—ae€ JM}

are submodules of M x J.

In general, let f : Ry — Rs be a ring homomorphism, J be an ideal of R,
M be an Ry-module, My be an Ry-module (which is an R;-module induced
naturally by f) and ¢ : M7 — My be an Rj;-module homomorphism. The
subring

Ryl J={(r,f(r)+j):r€Ry, jeJ}

of Ry X Ry is called the amalgamation of R; and R, along J with respect to f.
In [13], the amalgamation of M; and M, along J with respect to ¢ is defined
as

My ¥ JMs = {(m1,o(m1) + ms) : my € My and ma € JM>}
which is an (R; xf J)-module with the scalar product defined as
(r, f(r) + j)(ma, o(m1) +mz) = (rma, o(rma) + f(r)mz + je(ma) + jmo)
For submodules N7 and Ny of M; and Ms, respectively, clearly the sets
Ny )% JMsy = {(m1,p(m1) + ma) € My x¥ JMs : my € Ny}
and
No¥ = {(ma, p(m1) +ma) € My 1% JMy : @(m1) +ma € Na}

are submodules of M7 x? JM,. The above notation will be be fixed through-
out the rest of this section

In the following two theorems, we justify conditions under which the sub-
modules Ny x¥ JMs and Ew are sdf-absorbing in M; x% JMjy analogous to
[5, Theorem 4.19].
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Theorem 9. Consider the (Ry xf J)-module My, x¥ JM, defined as above
and let N1 be a submodule of My. If Ny X% JMs is an sdf-absorbing submodule
of My )% JMs, then Ny is an sdf-absorbing submodule of My. The converse
1s true if N1 is nonzero.

Proof. Firstly, we note that N; is a proper submodule of M; if and only if
Ny x¥ JMs, is a proper submodule of M; x¥ JMs,. Suppose N1 X¥ JMs is
sdf-absorbing in M; x% JMy and let my € My and r1,s1 € Ri\Anng, (m)
such that (r? — s?)my € Ny. Then (ry, f(r1)), (s1, f(s1)) € Ry =/ J and
(m1,0(m1)) € My x% JMs,. Moreover, clearly (r1,f(r1)),(s1, f(s1)) ¢
Anng, s 5 ((ma, p(m1))) and

[(r1, £(r1))? = (51, £(51))°] (ma,(ma)) = ((ri—s1)ma, o((ri—si)m1)) € N1 0% JMs.

By assumption, we conclude that

((r1 + s1)ma, @((r1 + s1)ma)) = (11 + s1, f(r1 + s1)) (M1, p(m1))
= [(r1, f(r1)) + (51, f(51))] (M1, p(m1)) € N1 x? J M,

or

((r1 = s1)m1, @((r1 — s1)ma)) = (r1 — s1, f(r1 — s1)(ma, p(ma))
= [(r1, f(r1)) = (51, f(51))] (M1, p(m1)) € N1 x? J My

Thus, (r1 + s1)my € Ny or (r1 — s1)mq € N; and N; is an sdf-absorbing
submodule of M;. Now, suppose N is a nonzero sdf-absorbing in M;. Let
(r1, f(r1) +7), (s1, f(s1) +5") € Ry »% J and (mq, p(mq) +ms) € My x J My
such that

[(r1, f(r1) + 4)7 = (s1, f(s1) +3)°] (ma,o(ma) + ma) € Ny ¥ JM,

Then (r? —s2)m; € Ny and so (r; + s1)my € Ny or (r; — s1)my. It follows
that

[(r1, f(r1) +3) + (s1, f(s1) + 5)] (M1, (ma) +m2) € N1 =¥ JM,
or
[(r1, f(r1) + ) = (s1, f(51) + 37)] (ma, (1) + ma) € Ny x? JM;
and Ny x? JMs; is an sdf-absorbing submodule of My x¥ JMs. O

The next result follows as an analogy of [5, Theorem 4.19] on sdf-ideal.
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Theorem 10. Consider the (Ry x/ J)-module My x¥? JMs defined as in
Theorem 9 where f and @ are epimorphisms and let No be a submodule of
Ms. Then

1. If Ew is an sdf-absorbing submodule of M; x¥ JMs, then N5 is an
sdf-absorbing submodule of M;. The converse is true if Ns is nonzero.

2. Suppose Annpg,(J) = 0. If Ny° is an sdf-absorbing submodule of
M, x? JM, and J € (N3 :g, M), then (N :az, J) is an sdf-absorbing
submodule of M.

Proof. (1) We firstly prove that Ny is proper in M» if and only if N7 is proper
in My x® JMy. If No = My and (my,(my) + mg) € My X% JMs, then
@(my)+mz € Ny. Thus, (mq, o(m1)+ms) € No? and so Ny” = My %% J M.
Next, suppose No¥ = M; x? JMs and let my = p(my) € My for some
my € My. Then (my,mq) € My X% JMy = No¥ and so ms € Ns. Hence,
Ny = Ms,. Suppose Ev is an sdf-absorbing submodule of M; x¥ JMs.
Let mg = @(mq) € My and ro = f(r1), sa = f(s1) € R2\Annpg,(ms) such
that (rZ — s2)mg € Na. Then (r1,79), (51,52) € Ry =/ J and (my,ma) €
M; x¥ JM,y with [(7“1,7“2)2 — (51,82)2} (my,mo) € No¥ and clearly (r1,72),
(s1,52) &€ Annpg, s ((m1,m2)). By assumption,

[(r1,72) + (51, 52)] (m1,m2) € Ny or [(r1,m5) = (s1,2)] (m1,ms) € Ny”
Thus, (r2 + s2)ma2 € Na or (rg — s3)ma € Ny and Ny is an sdf-absorbing
submodule of M>. Now, suppose N5 is a nonzero sdf-absorbing submodule of

M, and note that N3 is also nonzero. Let (r1, f(r1) + j), (s1, f(s1) + ') €
Ry xf J and (my, p(my) +mg) € My x JMs such that

[(r1, f(r1) + )% = (s1, f(s1) +j/)2] (m1, o(m1) +m2) € N©
Then [(f(r1) +7)% = (f(s1) +4")?] (¢(m1) + m2) € N2 and so we have either

[(f(r1) + ) + (f(s1) + 3] (p(m1) +m2) € N2
or
[(f(r1) + ) = (f(s1) + 3")] (p(m1) +m2) € Na.
It follows that either
[(r1, £(r1) + 4) + (s1, f(s1) + )] (ma, p(ma) + ma) € Ny*

[(r1, f(r1) +5) + (s1, f(s1) + 3)] (ma, (ma) + ma) € No*
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and we are done.

(2) Since J ¢ (Na :g, M), (No g, J) is proper in M,. Suppose
Ew is an sdf-absorbing submodule of M; x% JMsy. Let my € My and
ry = f(r1),s2 = f(s1) € Ro\Annpg,(ms) such that (13 — s2)mso € (Ng :ar, J).
Then (r3 — s3)Jms C Ny and so [(r1,72)? — (s1,52)%] (0, Jmz) C N5, More-
over, (r1,72), (s1,52) € Annpg, s ((0,Jma)) as Annyg,(J) = 0. By assump-
tion, [(’/’1,7"2) + (517 52)] (O, ng) - Nz(p or [(’/’1,7"2) — (817 52)] (O, ng) - sto.
Thus, either (ro + sg)Jma C Ny or (rg — s3)Jmg C No. It follows that
(ro + s2)ma € (No :p, J) or (ro — so)ma € (N2 :pr, J) and so (Ng :pg, J) is
an sdf-absorbing submodule of M. O

In Theorem 10, if ¢ is not an epimorphism, then N3 is an sdf-absorbing
submodule of My does not imply that NQW is an sdf-absorbing submodule of
M1 X ? .]Mg

Example 6. Let Ry = My = Ry = Z, My = Z12 and J = (Og,). De-
fine ¢ : My — My by p(z) = 6x and let Ny = (6). Then Ny is an sdf-
absorbing submodule of Ms by Proposition 4. On the other hand N =
{(m1,(m1)) : p(mi) € Na} = {(mq,6my): 6mq € (6)} = My x¥ JMs is
not an sdf-absorbing submodule of My x? JMs,.

Also, the converse of (2) of Theorem 10 need not be true in general.

Example 7. Let Ry = My = Ry = Z, My = Z1s and J = 27Z. Let f :
Ry — Ry, ¢ : My — My be the identity epimorphisms and Ny = (4). Then
(No :pg, J) = (2) is clearly an sdf-absorbing submodule of Ms. But, No is
not sdf-absorbing submodule of My by Proposition 4. Thus, No¥ is not an
sdf-absorbing submodule of My %% JMs by (1) of Theorem 10.

The following example shows that it is crucial that N be a nonzero sub-
module in (1) of Theorem 9 and (1) of Theorem 10.

Example 8. Let R=J =7 and M = Z4. Then N = (0) is an sdf-absorbing
submodule of M by Theorem 8. On the other hand, 0 x J is not an sdf-
absorbing submodule of the (R x J)-module M w J. Indeed, let m = (1,1) €
M wx J =74 X2y, a = (2,0) and b = (0,2). Then a,b ¢ Anngz(m) and
(@ —=b?)m = (0,0) €0 x J but (a+b)m = (a—b)m = (2,2) ¢ 0 x J.

In particular, we have the following corollaries of the previous two theo-
rems.

Corollary 8. Let N be a submodule of an R-module M and J be an ideal of R.
If N x J is an sdf-absorbing submodule of M x J, then N is an sdf-absorbing
submodule of M. The converse is true if N is nonzero.
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Corollary 9. Let N be a submodule of an R-module M and J be an ideal of
R. Then

1. If N is an sdf-absorbing submodule of M x .J, then N is an sdf-absorbing
submodule of M. The converse is true if N is nonzero.

2. If N is an sdf-absorbing submodule of M x J, J € (N :g M) and
Annpg, (J) =0, then (IV :p7 J) is an sdf-absorbing submodule of M.

Declaration: The authors have no relevant financial or non-financial in-
terests to disclose.
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