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Spacelike Bertrand curves in Minkowski
3-space revisited

Hatice Altin Erdem and Kazim Ilarslan

Abstract

In the geometry of curves in E3, if the principal normal vector field of
a given space curve ¢ with non-zero curvatures is the principal normal
vector field of another space curve ¢*, then the curve ¢ is called a
Bertrand curve and ¢ is called Bertrand partner of ¢. These curves
have been studied in different space over a long period of time and found
wide application in different areas. Therefore, we have a great knowledge
of geometric properties of these curves. In this paper, revested results
for spacelike Bertrand curves with non-null normal vectors will be given
with the previous studies on Bertrand curves in E3. Follow this revested
results, the Bertrand curve conditions of a spacelike curve are obtained
in E?. In addition, new curve samples that meet the obtained conditions
are constructed and the graphs of these curves are given.

1 Introduction

Moving Frenet frames have significant place in the geometry of curves in E3.
As a result of the connections among the Frenet vectors located at the op-
posite points of the pairs of space curves, we obtain many special classes
of curves. For example, Mannheim curves, Combescure related curves and
Bertrand curves are some curves in this class. Bertrand curves have a long
history. In E3, the problem of whether the principal normal of a certain space
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curve can be the principal normal of distinct space curve, put forward by Saint-
Venant in 1845 [34], led to the emergence of Bertrand curves. This problem
has been solved by Bertrand in 1850 [5]. In this study, it is proved that for a
space curve to be a solution to the above-mentioned problem, there must be
a correlation between its curvatures. This relationship is Ak +pur =1, A € Ry
and p € R, with the curvature function x and the torsion function 7 of the
given curve.

We can consider the studies published on Bertrand curves in three main
groups. The first group includes generalizations of Bertrand curves in Eu-
clidean space. Some of these studies are as follows. In [28], Pears studied
Bertrand curves in E™ and proved that for n > 3, second or third curva-
ture functions have to zero. Thus Bertrand curves in E™ are degenerate
curves. Accordingly, Bertrand curves must lie in 3-dimensional subspace of
E". In another study, Lucas and Ortega-Yages studied Bertrand curves on a
3-dimensional sphere S? in [22], while Izumiya and Takeuchui proved that a
Bertrand curve in E? is expressed using a spherical curve [17].

In a distinct paper, Matsudo and Yaruzo [24] considered Bertrand curves in
E?. In this paper, they showed that there are no special Bertrand curves (for
curves with all nonzero curvature functions) and they defined a new Bertrand
curve class that entered the literature as (1, 3)-Bertrand curves. For Bertrand
curves in E”, the following studies can also be considered [9], [13].

In the second group, we can talk about the studies carried out for the spaces
equipped with Riemannian or pseudo-Riemannian metrics instead of Euclidean
metrics and studies in three or higher dimensional real and Lorentz space forms
[14], [20], [23]. We see that studies for Bertrand curves in Euclidean space (for
dimensions 3, 4 and n) are intensely carried out, especially in E}, Ef and E?
[3],[4], [11], [12], [16], [18], [31],[30], [32], [33] and Galilean and pseudo-Galilean
3-space[26], [27].

The studies in the third and last group are the applications of Bertrand
curves to the theory of surfaces [29], [35], [36] and the studies that bring a
new perspective to Bertrand curves. Although there are intensive studies on
Bertrand curves, examples of Bertrand curves are very limited. New Bertrand
curve examples have been added to the literature, especially thanks to the
new perspective brought to Bertrand curves in E* by Camci et al [6]. They
also showed that general helix curves (curves with constant curvature ratio)
can also be Bertrand curves.

In this study, we give a new revisited results for a spacelike Bertrand
curves with spacelike or timelike normals in E$. Follow this revested results,
the Bertrand curve conditions of a spacelike curve with non-null normals are
obtained in E$. In addition, new curve samples that meet the obtained con-
ditions are constructed and the graphs of these curves are given.
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2 Preliminaries

The Minkowski 3- space (or Lorentz-Minkowski 3-space), E3, is the standart
real vector space R? accoutred with the Minkowski scalar product given by

g(ﬁ, 7) = —u1v1 + U2 + U3V3,

where U = (u1,ug,us) and V= (v1,v2,v3). Since g(.,.) is an indefinite
metric, there are three different cases for the causal character of an arbitrary
vector W € Eg\i:)O} It is a spacelike vector if g(W W) > 0, it E) a timelike
vector if g(W W) < 0 and it is a null (lightlike) vector if g(W, W)

Additionally, the vector W = (0,0, 0) is considered a spacelike vector. A real

number defined as ||W/|| =14/ |g(ﬁ>/, W/)| > 0, determines the norm of the vector

W It g(ﬁ, 7) = 0, then the vectors T and V are said to be orthogonal.
The velocity vector of the curve determines the causal character of a regular
curve. Namely, a random regular curve ¢(s) in E$, can locally be spacelike
if its velocity vector ¢'(s) is a spacelike vector, can locally be timelike if its
velocity vectory’(s) is a timelike vector and can locally be null(lightlike) if its
velocity vector ¢'(s) is a null vector [19], [21], [25].

For a null(or lightlike) curve @,if g(¢”(s),¢"(s)) = 1 is satisfy then the
curve is called parameterized by pseudo-arc s. In this instance, the null curve
is called a Cartan null curve. if g(¢'(s), ¢’(s)) = 1 is provided then the curve
is called a unit speed curve [10], [21], [25].

The set {T, N, B} consist of the tangent vector T, the principal normal
vector N and the binormal vector B along a curve ¢ in E? is called the
moving Frenet frame. With respect to the causal character of the given curve,
the equations expressing the derivatives of Frenet vectors in terms of these
vectors and curvature functions are called Frenet equations. We can give
these equations as:

Case A. If ¢ is a timelike or a spacelike curve with non-null normals,
Frenet equations can be expressed as follows [19], [21]:

T/ 0 EoK 0 T
N | =| —e16 0 o7 N (1)
B’ 0 —&9T 0 B

here « is curvature and 7 is torsion functions of the curve. Accordingly, let us
put,
g(T,T)=e1==1,9g(N,N) =¢9 ==+1,9(B,B) =e3 = =+1

and
9(T,N) =g(T,B) = g(N,B) =0.



SPACELIKE BERTRAND CURVES IN MINKOWSKI 3-SPACE REVISITED 90

Case B. If ¢ is a Cartan null curve the Frenet equations can be given as
[10], [15]:

T 0 O T
N | =] -1 0 —& N (2)
B’ 0 7 O B

where xk = 0, the curve is a straight line and in all other cases kK = 1. Also, let
us put:

9(T\T) = g(B,B) = g(T,N) = g(N,B) = 0,9(N,N) = g(T, B) = 1.
We will use the definitions and results given below later.

Definition 1. If the principal normal vector field N of a curve makes a con-
stant angle with a fixed direction in E$, the curve is called a slant helix [2],
[17].

Lemma 1. Let ¢ be a unit speed spacelike curve with timelike N in E3. Then
@ s a slant heliz if and only if the geodesic curvature of the spherical image
of principal normal indicatriz (n) of ¢,

()
o=——"=3\7)>
(12 + K2)2 \K
is constant and 7> + k* # 0 [2].

Lemma 2. Let o be a unit speed spacelike curve with spacelike N in E3. Then
p is a slant helix if and only if geodesic curvatures of the spherical image of
principal normal indicatriz (n) of ¢,

()
O=——"""=3\7)>
(12 — K2)2 \K
is constant and 7% — K% # 0 [2].
Definition 2. If the position vector of a curve always lies in its rectifying

plane,then the curve is called a rectifying curve [7], [8].

3 Spacelike Bertrand Curves in Minkowski 3-Space re-
visited

In this part, spacelike Bertrand curves with non-null normals in E3 will be
discussed with a new approach. First, let’s start by giving the notion of
Bertrand curve in this space.
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Definition 3. In Minkowski 3-space, if the principal normal vector fields at
the opposite points of a given unit speed curve ¢ with non-zero curvatures and
another space curve ¢* are linearly dependent, then the curve ¢ is called the
Bertrand curve and the other curve ¢* is called the Bertrand partner curve of

@Y .

We assume that ¢ is a spacelike Bertrand curve with the Frenet frame
{T, N, B} and non-zero curvatures &, 7, and ¢* is a Bertrand partner curve of
¢ with the Frenet frame {T*, N*, B*} and curvatures x*, 7% in E3. According
to the new approach, ¢* can be given in the form below:

@* (s7) = " (f (s)) = ¢ (s) + 11 () T (5) + p2 (5) N (s) + 3 (s) B (s)

where py (s), u2 (s) and ps (s) are differentiable function on I. Since ¢ is a
spacelike curve with spacelike IV, one of the following situations is possible for
the Bertrand partner curve ¢* of :

(1) ¢* is a timelike curve,
(2) ¢* is a spacelike curve with spacelike principal normal vector,
(3) ¢* is a Cartan null curve.

We will assess all situations severally in the following theorem.

Theorem 1. Let ¢ be a unit speed spacelike curve with spacelike principal nor-
mal with the non-zero curvatures k,T in E}. Then the curve ¢ is a Bertrand
curve with Bertrand partner curve ¢* if and only if one of the following con-
ditions are met:

(i) there are differentiable functions u1, ps and ps such as

psT = iy + 3)
Hz = H2T

or there are differentiable functions p1, pa, ps and h € R providing

M:g—NQT?é 0
Ho + 1Kk = u3T
1+M/1_N2"€: h(ﬂé_li27'> (4)
hr—xk# 0
he —1# 0
1—-h?*> 0

In this situation, the Bertrand partner curve ¢* is a timelike curve.
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(ii) there are differentiable functions py, po and ps providing

3T = 5+ 1K
R - Ho T H (5)
pg — poT = 0

or there are differentiable functions p1, po, ps and h € R providing

M%—MzT# 0
[y + 1k = psT
1"’#/1 — M2k = h(ﬂ;, _,U27') (6)
ht —rk# 0
hk —1# 0
1-h*< 0

In this situation, the Bertrand partner curve ¢* is a spacelike curve with space-
like N.

(iii) there are differentiable functions ui1, o, ps and real numbers v, h = +1
providing
pig = prom # 0
o+ ik = paT
Lt pg — pak = h(M:s_,UQT)
g — MzT‘ = 7 |hs -7
he —17# 0
hs+1# 0

In this situation, the Bertrand partner curve ¢* is a Cartan null curve.

Proof. Let’s admit that ¢ is a spacelike Bertrand curve given by its arc-length
s and non-zero curvatures k, 7 and the curve ¢* is the Bertrand partner curve
of ¢ given by its arc-length or pseudo arc s*. So, the curve ¢* can be stated
by

" (s7) =" (f(5) = ¢ (8) + p1 ()T (s) + pa (s) N (s) + 3 (s) B(s) (8)
for all s € I where u (s), p2 (s) and ps (s) are differentiable functions on 1.

(i) Let ¢* be a timelike curve. If the derivative of equation (8) is taken accord-
ing to the parameter s and using the equations (1), we get

fr = (1 + oy — /«Lzﬁ) T+ (//2 + ik — uw) N+ (/fg - uzT) B (9)
If the equation (9) is multiplied by N, we find

[sT = iy + K (10)
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If we write instead of (10) in (9), we obtain
fr= (Hul ,,M)T+ (uéfuzT)B (11)

If the equation (11) is multiplied by itself, we get

N 2 ’ 2 ’ 2
(f ) = (us - MzT) - (1 + g — uzﬁ) (12)
If we take , ,
1+ py — pok Mg — HaT
b=——"F— ,y=—"7F— 13
7 gl 7 (13)
we get from (11)
T = 6T + B, (14)

if the derivative of equation (14) is taken according to the parameter s and
using (1), we find

f RN = 6/T+(5/<;—77')N—|—'7/B. (15)
If the equation (15) is multiplied by N, we obtain
§=0 and 5 =0. (16)

Firstly, we suppose that v = 0 . Then we have ,u;, — ueT = 0. Now we
suppose that v £ 0 . So,

L+ pty — pors = h (ué - uzT) (17)

where h = 0/~. If we put equation (16) in (15), we get

fK*N =6k —~7)N (18)
If the equation (18) is multiplied with itself, and handling (10) and (11), we
get
5 2
, w2 (hs—T)
(7)) = =5 (19)
where hix — 7 # 0 and 1 — h? > 0. If we write instead
0Kk — T
)\ =
[

we have
N* = \N. (20)
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If the derivative of equation (20) is taken according to the parameter s and
using equation (1), we get

'"T*B* = AT + A N — A\rB — f'v*T* (21)
where A" = 0. If we reconsider the equation (21) by using (9), we obtain
B *=P((s)T+Q(s)B (22)
where
(hk — 1) (,u ugr) ht — k)
(f)* wr (1= h2)
(hk — 1) ( ugT) (ht — k) h
(/)R (1= h?)
Consequently, we get hT—k # 0. Conversely, let ¢ be a spacelike curve given by
its arc-length s with non-zero curvatures x, 7. Firstly assume that ¢ satisfies

the equations (3) for differentiable functions p1, g and p3. So, a curve ¢* can
be stated as

@ () =" (f(5)) = @(s) + pa () T (s) + p2 () N (s) + 3 () B (s) . (23)

If the derivative of equation (23) is taken according to the parameter s, we
arrive

Qs) =

dy* /
- — (1 Yo — ,m) T. (24)
By using (21), we obtain
’ d * /
f Z‘ 2| =ma <1+M1—M2f€> >0
ds

where my = sgn (1 + ull — ,um). Then we obtain

T* = mlT
N* = mlmgN
B* = mlmgmgB
and
moK
K = 7
7_* _ msaT
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where mqo, m3 = £1. Therefore the curve ¢ is a Bertrand curve and the curve
©* is a timelike Bertrand partner curve of the curve .

Now, assume that ¢ satisfies the equation (4) for differentiable functions
W1, po, 3 and h € R. Then, a curve ¢* given by

@* (s7) = " (f (s)) = ¢ (s) + p1 () T (s) + pa () N (s) + 3 (s) B(s) (25)

if the derivative of equation (25) is taken according to the parameter s, we

have
*

ddi = (1 + oy — uzfi) T+ (ué - MzT) B. (26)

Thus, the following equation is obtained

/ H et _ ny (ulg - [1,27') V1—h? (27)

f:ds

where ny = sgn (u; — u27'>. Rewriting (26) , we get

ni
T"= ——(hT'+B g (T, T*) = —1. 28
= T+ B) g (1" 17) (28)

If the derivative of equation (28) is taken according to the parameter s, we get

dr*  ny (hk —1)

= 7 29
= (29)
so we obtain
o |[dT]| _ no(hk —T) (30)
Clds | VT —R2
where no = sgn (hk — 7). Thus, we obtain N* as
N*=ninagN, g(N*,N*)=1. (31)

If the derivative of equation (31) is taken according to the parameter s and
considering the equations (28), (29) we obtain

dN* ning (hT — K)
— =T = —~—— 2 (T+hB 32
ds= 71— n2) (T +hB) (32)
which bring about that

«_ n3(ht — k)

O fV1I-R2
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where n3 = sgn (hr — k). Finally, we define B* as

ningnsg
B* = —— (T+hB
T2 )

g(B*,B") = 1.

Then ¢* is a timelike curve and Bertrand partner curve of ¢. Thus ¢ is a
Bertrand curve.

(ii) Let ¢* be a spacelike curve with spacelike principal normal. In this case,
the proof of the theorem can be done in the same way as the proof the case
when ¢* is timelike.

(iii) Let ¢* be a Cartan null curve. Then, if the derivative of equation (8) is
taken according to the parameter s and using the (2), we get

fr7 = (1 + iy — uzfi) T+ (/1/2 + s — usT) N+ (ué - /m) B.  (34)
If the equation (34) is multiplied by N, we have

3T =y + pk (35)
By using (35) in (34), we find

frr= (1+/l/1 *szi)TJr (ME&*MT) B. (36)

If the equation (36) is multiplied with itself, we get

’ 2 ’ 2
(1 + = M2"€) = (Ns - M2T) (37)
and ) )
L+ py —pok =h (Ms *HzT)
where h = £1. If we take

6:,LL37/1427'

7o (38)

and writing (38) in (36), we get
T* =6 (hT + B). (39)

If the derivative of equation (39) is taken according to the parameter s and
using (2), we obtain

f'N* =6 (hT + B) + 6 (hx —7) N. (40)
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From (40), we get
§ =0 and hk—7#0. (41)

Substituting (41) in (40), we get
fN*=6§(hk—7)N (42)

If the equation (42) is multiplied with itself, using (36) and (37), we have

’

,u3—/127‘ =62 |hk — 7. (43)

Also, since N* = £N, we have
—7*T* — B*=+(—kT —7B)

and
2 2

2T =K* =7
which implies that hx — 7 # 0.

Conversely, let ¢ be a spacelike curve parametrized by arc-length s with
non-zero curvatures x and 7. Assume that ¢ provides the conditions of (7)
for differentiable functions p1, po, g3 and real number h = +1. Now, we can
describe a curve ¢* as

@ () =" (f(5)) = @ (s) + pa () T (s) + p2 () N (s) + 3 () B (s) . (44)

If the derivative of equation (44) is taken according to the parameter s, we
find

dj; = (MIB — ILLQT) (hT + B) (45)
and Lo ,
Tsi = (u; - ,m) (hT + B) + (u; - MzT) (hk —T)N

which leads to that
f, =4/ ma (u;’ —MQT)\/mg (h —T) (46)

where mo = sgn (,uf3 — /142'7—) and mgs = sgn (hk — 7). Rewriting (45) , we get

T* = mud (KT + B), g(T*,T*) = 0. (47)
where my = sgn (9). if the derivative of equation (47) is taken according to
the parameter s, we get

dr*  mgd (hk —7)

pe 7 N =mgmyN , k' =1 (48)
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Thus, we obtain N* as

N*=mgmyN, ¢g(N*,N*)=1 (49)
So we obtain
my
B* = — (-hT+ B
—o5 ("hT + B)
g(B*,B*) = 0
g(T*,B*) = 1

Lastly, we get

dN* ms (hk +7)
* — B* — O
Ty ( ds*’ ) oY
Then ¢* is a Cartan null curve and a Bertrand partner curve of ¢. Thus ¢ is
a Bertrand curve. O

Theorem 2. Let ¢ be a unit speed spacelike curve with timelike principal
normal vector and the non-zero curvatures r,T in E3. Then the curve ¢ is
a Bertrand curve with Bertrand partner curve ¢* if and only if one of the
following condition holds: there exist differentiable functions pi, pe and ps
providing

, ik = /U‘/2 + H3T (50)
pg+ per = 0
or there are differentiable functions 1, po, ps and real number h providing
pig + pioT # 0
H1K = Hg + 3T
L+py —pek= h (MS + MQT) (51)
hr—xk# 0
he —1# 0
h# 0

In this situation, the Bertrand partner curve ¢* is a spacelike curve with time-
like N*.

Proof. We omit the proof since it is similar to the proof of theorem 1. O
Corollary 1. Let ¢ : I C R — E3 be a Bertrand curve with the Frenet frame

{T, N, B} and the curve ©* be a Bertrand partner curve of ¢ with the Frenet
frame {T*,N*,B*}. If ¢ is a slant heliz, then ©* is a slant heliz if and only

if
fi5(s) — p2(s)7(s) = constant

where, p3(s) = g(¢*, B) and p2(s) = g(¢*, N).
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4 Examples

In this section, examples for Bertrand curves and Bertrand partner curves
are constructed according to the new approach described above. Spacelike
rectifying curve examples are taken from [1].

Example 1. Let ¢ : I C R — E3$ be a spacelike Bertrand curve with the
curvatures k(s),7(s). In this case, the conditions of theorem 1. are satisfied.
By taking ps = po € R. So, we get,

ik = 3T
L4y —por = h (ué *MOT)
which implies that

k(s —po [ (k— h1)ds)

hk —1
1 (s) (s — Moh,{(f; hT) ds) .

Thus we get the Bertrand partner curve ¢* as follows

7 (s — po [ (k= h7)ds)
hk —T

k(s —po [ (k— h1)ds)

hk — T

©*(s) = p(s)+ B(s).

T(s)+poN(s)+

Here the Bertrand partner curve ¢* is spacelike, timelike or null, respectively
if h2>1,h2<1lorh?=1.

Example 2. Let us assess a spacelike curve in E$ with the equation

p(s) = % (Sinh V/3s, cosh \/§5,38>

3 3

with the curvatures xk = and 7 = —% and the Frenet frame as

SS

T(s) = \% (COSh V/3s,sinh v/3s, \/§> ,

N(s) = (sinh V/3s, cosh v/3s, 0) ,
B(s) = ! (\/gcosh V/3s,V/3sinh v/3s, 1) .

S
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(i) If we take py = —1,p = V6,3 = % and h = _—\/25 in (i) of theorem 1,
then we get the curve ¢* as follows;

P (s) = (7 sinh v/3s, 7 cosh v/3s, 35 — 2) .

1
V23V6

After careful and exhausting calculations, we acquire

T*(s) = <ﬂ005hfs fblnh\fs \/\/;6>’

N*(s) = <sinh V/3s, cosh \/55,0) ,
B =\ Vi V6 Vi

It can be easily checked that the curve p* is a

N

icosh\fs \[blnh\[s )

and k* = T3, 7 = —
timelike Bertrand partner curve of the curve .

5
[=>]

(ii) If we take puy = /3, o = 3\/5,,113 —land h = in (4¢) of the theorem

1, then we get the curve ¢* as follows;

%\

* _ (38—}—2\/»)
©*(s) = <\/gsmh\fs \[cosh\f 7 )

After careful calculations, we get

V2 % V2
N*(s) = (Sinh V/3s, cosh \/35,0) ,

T*(s) = < cosh v/3s, slnh\[s 3\[> ,

B*(S)z( ?}[c%hxfs \/\(blnh\[b’ \[>

= 53 Easily checked that the curve ¢

and k* = 5 T =

Bertrand partner curve of the curve .

* is a spacelike

e
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(i) If we take p1(s) = (\% - 3+\[) S, g = 1, us(s) = (—i + 3+3\/§> s and
h =1 in theorem 1, then we get the curve ¢* as follows;

S

©*(s) = (—smh\/_s = coshV/3s, — V3 )

After careful calculations, we acquire

(%cosh\/_s \/_smh\/—s \/_>,

N*(s) = (sinh V/3s, cosh \/53,0) ,
B*(s) = (—ﬁcosh\/_s \/_smh\/_s £>

and k* =1, 7% = —%. FEasily checked that the curve ¢* is a Cartan null
Bertrand partner curve of the curve ¢.

T*(s)

Figure 1: The red graphic is ¢, the blue graphic is the timelike Bertand partner
curve, the green graphic is the spacelike Bertand partner curve and the black
graphic is the null Bertand partner curve in Example 2

Example 3. Let us consider a spacelike general helix in E} with the equation

85 85 53
e®= (-5 -5+55)
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with the curvatures x(s) = s and 7(s) = —s and the Frenet vectors as

stost 52
T(s) = (_8’_8 +1, 2) )

4 4 .2
B(S): _i_la_iai .
8 8" 2

(1) If we take pq(s) = % — 2 e =1, p3(s) = —% + 28 and h = § in (i) of

theorem 1, then we get the curve ¢* as follows;

“(s) 5 2s s5+ss3+1
s)l={-———,—+=,— .
4 0 37740 36

After correct calculations, we obtain

ey [ VY3t 2V VBst VB VB
W={"% "3 "% T3 5 |

. 5?2 2
N (S) = <_27_27 )7

84 84 82
B*(S)_<¢§ Vi V3 2\/§\/§>

- s 3 8 37 2

and k*(s) = 3s, 7%(s) = —3s. Easily checked that the curve ¢* is a timelike
3

Bertrand partner curve of the curve .
2 2

(ii) If we take p1(s) = %5 + 28,2 = 1, u3(s) = —% — 2s and h = —5 in (ii)

of theorem 1, then we get the curve ¢* as follows;

5 5 3
©*(s) = (—L)+2s7—i)+3s,2+1>.

After correct calculations, we find
4 2 4 2
T*(s) = (_S L2 3 8) ’
8V5 V5 85 VB 2v5

N 5?2 s?
N (S) = <_27_271) 3
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w5t 3 st 2 st
B(S)‘< VARV \/5’2\/5>

and k*(s) = ¢, 7%(s) = —zEasily checked that the curve * is a spacelike
Bertrand partner curve of the curve ¢.

(131) If we take p1(s) = —i—;+f—;+82—8 s H2(s) = —§+§7M3(5) = %_%+32
,v=1and h =1 in (4i¢) of theorem 1, then we get the curve ¢*as follows;

36 86 54
¢ =5t T)

With correct calculations, we have,

4 4
T*(s) = <_SZ _1, _SZ T 1,s2> ,

N = (-5.-5.1).
B (s) = (%%o)

and k* = 1, 7% = 0. Easily checked that the curve ¢* is a Cartan null
Bertrand partner curve of the curve .

Figure 2: The red graphic is ¢, the blue graphic is the timelike Bertand partner
curve, the green graphic is the spacelike Bertand partner curve and the black
graphic is the null Bertand partner curve in Example 3.
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Example 4. Let us consider a spacelike general helix in E} with the equation

p(s) = (112 (165 + 55 — 10Ins) \gg (454 s* —2Ins) ,g (s® +21n5)>

with the curvatures k(s) = B—‘C and 7(s) = 2 and the Frenet frame, with
timelike principal normal vector as
2 5 V5(s24+2s—1 VB (s2+1
T(s) = 5s -Eis 5 ( . )7 (gs )

s2 $2 _ g2
N(S): (7\/5(23+1)77 :17123 )
B(s) = (‘/5(152”5) 2-25% 455 _1+52>

3s ) 3s ’ 3s

If we take uq(s) = 31\‘;1115 25,412 = 1,p3(s) = £Ins — v/5s and h = in

theorem 2, then we get the curve ¢* as follows;

a\

12s
6— Gs 2 4/5s3 + flns
12s

( (61/54(56+61/5)s> —5s° e 25+84f) lns —6-2 3+7f)s +1/553 L= 21+f)1ns )
@ (s) =

With correct calculations, we acquire

3\/5 os( 5+s(—2845s)) \/§(73+\@s)(7177s+52) \/g(f?)Jr\/gs)(lJrsg)
6/30s2 /54255 352, /54 2=55e 62y /5255
( f(s+1) 8241 1- 5)
s 7 2s
—3v5+55)(—59+5(—28+59s)) (—3v5+55)(—59+s(—35+59s)) 59(—3+5s)(1+s7)
18Va6s2 /54265 0VaBs2\/5+2=552 7 18VaBs2 /54 255
and k*(s) = %, T(s) = 6(35\\/2 3 Easily checked that the curve

™ is a spacelike Bertrand partner curve with timelike principal normal vector
of the curve .
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Figure 3: The red graphic is ¢, the blue graphic is the spacelike Bertand
partner curve with timelike principal normal vector in Example 4.

Example 5. Let us consider a spacelike rectifying slant helix in E$ with the
equation

¢ (s) = (—sinh(1)v1 + s2, cosh(1)v/1 + s2 cos[sech(1) arctan(s)] , cosh(1)v/1 + s2 sin[sech(1) arctan(s)])

with the curvatures k(s) = tanh() and 7(s) = stanh()) ;nd the Frenet frame,
(1+52)3 (14523
with timelike principal normal vector as
T(s) = _Si;l-};(sg)sv \/1+72 (cosh(1)s cos[sech(1) arctan(s)] — sin[sech(1) arctan(s)]),
1 — (cos[sech(1) arctan(s)] + cosh(1)s sin[sech(1) arctan(s)])
N(s) = (cosh(1), — smh( ) cos[sech(1) arctan(s)], — sinh(1) sin[sech(1) arctan(s)])
B(s) = - S\I/Iﬁ_%, = (cosh(1) cos[sech(1) arctan(s)] + s sin[sech(1) arctan(s)]),
(s cos[sech(1) arctan(s)] + cosh(1) sin[sech(1) arctan(s)])

If we take fi1(s) = %“) one =1, pa(s) = S0 — = and h =1 in

of theorem 2, then we get the curve p* as follows;

) —1+s
_ cosh(1)v1+4s2 sin[sech(1) arctan(s)]
—1+s

(p* (S) B < sech(l) + smh(_li—i_\/s +s52  cosh(1)vV1+s cos[sech(l)arctan(s)]’ )
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After correct calculations, we acquire

—sinh(1) (1 +s),
T*(s) = ﬁ cosh(1) (1 + s) cos[sech(1) arctan(s)] + (—1 + s) sin[sech(1) arctan(s)],
VeV (=1 + s) cos[sech(1) arctan(s)] + cosh(1) (1 + s) sin[sech(1) arctan(s)]

N*(s) = (— cosh(1),sinh(1) cos[sech(1) arctan(s)], sinh(1) sin[sech(1) arctan(s)]),

—sinh(1) (=1 +s),
B*(s) = ﬁ cosh(1) (—1 + s) cos[sech(1) arctan(s)] — (1 + s) sin[sech(1) arctan(s)],
VeV (1 + s) cos[sech(1) arctan(s)] 4+ cosh(1) (—1 + s) sin[sech(1) arctan(s)]

and k*(s) = w T*(s) = tanh(l)(_1+s)32(1+s). Easily seen that the
2(1+s2)2 2(14s2)2

curve @* is a spacelike Bertrand partner curve with timelike principal normal

vector of the curve ¢.

Figure 4: The red graphic is ¢, the black graphic is the spacelike Bertand
partner curve with timelike principal normal vector in Example 5.
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