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Some Fixed Point Results for Sehgal-Proinov
Type Contractions in Modular b—Metric Spaces
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Abstract

In this paper, inspired by Proinov type contractions, we intend to
acquire novel definitions and results that expand Sehgals [3] metric fixed
point theory in the sense of modular b—metric space. To demonstrate
the theorems, we employ a general form of (a, 8) —admissible and multi-
valued mappings and obtain some general results for single-valued map-
ping in the context of modular b—metric space.

1 Introduction

In the course of this study, the notations N, Z*, and R, will symbolize the set
of natural numbers, the set of positive integers, and the set of all non-negative
real numbers, respectively.

Let Q be a nonvoid set and F,8 : Q — Q be self-mappings. Thereby, the
following ones represent the set of fixed points of F and the set of common
fixed points of F and 8, respectively:

o Fiz(F)={jeQ: Fi=j}
e Cpiz (F,8)={€Q: Fj=8 =j}.

Key Words: Modular metric space, Multi-valued mapping, Proinov-type function, Seh-

gal type contraction
2010 Mathematics Subject Classification: Primary 47H09, 47H10; Secondary 54H25.
Received: 26.09.2022

Accepted: 07.02.2023

61



SEHGAL-PROINOV TYPE CONTRACTIONS IN MODULAR b—METRIC SPACES 62

Also, let P (Q) be the family of all nonempty subsets of Q and let F,8 : Q —
P (Q) be a multi-valued mapping. So, the following one is the set of fixed points
of multi-valued mapping F and the set of common fixed points of multi-valued
mappings of F and 8, respectively:

° MF“U(:‘F):{]EQ ]E?(])},
o ME,(F.8)={j€Q:jeF() andj € 8(j)}.

The Banach fixed point theorem [1] has been one of the remarkable and
most productive consequences of metric fixed point theory, which put forward
that every mapping F on a complete metric space (Q,d) satisfying for all
j,s €Q

d(9,Fs) <<d(j,s), where ¢ (0,1) (1)

owns a unique fixed point, and for every jo € Q, the sequence {F"jy} conver-
gence to this fixed point.

A natural generalization of Banach’s fixed point theorem is Bryants fixed
point theorem [2], proved by Bryant in 1968, as noted below.

Theorem 1.1. [2] Let F: Q — Q be a self-mapping on complete metric space
(Q,d). If so, the set Fix (F) owns ezactly one element provided that TN is a
contraction mapping for some N € Z7.

One can clearly say that 7V is continuous. However, the fact that TV is
continuous does not necessarily mean that F is continuous. Bryant gave an
example illustrating this observation in [2].

In 1969, Sehgal [3] asserted a novel result, an extension of Theorem 1.1,
with respect to “the contractive iteration of each point” in the sense of com-
plete metric space, as follows.

Theorem 1.2. [3] F: Q — Q be a continuous self-mapping on a complete
metric space (Q,d) and q € [0,1). If there ezists n =n (j) € Z* for eachj € Q
such that

d (705,505 ) < qd j.5). 2)

for all s € Q, the set Fix (F) possesses exactly one element.

Moreover, Sehgal [3] came up with an example, which not satisfy the in-
equality (1), that is, not a contraction, yet it admits (2) and owns a fixed
point. Subsequently, Guseman [4] removed the continuity condition on the
mapping and resubmitted the results. In 2018, Algahtani et al. [5] verified the
subsequent common fixed point theorem regarding Sehgal’s consequences in
complete b—metric space (see definition 1.8 for b—metric spaces), as indicated
below.
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Theorem 1.3. [5] Let F, 8 be two self-mappings on a complete b—metric space
(Q,b,h). For eachj,s € Q, if x € (O, ﬁ) consists such that , n(j), m(s) €
7T exists such that

d (?”(j)j,Sm(s)5> <x [d G,5) + ‘d (j,&""(j)j) —d (s,sm(5>5) H :
Thereby, F and & possess exactly one common fixed point.

Also, for the latest study involving Sehgal’s fixed point result, refer to
(6]-[11).

Proinov [12] recently constituted a novel and interesting contraction con-
dition in a metric space, as many authors have tried to put forward in metric
fixed point theory. Proinov indicated a fixed point theorem, considering proper
auxiliary functions, which develops and has various consequences in the sub-
stantial literature.

Definition 1.4. [12] Let ¥ : Q — Q be a mapping defined on a metric space
(9,d). Presume that X,Q : (0,00) — R are two functions such that the
features

(p1) X is a non-decreasing function,
(p2) Q2 (a) < X (a) for all a > 0,

(ps) limsupQ (a) < X (ap+) for any ag >0

a—ag+

are provided. Thereby, for all j,s € Q, if the inequality
X (d(95,Fs)) <Q(d(.9)),
is satisfied, the mapping JF is termed a Proinov type contraction.

Theorem 1.5. [12] Presume that F : Q — Q is a Proinov type contraction
defined on a complete metric space (Q,d). The set Fix (F) includes just one
element.

Diverse fixed point consequences appear in the literature, including Proinov
type contraction. Some instances of these studies are [13], [14], and [15].

In 2014, Alizadeh et al. [16] gained the construction of cyclic
(ar, B) —admissible mappings to the literature.

Definition 1.6. [16] Let F be a self-mapping defined on a nonempty set Q
and «, 8 : Q — R, be two functions. F is a cyclic («, 8) —admissible mapping
if the given two circumstances
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(i) a() =21 = a(J) =1,
(ii) a () >1 = a(d) =1
are provided for some j € Q.

Subsequently, Latif et al. [17] have generalized Definition 1.6 as indicated
below by taking notice of two self-mappings.

Definition 1.7. [17] Presume that Q is a nonvoid set, the self-mappings F, §
be defined on this set, « and § are two functions from Q to Ry. (F,8) is a
cyclic (o, 8) —admissible pair provided that the subsequent two situations are
ensured:

(1) a(j) 21 = a(F) > 1,
(i) a(l) 21 = a(8j) > 1,
for some j € Q.

Remark 1. If § = J in the definition afore, Definition 1.6 is achieved.

In addition to introducing new contractions to the fixed point theory, the
extension of the concept of a metric was of great interest to the authors, and
many studies have been done in this direction. One of these is the naturally-
formed b-metric function, which appears first in Bakhtin’s [18] study and then
in Czerwik’s [19, 20].

Definition 1.8. [19] Assume that Q is a nonempty set and & > 1 is a real-
valued constant. For all j,s,v € Q, if the circumstances

(1) b(,8) =0&j=s,
(b2) b(]vs) = b(ﬁ,j)7
(b3) b(,8) <D (,v) +b(r,8)]

are satisfied, the mapping b : Q x Q — R is termed as b—metric. The pair
(9,b) is entitled b—metric space.

If h =1, the b—metric is treated as a metric function.

Furthermore, outside of the continuity, nearly all of the topological features
of b—metric space are counterparts to the metric ones. The following crucial
lemma is fundamental for employing the continuity of b—metric.
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Lemma 1.9. [21] Let the triple (Q,b,h > 1) be a b—metric space. Presume
that the sequences belong to the space {j;}, {s,} convergence to j, s € Q,
respectively. Then

ﬁb G,8) < hérggjlfb()j,ﬁs) < h;r;s;ipb(h,sé) < h%(;,ﬁ).

Especially, if j = s, then lim b (j;,s;) = 0. Also, for v € Q, we attain
3—00

%b (,0) < liyinf' (G5,©) < limsupb (55, ) < i 3,1).

3—o0

The studies [22]-[25] by Chistyakov constitute the basis of the studies on
modular metrics, a very recent and intriguing concept.

Primarily, let .# : (0,00) x Qx Q — [0, 00| be a function provided to be the
Q is a nonempty set. If so, for clarity, we will prefer the notions of .#, (j,s)
rather than . (k,j,s) for all Kk > 0 and j,s € Q.

Definition 1.10. [23, 24] Presume that Q is a nonempty set. The mapping
A 2 (0,00) x Q x Q — [0,00] is entitled to modular metric provided that the
circumstances are provided for all j,s,v € Q, and k,5 >0

(M) M, (j,5) =0 if and only if j = s,
(M) My (5,5) = My (5,)),
(M3) Myss (3,8) < M (),¢) + A (¢, 5).

Thereupon, (Q,.#) is a modular metric space abbreviated as mms.
Instead of (1), if we consider the following statement, then .# is a (met-
ric) pseudo-modular on Q for all x > 0

(') A, (,5) = 0.

Moreover, .# defined on Q has the property of regularity if the new statement,
which is a weaker version of (.#1), for some k > 0,

(.#,") j = s if and only if ., (j,j) = 0

is provided. The function .#, owning the following feature if for x,¢ > 0 and
j,5,t € Q, is termed a convex modular on Q

R K . S
Moy (§,8) < m///n (G,v) + mﬁc (t,5).
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On the other hand, whenever . is a metric pseudo-modular on a set Q,
the function k — #,; (j,s) is non-increasing on (0,00) for any j,s € Q. For
0 < ¢ < K, it is verified that

M (3,8) < M (3,]) + A (j,8) = A (5, 5) -

Definition 1.11. [23, 24] Consider .# is a pseudo-modular on Q and j, be
a fixed element belonging to Q. Thereby, the following sets are mentioned as
modular spaces (around jg):

¢ Qs=940G0)={1€9Q: 4, (j,jo) > 0} as kK — o0, and
e 0*, =0* (jo) ={j € Q:3x = k(j) > 0 such that ., (j,jo) < co}.

Note that Q 4, C Q*,, but it is not in general. Accordingly, from [23, 24],
a (nontrivial) metric d_z, which is presented in follows and generated by the
modular ., for any j,s € Q 4

d#(,s) =inf{k > 0: A4, (j,s) < Kk}

is identified on Q_,. Furthermore, if we consider a convex modular .# on Q,
then Q 4 = Q*, thereupon, these sets are endowed with the metric

d*,(G,s) =inf{k > 0: .4, (j,s) <1},
withal proverbial as the Luxembourg distance, for any j,s € Q 4.

Definition 1.12. [23, 24] Let Q*, be an mms, {jz};,eN € 9%, be a sequence,
and Y be a subset of Q% ,.

L {i;} SN is an .# —convergent sequence to j € Q*, if and only if for all
k >0, A, (j;,)) = 0, as n tends to infinity, and the point j is named

the ./ —limit of {j;}, .

2. If lim . (jyjm) = 0, for all x > 0, {j;}
3,m—00
M —Cauchy sequence.

SN in Q*, is named as an

3. If any .#—Cauchy sequence .# —convergences to the element of Q*,,
Q*, is termed an .# —complete space.

4. The set Y is .4 —closed, provided that the .# —limit of an .# —convergent
sequence of Y always belongs to Y.

5. 3:Q*, — Q*, is an .# —continuous mapping if .#,; (j;,j) — 0, provided
to A, (Fi;,T5) = 0 as k — oo.
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6. Y is an .#—bounded set, provided that

0. (Y) =sup{A (j,5) :j,s € Y} < 0.

7. Yis an .# —compact set if, for any {j5}3€N in Y, there exists a subsequence
{jéé} and a point j in Y such that .#; (j;,é,j) — 0.

8. . holds the Fatou property < for any sequence {jz};,eN in Q*,
M —convergences to .4, then

A (j,5) < liminf . (j;,s)
3—00

for any s € Q*,.
Definition 1.13. [26] The modular .# fulfills the Ay—condition if the con-
dition
(D) lim M (3;,3) = 0 for some x > 0 implies lim .# (j;,i) = 0, for all
3 (o) 3—00
k>0

is realized.

However, the converse of condition (D) is not always valid.

Now, we will recall the following sets.
e CHAY)={Z : Z isnonvoid, .# — closed, and .# — bounded subset of Y}.
o (YY) ={Z : Z isnonvoid, .# — compact subset of Y}.
e On €%(Y), the Hausdorfl-Pompei modular metric is identified by

Hy (Z,L) = max {sup///l (,L) ,sup A (Z,s)}
jeZ sel
for A (j,L) = 32£ M (3, 8).

The Banach fixed point theorem for multi-valued mappings in the met-
ric space setting by handling the notion of the Hausdorff-Pompei metric was
demonstrated by Nadler [27]. Moreover, this concept is also discussed in mod-
ular metric spaces. As noted in [26], Abdou and Khamsi characterized the
multi-valued Lipschitzian mapping in this space.

Definition 1.14. [26] Let (Q, .#) be an mms, F: Y — FA(Y) be a mapping,
and Y be a nonvoid subset of Q 4. For any j,s € Y and v > 0, if the inequality

Hoa (F(5),F(s)) < 74 (5, 9)

is provided, then the mapping JF is entitled to a multi-valued Lipschitzian.
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The following lemmas are essential for multi-valued mappings in mms.

Lemma 1.15. [26] Let (Q,.#) be an mms and Y be a nonvoid subset of Q 4.
Assume that R,8 € CB(Y). For each e >0 andj € R, an element s exists in
8 such that

M (3,5) < Ay (R, 8) + e

Furthermore, provided that S is .M —compact and A fulfills the Fatou property,
then for anyj in R, s € & comes into existence such that

A0 (5,5) < Ay (R,8).

Lemma 1.16. [26] Let (Q,.#) be an mms and Y be a nonvoid subset of Q 4.

Presume that A4 admits the condition (D), and R; is a sequence of sets € B(Y)

provided that lim J€4 (R;,Ro) = 0, where Ry € €A(Y). Ifj; € R; and
3—00

lim j; = jo, it follows that jo € Ro.
3—00
Also, to have more knowledge of mms, see [28]-[31].
In 2018, Ege and Alaca [32], contemplating modular metric and b—metric,

identified a novel concept named the modular b—metric space, as pointed out
below.

Definition 1.17. [32] Let ¢ : (0,00) x Q x Q — [0, 00] be a mapping, where Q
is a nonvoid set. The function ¢ is mentioned as modular b—metric, if there
exists A € R with 2 > 1, and also, for all x,¢ > 0 and j,s,tv € Q, the axioms

(Cl) Cr (j,ﬁ) =0<j=s,
(C2) Cu (3,8) = G (s,]),
(€3) Crte (5:8) < B [Gx Gy ¥) + G (v, 9)]

are satisfied. In addition, the pair (Q, () is a modular b—metric space, abbre-
viated as m,ms.

Note that we can achieve the concept of mms if we accept A = 1 in the
above definition.
Whenever ( is a modular b—metric, the set

9, = {sc0:585}

is entitled as a modular set on Q such that Sis a binary relation described
with j ~ s < lim (. (j,s) =0, for j,s € Q.
K— 00
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Furthermore, the set
Qf ={j € Q:3rx =k (j) > 0 such that (. (j,jo) < oo} (jo € Q)

is a myms (around jp).
The subsequent examples can be given to comprehend the concept of m,ms.

Example 1.18. [32] Let us regard the space

=1

For x € (0,00), if we specify (, (j,5) = @ that

0 b
d(Ls)z(lez—szV’) , i=ips=s5;€0
3=1

then the pair (Q,¢) is an m,ms.

Example 1.19. [33] Let (Q,.#) be an mms and 7 > 1 with 7 € R. Let
¢w (G,8) = (A, (5,5))". Using the convexity of the function F () = 7 for
¢ > 0, and Jensen inequality, we get

(L«) 4 U)T S 27-—1 (wT 4 UT)
for w,v > 0. Thus, (Q,() is an myms with A =271

Some fundamental topological properties in m,ms can be defined as in mms.
Also, all of the properties of mms are valid in m,ms.

2 Some Fixed Point Results for Multi-Valued Mappings

This section proposes a novel idea, extending the («, 8) —admissible mappings.
Then, by using this construction, a common fixed point theorem has been
verified in the sense of m,ms.
Initially, the following notion is essential for the outcomes of this part.
Choudhury et al. [34] have extended the concept of cyclic («, 5) —admissible
mapping to a multi-valued version, as noted below.

Definition 2.1. [34] Let Q be a nonvoid set, F: Q — P (Q) be a multi-valued
mapping, and «, 3 : Q — [0,00) be two functions. Then, F is a multi-valued
cyclic (o, 8) —admissible mapping if for j,s € Q,
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(i) a()>1 = B(u)>1foraluec,
(1) B(s) >1 = a(v)>1foralve Fs.
The following concept can be easily defined.

Definition 2.2. Let F,8 : Q — P (Q) be multi-valued mappings, where Q
is a nonvoid set, and «, 8 : Q — [0,00) be two functions. Then, (F,8) is a
multi-valued cyclic (a, 8) —admissible pair if for j,s € Q,

(1) a(j) >1 = B(u)>1forall u € Fj,
(1) B(s) >1 = a(v) >1forallveSs.
We are ready to present an extension of Definition 2.1 and 2.2.

Definition 2.3. Let F,8 : Q — P (Q) be multi-valued mappings, where Q is
a nonvoid set, and a, 5 : Q — [0,00) be two functions. Also, for j,s € Q,
positive integers n = n (j) and m = m (s) exits. We contemplate the following
circumstances.

(aB1) a(j) > 1 for some j € Q implies 3 (u) > 1 for all u € F70)j.
(aB2) B(j) > 1 for some j € Q implies a (v) > 1 for all v € F70)j.
(af3) B(s) > 1 for some s € Q implies a (v) > 1 for all v € §™(%)s.
Taking into account the function («f;), we assert that
e i =1,2, Fis a multi-valued cyclic (o, 8) — n—admissible mapping.
o i=1,3, (F,8) is a multi-valued cyclic (a, 5) — (n, m) —admissible pair.
Remark 2. Let us consider n = n (j) = 1 in the above definition; then we obtain

the definition of multi-valued cyclic («, 8) —admissible mapping defined by [34]
and, in case of n = m = m (j) = 1, multi-valued cyclic (o, 8) —admissible pairs.

Definition 2.4. Let (Q, () be an myms with & > 1, Y be a nonempty bounded
subset of Q¢, and «,8 : Q¢ — R4 be two functions. Two multi-valued
mappings F,8 : Y — €HA(Y) are called multi-valued Sehgal-Proinov-type
(o, B) — (n,m) —contraction if there exist 3,8 : (0,00) — R such that for
each j,s € Y, there exist n (j) ,m (s) € Z* such that

ali) 8521 = D (WA (705"0s)) <0E(s). @)
where 4
Cl 075) ’51 (]7 g:n(])J) 751 (57 Sm(g)s) )
¢ (jas) = max ’

52(3,8™ ) 5)+02(5,90);5)
2R

for all 2% (?"(j)j,Sm(s)s) > 0.
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Theorem 2.5. Let (Q,{) be a (—complete myms with i > 1 and ¢ be a
convez reqular modular which fulfills the Fatou property and As—condition.
Let Y be a nonempty (—complete subset of Qc, and F,8 : Y — A (Y) be
multi-valued Sehgal-Proinov-type (o, B) — (n, m) —contraction mappings. If

the circumstances
(1) there exist jo € Y such that a (o) > 1,
(1i) (F,8) is a multi-valued cyclic («, B) — (n, m) —admissible pair,
(iiiq) F or 8 is (—continuous, or
)

(4iiy, if{jﬁ}éeN is a sequence in'Y such thatj, —>j and a (jo3) > 1, B (Joz—1) > 1
forall3 €N, then a.(j) > 1 and B (§) >

(iv) X is non-decreasing and Q (a) < X (a) for all a > 0,

(v) limsupQ (a) < X (ap+) for any ag >0

a—aop+

are provided, F and 8§ own exactly one common fized point x* in Y C C
where (1 (jo,j1) < oo for some jo,j1 € Qc. Addztzonally, if oz(]),@(s)

for allj,s € M},Qm(ff"(j*),sm(j*)), then the set Mcm(ff"”(J 8m07)) has a ex-
actly one element. Moreover, if o (F5*) 6 (*) > 1 and a (5* ) (8*) > 1, then

Proof. Let jo € Y be a point mentioned in condition (¢) such that « (jo) > 1.
From the fact that (F,8) is a multi-valued cyclic (o, 5) — (n,m) —admissible
pair and by choosing j; € F700)j,, we get
alio) =1 = B(F"0%) = 8(1) = 1,
and so, there exists jo € §™01)j; such that
BG1) =21 = «a (Sm(h)h) =a(jz) =2 1.
Thereby, we gain that a (jo) S (j1) > 1 such that
G (1,j2) < A (ff"(j‘))jo,sm(h)h) < B (Tn(jg)ioﬁm(h)il) ;

and in this way, by using the assumption of (iv) and the inequality (3), we
attain

2 (1 (1yi2)) < B (A3t (Fn00)jg, 8m01)j1)) < Q (€ (jo, 1))

< 2 (€C(o,j1)) -
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On the other hand, we have the point j3 € F702)j, such that
aliz) =1 = B8 (F095) = 8is) > 1,
that is, we acquire « (j2) 8 (j1) > 1 which implies
5 (61 (3 72)) < B (K254 (F702j,8™0V11)) < Q (€ (j2,)1))
< E(C(j2,1)) -
Likewise, it follows that « (j2) 8 (j3) > 1 and
2 (¢ (33, 3a)) < E (B35 (Fn02)j5,8m0)j5)) < Q(C (j2,i3))
< X (C(2,s)) -

Consequently, repeating this procedure, we set up a sequence {j; }3 ey With the
initial point jg such that

joz41 € ?"(jzé)jzz and jo;42 € Sm(j23+1)j23+1a
or, if we use the notation n; = n (jo;) and m; = m (jo;4+1), we can again write
jos+1 € T jo; and oz € 8" oz

If we presume j;; = j;,+1, for some 39 € N, then j;, € ME, (F,8). Hence, we
consider j; # j;41 for each 3 € N. Moreover, we procure that « (jo;) > 1 and
B (j2z+1) > 1 for all 3 € N. Thereupon, we achieve « (jo;) 3 (i2;+1) > 1 and, by
using the (3), we write

2 (G Gogr1yi2542)) < B (RPH2 (F2;5, 8™ 0541)) < Q(C (25, 02541)),  (4)
where
C1 (G2zyi25+1) 501 (23, T™4d2;) » 01 (2541, 8™ i2541) 5

C (j23,j25+1) = max N A . ’
02(j2;,8™3j2;41)+02(2;+1,F "3 j2;)

o0
and also,

® 01 (jo;, Fig;) = mﬁien;n”% {C1 Gzghizg+1)} < G (23 d2541)s

® 01 (Joz41,8™j2541) = inf {1 O2s41,32542) < G (25415 725+2),

J2;42€8™ 3 jaz3 41
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o 02 (23,8 j2541) =, inf {C2 (2zri2542) } < G2 (25 d2542),

j2;4+2€8™M3 oz 41

® 02 (Joz11, T j2;) = . +1ien:£naj2 {¢2 (23+1,)2341)} = 0.
3 3

Accordingly, we gain

C (23, j25+1) = max {Cl (23, 2541) » C1 (2341, 92542) 5

C2 (2z, i2542)
2h '

We substitute (i (j;,);41) with @5. Then, we get
e H H — 19 19 C2(123J23+2)
(250 J2541) = max § Vo5, V2541, oh
< max {1923,1925“, %}

= Imax {’1923, 1925_;'_1} .

Let us presume that max {¥s;, V2541 = ¥o;41. Thus, by hypothesis (iv),
taking into account (4), we attain

S (V2541) < B (RPH (2341, i2542)) < Q(P2541) < T (Paz41) -

However, a contradiction arises as ¥ is a non-decreasing map. Then,
max {Ua;, J2;541} = ¥2; and in this case, we achieve

2 (V2541) < B (RPH (2541, 52542)) < Q(V25) < T (92;). (5)

Eventually, we conclude that 92,41 < ¥2;. By a similar step, one can de-

duce that ¥2; < ¥2;_1. Thereupon, it is ensured that the sequence {¥;} =

{¢1 (;53541) } is positively decreasing. Thus, the equality lim ¥, = h+ is pro-
3—00

vided for h > 0. Now, we aim to achieve that h = 0. Opposite this one, we
presume h > 0. Then, by (5), we get

Y (h+) = 3lgrol0 Y (Y2;41) < limsup Q (¥2;) < limsup Q (u)

300 u—h+t

such that this contradicts to supposition (v). So, we gain
;,lggo G (055 d541) = 0. (6)

Now, we need to demonstrate that {j} sen s a (—Cauchy sequence. It is
sufficient to indicate {jo;} is a (—Cauchy sequence. Unlike our assertion,
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considering {jo;} is not a (—Cauchy sequence, then for € > 0, we constitute
two subsequences {j%q} and {jgzq} of positive integers fulfilling 3, > by > ¢
such that 3, is the smallest index for which

1 (Joo,0d2;,) =€ and G (2e,.j25,-2) < €. (7)
As (F,8) is a multi-valued cyclic (o, 8) — (n, m) —admissible pair and % > 1,
then, (jgbq) B8 (j23q+1) > 1 which implies that
> (ﬁ3C1 (j2bq+17j23q+2)) < > (hsg%z (g/n(jzl’Q)ijq7Sm(j25q+1)j23q+1))
(8)
< Q(C(j2p,,i25,41)) 5
where

€ (J2b,+i25,+1)

Cl (ijq7j23q+1) 7(51 (jgbq,ﬁm(ith)j%q> ’51 (j23q+1,Sm(j%qul)j?éq-‘rl) ,

O (i%,l,Sm()23Q+1)123+1>+52 <j23+1,5rn(J2b‘7)12b,1>
2%
G (2by325541) Gt (26,0 326,4+1) » G (23,415 325542) 5
— max

C2 (izbq 7j25q+2)+C2 (i234+1712bq+1)
2h

Considering (6),(7) and the modular inequality, we have

£ < (1 (2,0 i23,) < h¢y (326, i26,+1) + hQC% (i26,+1525,+2)

+1PC1 (25020 025,+1) + HPC1 (25010 925,)

such that e
lim sup 1 (26,41, i23,4+2) = B2 (10)

q—0o0

Also likewise, we get

G (j2b, 5 J25041) < Cy (J20,0323,—2) + 02Ca (25,25 525,-1)

+h3€% (25, —1723,) + thé (125> 234+1)
and by (6), we obtain
limsup 1 (jou,, j25,4+1) < he. (11)

q—r o0
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Moreover, note that
G (20,325, +2) < At (26,0 925,4+1) + 11 (23,415 325,42) -

Ca (jaz,+1-726,41) < BC1 (12304153206, ) + Bt (26, d26,41) »

and by using (6) and (11), we can easily achieve

limsup G (20, ,323,+2) = imsup ¢ (25,41, j26,41) < h%e. (12)
q—00 q—00

Taking into (11) and (12) account, the expression (9) turns into

R + 12
lim sup € (jzp, »jog, +1) < max {he 0,0, HE} —he.  (13)
q— 00 2h

Thereupon, by using (10) and (13), taking the limit superior in the inequality
(8), we get

S (he) < limsup ¥ (A3¢1 (2,415 i2;5,+2)) < limsup Q (€ (joo,,j25,+1))

q—o0 q—o0

<X <lim sup C (jzbq,jzg,q+1))

q—o0
< ¥ (he).

Nevertheless, it is a contradiction. Thereby, we say {jo;} is a (—Cauchy se-
quence, also {j;} is a (—Cauchy sequence on (—complete m,ms. Then, a point
j* € Y exits such that

Jim G 5,,7) = 0. (14)

Let 3707}y, be a sequence in € %(Y). Owing to the fact that the mapping S is
¢ —continuous, we have  Fn07)jy, — Fn075%, and  so
lim 7 (F707)jpy, F707j*) = 0, where F"U)j* € €R(Y). If jozu1 € T )iy,

3—00
and lim jo; 41 = j*, then, considering Lemma 1.16, we conclude that j* €
3—00

F707)5* | that is, j* is a fixed point of $707). Similarly, one can achieve that
i* e §mUnyx,

On the other hand, if we assume the condition (7iip) is satisfied, then we
have 8 (j*) > 1, and so, it follows that « (jo;) 8 (3*) > 1. Moreover, to show
the existence of a fixed point, we presume that j* ¢ Mp;, (Sm(j*)). Because
J (Y) is compact, there exists a j* € J(Y) C Q¢ such that j; — j*. Then,
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from the Fatou property, we get

01 (5%, 8™075%) < liminf G (o541, 8™075) = iminf G (57455, 8™0757)

< BB A (T2, 8075)
and because X is a non-decreasing map, we have
2 (00 (5780057 ) <3 (R (575525, 870057 ) £ Q€ 52507)) . (15)

where

Cl (ijvj*) ) 61 (j23a g:néjz‘,’) ) 51 (j23q+17 Sm(J*)J*) 5
C (jo;,j*) = max )
? 52 (124 8™ 075" ) 462", 57 1z,)

2h

G (253%) + 01 (2gsdoz41) + 01 (25,41, 8™07)5%)

= max .
d2 (st 8m0 )J*)+52(J*,i23+1)
2h

(16)
Now, taking the limit in (15) and (16) and employing (14) and (iv), we obtain

(5 (757)) 0 (3 (570 <5 (757)).

which causes a contradiction. Thereby, we achieve j* € 8707)j* that is,
j* € Mpip (S™07). In a similar way, one can show j* € Mp;, (F707)).

For the uniqueness of the fixed point, we presume that there exists z* €
Mgm (?”(Z*),Sm(z*)) such that j* # 2*. From the hypothesis, we gain
a(j*) B (z*) > 1. Thereupon, we acquire

2(6 (7,27 < B (W (370057, 8m ) ) < 0(e (),

where

G (57, 27) 01 (5%, 57075) 6y (27, 8m27),

€(j*, 27) = max 2 (57,87 )2 ) (2 07 )
2h

Cl (J*a Z*) 761 (J*a]*) a51 (Z*’ z*) )
< max =G (", 27).
92(3",2" ) +02(2",i")
2h



SEHGAL-PROINOV TYPE CONTRACTIONS IN MODULAR b—METRIC SPACES 77

Using (iv), we conclude

by (Cl (J*aZ*)) < (Cl (J*aZ*)) <X (Cl (J*vz*))a

which means j* = z*. Lastly, we demonstrate that j* € Sj* and j* € Tj*.
Conversely, we presume that j* ¢ Sj*. Hence, considering the uniqueness of
the set M, (T"(j*),Sm(j*)) and a (F*) B (5*) > 1, we have

01 (377, 7) < Wt (S (F20057) ,870057) < Wt (5700 (35%),8707)5)

for j* € F707)j*and j* € 8”07)j*. Thus, from the properties of the functions
¥ and (3), it follows that

20 (F5,5) < 3 (B, (7200 (377,800 ) ) <@ (e (33,5%), (7)

where

C(Fj*,i*) =
(F3*,7*) = max 62(%*’Sm(j»«)j*)+62(j*’gn(i*)(%*))
2h

< max {6y (377,5°), 2T = 5, (3557).
Therefore, by using assumption (iv), the inequality (17) turns into
(01 (F77,3")) < Q61 (F5",57)) < B (a1 (F57,57)),

which is a contradiction. Then, we achieve j* € Sj*. Likewise, if we presume
that o (§*) B (8j*) > 1, then j* € 8j*. We get M&,. (F,8) = {i*}. So, the proof
is accomplished. O

We have the next outcomes by applying F equals to 8 and m (s) = n (s) in
the above.

Definition 2.6. Let (Q,() be a myms with &> 1, Y be a nonempty bounded
subset of Q¢, and «, 5 : Q¢ — Ry be two functions. A multi-valued map-
ping F : Y —» FH(Y) is called multi-valued Sehgal-Proinov-type (o, ) —
n—contraction if ¥, : (0,00) — R exist such that for each j,s € Y, there
exists n (j) € Z* such that

a(i).Ble) 21 = = (B (F705,57@s)) <Q€Gs),  (18)
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where '
Cl (j’s) ’ 61 (J’ gn(J)]) 751 (5) ?n(ﬁ)s) ’
e (jvs) = max . .
62(3, 5" Vs ) +82(5,70)5)
20

for all 7% (8"0)j, §m(=)s) > 0.

Corollary 2.7. Let (Q,() be a (—complete myms with h > 1. Assume that
18 a convex regular modular with the Fatou property and As—condition. Let Y
be a nonempty (—complete subset of Qc, and T :'Y — H (Y) be a multi-valued
Sehgal-Proinov-type (a, ) — n—contraction mapping. If the conditions

(i) there exist jo € Y such that « (jp) > 1,

(i1) F is a multi-valued cyclic (o, B) — n—admissible mapping,

(tiiq) F is (—continuous, or
)

(iip) if {ja}geN is a sequence in'Y such thatj; —j and B (j;) > 1 for all 3 € N,
then B (j) > 1,

(iv) X is non-decreasing and Q (a) < X (a) for all a > 0,

(v) limsup Q (a) < X (ag+) for any ag > 0
a—ap+
are provided, F owns ezactly one fized point z* in'Yy C Q, where (1 (jo,j1) < 00
for some jo,i1 € Qc. Additionally, if a(j) B (s) > 1 for allj,s € Mpip (F70
then the set Mpi(F"07)) has exactly one element. Moreover, if o (F5%) B (%)
1 ora(j*) B (F5%) = 1, then Mpi, (F,8) = {i*}.

),
>

3 Some Fixed Point Results for Single-Valued Mappings

This section indicates some concepts that generalize conclusions commonly
used in metric fixed point theory for single-valued mappings. Next, we set up a
new common fixed point theorem by employing the newly defined construction
in the setting of m,ms. Also, this theorem can be considered a consequence of
Theorem 2.5.

Primarily, we acquaint a novel extension of the notation of («, 8) —admissible,
as noted below.

Definition 3.1. Let J,8 be two self-mappings on a nonempty set Q, and
a,f : Q@ — [0,00) be two functions. Also, for j,s € Q, positive integers
n=n(j) and m = m (s) exist. We contemplate the following circumstances.
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(aB1) a(j) > 1 for some j € Q implies 8 (F70)j) > 1.

(af2) B (j) =1 for some j € Q implies « (ff”(j)j)

v

1.

(aB3) B(j) > 1 for some j € Q implies o (§™0)j) > 1.

v

Considering the function (a/3;), we assert that
e i =1,2 §isacyclic (o, 8) — n—admissible mapping.
e i=1,3,(F,8) is a cyclic (o, 8) — (n,m) —admissible pair.

Remark 3. Taking into account n = n(j) =1 and n = m = m(j) = 1 in the
above definitions, then we obtain the definitions of cyclic («, 8) —admissible
and cyclic (a, ) —admissible pairs defined by Alizadeh et al. [16] and Latif et
al. [17], respectively.

Definition 3.2. Let Q¢ be an myms with 7 > 1, F,8 : Qf — QF be two
self-mappings and «, 8 : Qf — R4 be two functions. The pair (F,8) is called
Sehgal-Proinov-type (o, 8) — (n, m) —contraction if there exist 2,2 : (0, 00) —
R such that for each j,s € QF, there exist n (j),m (s) € Z7T such that

(i) B(s) 21 = 3 (K¢, (505,8m0s)) <@ (€ (iys), (1)
where
CN (j,ﬁ) ’ CK (J’ i}'n(J)]) 7CH (57 Sm(s)ﬁ) ’

C2r (3,8™ ) s) +Ca (5,57 05)
2h

C* (j,s) = max

for all ¢, (F"0)§,8™*)s) > 0 and all x > 0.

Theorem 3.3. Let QF be a (—complete myms and the pair (5,8) be a Sehgal-
Proinov-type («, 8) — (n, m) —contraction. Presume the statements

(i

(i

(4,8) is a cyclic (a, B) — (n,m) —admissible pair,
there exist jo € QF such that a (o) > 1,

(itig) F or 8 is (—continuous, or

)
)
)
(viip) if{jé}geN is a sequence in Qf such thatj; —j and o (jo;) > 1, B (jo;—1) >
1, for all3 €N, then a(j) > 1 and 8(j) > 1,

(iv) X is non-decreasing and Q (a) < X (a) for all a > 0,
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(v) limsup Q (a) < X (ag+) for any ag > 0

a—ag+

are provided and there exists jo,j1 € QF such that (s (o,j1) < oo for all
k>0 Ifa(G)p(s) > 1 for all z,y € Cpix (ff"”(j*),Sm(j*)), then the set
Criz (ff""(j*),Sm(j*)) has ezactly one element, which means that F and 8§ own
a unique common fixed point.

Proof. Let jy € Q¢ be an arbitrary point and, beginning from jg, we set up a

sequence {j; }geN by

i1 = F00)50, 50 = 8005y L jgsin = Fr02)jo Gor o = 8MU2s1)jy Ly
or if we denote n; = n (jo;) and my; = m (jo;41), then we can write
jos+1 = F"jg; and joz 12 = 8541

Also, because (F,8) is a cyclic («, 8) — (n, m) —admissible pair and « (jo) > 1,
we have 4

B (Sn(m)jo) =pB(1) =1
which means that ‘

o (Sm(n)jl) =a(jy) > 1.

Thereupon, by pursuing this procedure, we achieve « (jo;) > 1 and S (jo;41) >
1, which entails & (jo;) 8 (J2;41) > 1, for all 3 € N. Thus, from (19), we get

2 (R (F 525, 8™ 52541)) < Q(C* (o;,72541)) »
where

C* (23, 32341)

C!‘i (j23,7j25+1) 7CI’€ (j237 Ernjj%) ) Cm (j23+17 8m5j23+1) )
= max

C2r (25,83 )25 +1)+Cor (2541, "3 j2;)
2h

Cr (23 92541) > G (23415 J25+2) »
< max

Cr(G2;,9254+1)+Crk (G254+1,02542)
2

At this stage, if we proceed in the manner of the proof of Theorem 2.5, {jé}geN
is yielded as a (—Cauchy sequence on a (—complete m,ms, which expresses
that a point j* € QF exists such that

lim ¢ (j;,j*) =0, (20)

3—00
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for all K > 0.

We will explain that {j*} = Cpi (F,8). For this, from (iii,), if F is
¢—continuous, then it is straightforward to realize that j* € Cpgy (F,8).
Therefore, assumption (ii¢p) is fulfilled. Hence, we get a (jo;) 8 (i*) > 1 for
all 3 € N. We presume that j* # 8™07)j*. Then, from (19), we have

2 (G (12541, 870757) ) < 2 (B (57525, 8707057) ) < Q(€" (123,))

(21)
where
Cli (j25;j*) ’Cli (j237 gjnéj%) ) CK (j23q+la Sm(]*)l*) )
C* (j23,)*) = max .
’ Gare (258" 07" ) 4o (5%, F " i2y)
2k
Cro (3250%) s G (230 32341) » G (25,41, 8™07)57)
= max .
G (325:8™07)i™ ) o (" 2y 41)
2%
(22)

Thereby, letting k¥ — oo in (21) and (22) and using (20) and (iv), we gain

2 (G (3%8m005) ) < @ (G (7% 8m005) ) < = (G (%8™075) ).

such that a contradiction arises. So, we achieve j* = 8™0")j*. Likewise, we

conclude that j* = F"07)j*. Thus, j* € Cpi, (F707,8™07)). Now, we prove
{i*} = Crix (?"(j*),S"L(j*)). On the contrary, a point z* exits differ from j*
such that

25 =% and 2 = 87,
Also, from the assumption, we have « (j*) 8 (z*) > 1. Thereupon, by (19)

2 (G (5%, 2%)) < B (B3¢, (0757, 8mE7)27)) < (€ (5, 27))

Co (%,27) 1 Go (77, 57005 L G (27,80 27)
<X
max Con (j*787”(2*)z*)+<2m (z*,?"(i*)j*)
2h

<¥ (max{{n G*, %), %}) =X (¢ (5%, 2%))

is obtained. This implies that {j*} = Cpis (3"”0*), Sm(j*)). On the other hand,
Fi* = ?(?”(j*)j*) = 707 (Sj*) and from the uniqueness of {j*}, we reason
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out j* = Fj*. Similarly, we get j* = 8j*. In conclusion, {j*} = Cr;, (5,8),
that is, F and 8§ own a unique common fixed point. O

We possess the subsequent consequence, which is gained instantly from
Theorem 3.3, on the condition that ¥ =8 and m (s) = n (s).

Definition 3.4. Let Qf be an myms with & > 1, F : Qf — QFf be a self-
mapping and «, 3 : QZ — R4 be two functions. The mapping J is called a
Sehgal-Proinov-type («, ) — n—contraction if the functions ¥, : (0,00) — R
exist such that for each j,s € Qf, n(j) € ZT exists such that

a(i)B(s) 21 = % (K¢, (5705,57Ws) ) <€ (5),  (28)
where

Ce (58) 5 G (1, D) L G (5,F)s)
€* (j,5) = max ,
Con (3, 8) +Car (5,9005)
2h

for all ¢, (0§, Fm()s) > 0 and all & > 0.

Corollary 3.5. Let Q¢ be a (—complete myms with a constant h > 1 and
F be Sehgal-Proinov-type (c, 8) — n—contraction mapping. Presume that the
statements

(1) Fis a cyclic («, B) — n—admissible mapping,

(i) there exist jo € Qf such that a (jo) > 1,

(#i1q) F is (—continuous, or

)
)
)
(i) if {jl’}gGN is a sequence in QF such that j; — j and B(;) = 1 for all
3 €N, then 5(§) > 1,
(iv) X is non-decreasing and Q (a) < X (a) for all a > 0,

(v) limsupQ (a) < X (ag+) for any ag > 0
a—ap+
are provided and there exist jo,j1 € QF such that ¢ (jo,j1) < oo for all k> 0. If

a(j)B(s) > 1 for all x,y € Fix (?"(j*)), then the set Fix (3"”0*)) has exactly
one element, which means that F owns a unique fized point.
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4 Conclusions

In consequence, appraising Proinov’s outcomes [12], we have extended the
result of Sehgal [3], which comprises a more general form of the Ciric con-
tractive condition [35] for multi-valued mappings in the context of m,ms. The
main theorem has been verified for single-valued mappings. Corresponding
outcomes are acquired in the context of modular metric spaces when n (j) =1
and h = 1 are applied.
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