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Framed general helix and framed (3-slant helix
in R*

Mine Ates and Mahmut Akyigit

Abstract

In this paper, we focus on general and (3-slant helices with any singu-
lar points in four-dimensional Euclidean space, which are called framed
general and (3-slant helices, respectively. Then, we state and prove the
conditions of necessity and sufficiency for any framed curves to be gen-
eral helices or (3-slant helices in R*. Also, we give some characterizations
for framed helices.

1 Introduction

It should be noted that the tangents at each point of the general helices form
a constant angle with a constant vector. Such curves have always attracted
attention since they exist in nature and have applications in various disci-
plines. Not only applications in real life but also elegant theoretical results
are notable. In this regard, these types of curves have been investigated not
only in 3-dimensional Euclidean space but also in higher-dimensional and/or
non-Euclidean spaces. In the last quarter century, some new attempts have
been seen to form helix-like curves based on the modified definitions of a con-
stant vector that makes a constant angle with any vector in the Frenet frame
instead of the tangent vector of the curve. Some analogous results have been
obtained for these new curves and helices. This shows us that the subject is
interesting. M. A. Lancret [7] asserted the main characterization of the general
helices, and B. S. Venant [11] proved this. In a similar vein, S. Izumiya and N.
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Takeuchi [3] presented a new notion called slant helix such that the normals at
each point of the curve have a constant angle with a constant vector. Within
that period, A. Magden obtained an integral characterization of the helix in
R* [8]. M. Onder et al. investigated a new variant of the slant helices in R* [4].
In recent years, many researchers have studied helices with different aspects
in different spaces [5, 6, 7, 10, 14].

The invention of the framed curves, introduced by M. Takahashi and S. Honda,
attracted researchers since it solves the inefficiency of Frenet frames of the
curves with singular points [2]. Subsequently, the rectifying curves with sin-
gular points in Euclidean 4—space were analyzed by a relatively new frame
called moving adapted frame presented by Y. Wang et al., [12]. Then, the
adapted frame of framed curves was established, and the interrelations be-
tween the adapted frames and the Frenet-type frames of the framed curves
were determined in Euclidean 4—space by M. Akyigit and O. G. Yildiz [1].

The main subjects of this paper are framed general and (3-slant helices based
on the adapted frames in Euclidean 4-space, and some characterizations based
on the framed curvature functions.

2 Preliminaries

Initially, let us recall some main definitions related to the framed curves and
their adapted frames in Euclidean 4-space (for further information see also
1,9, 2, 12, 13, 15]).

Definition 2.1. Let Az = {p = (pu1, po, p3) € R* x R* x R*} be a 6-dimensional
smooth manifold such that (i, ;) = d;5, 4,7 € {1,2,3} and v = py X po X pi3
be a vector such that det (v, ju1, 2, 13) = 1. Then (v, p) : I — R*x Az is called
framed curve provided that(y’ (s), u; (s)) =0 for all s € I and i € {1,2,3}.
Additionally, v : I — R* is also called a framed base curve provided that there
exists p: I — Ag where (v, ) is a framed curve, [2].

Let v (s) be a framed base curve and {v (s),u(s)} be a moving frame along
this curve, the Frenet-Serret type formula of v is given by

pr (s) 0 r1(s)  k2(s)  rK3(s)| |p(s)
p2' (s)| _ | —r1(s) 0 ka(s) ks (s)| [p2(s)
ps' (s) —k2(s) —kals) 0 kKe(s)| [ma(s)|"
v’ () —k3(s) —k5(s) —ke(s) 0 v (s
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Here 1 (8), k2 (8), k3 (), k4 (8), k5 (s), and kg (s) are any smooth curvature
functions. v’ (s) = a (s) v (s) is considered by a smooth function « : I — R.
(k1 (8),k2(8),Kk3(8),Kka(8),Ks5(8), ke (s),a(s)) are called curvatures of v at
~(s). a(sg) = 0iff v (so) is a singular point of .

Theorem 2.2. Let (k1, K2, K3, K4, K5, K6, @) : I — R* be a smooth mapping.
There exists a framed curve whose associated curvature is (k1, k2, K3, K4, K5, K6, Q)

[2].

Assume that (v, ) : I — R*x Az is a framed curve with (K1, ko, K3, Ka, K5, Kg, Q).
By using Euler angles, ¢ = ({1, (2, (3) € Az is given as follows

G cosPcosVU  —cosQsinV+sinQcos¥sin®  sinQsin ¥+ cosQcos¥sind | |
Ca| = |cosPsin W cosQcos U +sinQsinsin® —sinQcosW + cosAsin Usin®| | po
(3 —sin @ sin {2 cos @ cos 2 cos @ U3

Here @, and ¥ are smooth functions. With simple calculations, there are
the relations
U=(1 X (2 X (3=p1 X fig X i3 = 0.

Hence, (7,¢) :— R* x Az is also a framed curve. Suppose that

tan W
cos ®

= kg sin ) — k5 cos 2,

k3 = cot P (kg cosQ + K5 sin Q)

hold for given smooth functions ®,Q and ¥ (These angles are called Euler
angles.) and the adapted frame along « (s) is given as follows

V' (s) 0 p(s) 0 0 v (s)
Ci(s)] _ |-p(s) O z(s) 0 | |G(s) (1)
('5 () 0 —z(s) 0 w(s)| |C(s)
('3 (5) 0 0 —w(s) 0 | [G(s)

where (p(s),z(s),w(s),a(s)) are framed curvature of v (s) and their expres-
sion are

p = —kgsec PsecV,
z2=— (kg —Q)sin® — ¥/,
5
w= "= (ke — Q)

cos
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and the following equalities

k1 =—sinQ (P —wsin V),
ko = —cosQ (P —wsinP),
v
ot = WY
cos ®

are satisfied. v,(y,(> , and (3 are, respectively, called generalized tangent,
principal normal, first binormal, and second binormal vectors of the framed
curve [1].

3 Framed General Helix in Euclidean 4-Space

In this section, we define framed general helix and give the necessary and suf-
ficient conditions for framed curves to be general helices.

Definition 3.1.The framed curve (7,() is called framed general helix if its
generalized tangent vector v makes a constant angle ® with a fixed direction
N; that is (v, N) = cos @ is a constant along the framed base curve.

Teorem 3.2. Let (v,() : I — R* x Az be a framed curve with nonzero
generalized curvatures p,z,w. Then (v,() is a framed general helix iff the
following equation holds,

2

i (;(g)’f ~ tan®0, @)

where ® is the constant angle between the generalized tangent vector v and
the constant unit vector N.

Proof. Let’s assume that (v,¢) : I — R* x Az is a framed general helix
with nonzero curvatures and its axis be the unit vector N. In that case, we
know that (v, N} = constant along the framed base curve. If we differentiate
this equation and use (1), we find

p{C1, N) = 0.

From there, the unit vector IV can be chosen to be follows

N = a1v + a3 + as(s, (3)
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where a; = (v, N) = constant, az = ((2, N), az = ((3, N), and a;? + as? +
az? = 1 since N is a unit vector. The differentiation of (3) gives

N’ = (a1p — ag2) (1 + (a2’ — azw) (o + (2w + a3’) 3 = 0, (4)
and from (4), we find
aq —a3'
= — D = — 5
ag P p w ) ( )
as’ = azw. (6)

By using the differentiation of (5) in (6), we find the ODE for ag as follows

w/
as” — —as’ + w?as = 0. (7)
w

S
If we change variables in (7) as u = [ wds, then the equation becomes
0

d2a3
W + a3z = 0. (8)

For some constants K and L, the solution of (8) is
az = K cosu(s)+ Lsinu(s). (9)
From equations (5) and (9), we obtain

ag = Bal = Ksinu(s) — Lcosu (s),
2
az = (g) a = Kcosu(s)+ Lsinu(s).

By straightforward calculations on (10), we obtain

weer=ar |0 (9)3) ]
(2 ((2)3) = mman

Contrariwise, let’s assume that equation (2) is satisfied. In this case, there
can always be a constant vector N such that (v, N} = constant. Let’s take
this constant vector as

Hence, we have

1 !/
N:v+§<2+a(§) G (11)
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By substituting the differentiation of (2) in (11), we obtain N’ = 0. So, N is

a unit constant vector. Consequently, (7, () is a framed general helix.

Theorem 3.3. Let (7,¢) : I — R* x A3 be a framed curve with nonzero
generalized curvatures p, z,w. (7,() is a framed general helix iff there exists

a C?—function h satisfying

wh(s) = (g)l, h' (s) = —w (g) .

(12)

Proof. Assume that (7,¢) : I — R* x Az is a framed general helix with

nonzero generalized curvatures. The differentiation of (2) gives
’ 1 / 1 N
B (30) () -
z/ \z w\z w\z
0
1 (p zZ\z

2 ()

If we call the right side of equality with a function h as follows

Hence, we obtain

w

then, (13) becomes

From (13), we obtain

GO)=-0)
—|= =—(=)w.
w\z z

If we substitute (14) in (15), we obtain

B (s)=— (g) w.

(13)

(14)

(15)

(16)

Conversely, if the equation (12) holds, we can write a unit constant vector N

such that »
N:U+;C2+h<3.
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Then, (v, N) = 1. Consequently (v, () is a framed general helix.

Theorem 3.4. Let (7,¢) : I — R* x A3 be a framed curve with nonzero
generalized curvatures p, z,w. (v, () is a general helix iff

b Chrcosu+ Cysinu (17)
z

S
is satisfied where Cy,Cy are constants and u (s) = [ wds.
0

Proof. Assume that (7,¢) : I — R* x A3 is a framed general helix with
nonzero curvatures. By using Theorem 3.2, we can define the C?-function
u (s) and the C'-functions p; (s) and ps (s) as follows

S

u(s) = [ wds (18)

0
p .
p1 = =cosu — h(s)sinu, (19)
z
_b
p2 = =sinu+ h(s) cosu. (20)
z

If we differentiate (19) and (20) with respect to s and consider (18), (14), and
(16), then we find p;’ = po’ = 0. So, p1 = C; and py = Cy are constants.
Hence, from (19) and (20), we obtain

Cicosu+ Cysinu = Q.
z
Conversely, assume that (17) is satisfied. Then from (19) and (20), we have
Cycosu — Cysinu = h(s),

which proves Theorem 3.3. Consequently (v, () is a framed general helix .

4 Framed (3-Slant Helix in Euclidean 4-Space

In this section, we define framed (3-slant helix and give the necessary and
sufficient conditions for framed curves to be (3-slant helices.
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Definition 4.1. The framed curve (v,¢) is called framed (s-slant helix if
its generalized second binormal vector (3 makes a constant angle ® with a
fixed direction N, i.e. ((3,N) = cos® is a constant along the framed base
curve.

Theorem 4.2. Let (v,() : I — R* x Az be a framed curve with nonzero
generalized curvatures p, z,w. Then (v, () is a (3-slant helix iff the following

equation holds,
w2 1w\ \>
(2) + (()) — tan’®, (21)
z p\z

where @ is the constant angle between the generalized second binormal vector
(3 and a constant unit vector N.

Proof. Let (v,¢) : I — R* x Az be a framed (3-slant helix with nonzero
curvatures and its axis be the unit vector N. Then,
(3, N) = cos & = constant (22)
along the framed base curve. By differentiating (22) and using (1), we find
—w<<2, N > =0.
From there, the unit vector IV can be chosen to be follows
N = a1v + a2@1 + asC, (23)

where a1 = (v, N), as = ({1, N), and a3 = (¢35, N) = constant. Seeing that N
is a unit vector, we find a;? + az? + a3? = 1. The differentiation of (23) gives

N’ = (a1’ —asp)v + (a1p + a2’) (1 + (agz — agw) (o + az’'(3 = 0, (24)
and from (24), we find

1da;q w
az D ds as e ) ( )
da2
s a1p (26)

By using the differentiation of (25) in (26), we find the ODE for a; as follows

/
"

a” — %all —a1p? =0. (27)

If we change the variable in (27) as u = [ p(s) ds, then the equation becomes
0

d2a1
?E;;—+fa1 =0.
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The solution of the above equation is
a3 = Kcosu(s)+ Lsinu(s), (28)

where K and L are constants. By substituting (28) in (25) and (26), we find

ay = Eas = —Ksinu(s)+ Lcosu(s),

1 , 29

CH:_,(E) a3:Kcosu(s)—|—LSinu(S). ( )
p\z

By straightforward calculations on (29), we obtain

k= (5 ((2)5)
() ((2)'2) = comsam.

Contrariwise, let’s assume that equation (21) is satisfied. In this case, there
can always be a constant vector N such that (3, N) = constant.
Let’s take this constant vector as

Hence, we have

N = —%(%)lv + %Q + (3. (30)

By considering the differentiation of (21) and (30), we obtain N’ = 0. So, N
is a constant vector. Consequently, (v, () is a framed (3-slant helix.

Theorem 4.3. A framed curve (7,¢) : I — R* x Az with nonzero gen-
eralized curvatures p, z,w. (v,() is a framed (3-slant helix iff there exists a
C?-function such that the following equations

w w

np=(2) W (s)=-p2

z

hold.

Proof. Assume that (v,¢) : I — R* x Az is a framed (3-slant helix with
nonzero generalized curvatures. The differentiation of (21) gives

() ()55 (52)) =0
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5(2) - _<1Z (w;/)"

and with the help of the last equation, we obtain
(5 &)
(31)

p\Zz

If we call the right side of the equality with a function h as

IO
GE)
then, (31) becomes )
(%) =phts) (32)
From (31), we obtain /
(1)) = @
(34)

By using equation (32) in (33), we find
w
h' (s)=—p—.
() = —p~

Contrariwise, let’s assume that equation (32) is satisfied. Then the unit vector

N can be written as
w
N =cos® (—h(s)v+ ;Cl —|—§3) .

Then, we find that ((3, N) = cos® is a constant. Consequently, (v,() is a

framed (s-slant helix.

Theorem 4.4. A framed curve (v,¢) : I — R* x A3 with nonzero gener-
alized curvatures p, z, w is a framed (3-slant helix iff the following equation is
(35)

satisfied w
— =C1cos B+ Cysin 3,

where C, Cy are constants and 8 = [ p(s)ds.
0
Proof. Assume that the framed curve (v,¢) : I — R* x Az with nonzero
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curvatures is a framed (3-slant helix. By using Theorem 4.2, we can define the
C?-function B(s) and the C*-functions p; (s) and p (s) as follows

B(s) = / p(s)ds, (36)

0
pi(s) = = cos § — h(s)sin 3, (37)
pa(s) = % sin 8 4 h(s) cos B. (38)

If we differentiate (37) and (38) with respect to s and consider (32), (34), and
(36), then we find p;’ = p’ = 0. So, p1(s) = C1, p2(s) = Cs are constants.
Hence, from (37) and (38), we obtain

CrcosfB+ Cysinf = %

Conversely, assume that (35) is satisfied. Then from (37) and (38), we get
h=—C;sinf + Cycos 3,

which proves Theorem 4.3. Then, (v, () is a framed (3-slant helix.

Note We thank the referees and the Editor for their valuable contributions..
Authors’ contribution rates to the article are equal.

References

[1] Akyigit, M., Yildiz, 0.G., On the Framed Normal Curves in Euclidean
4-Space. Fundam. J. Math. Appl., 4(4) (2021), 258-263.

[2] Honda, S., Flat surfaces associated with framed base curves, Doctoral
Thesis, Hokkaido University, 2018.

[3] Tzumiya, S., Takeuchi, N., New Special Curves and Developable Surfaces.
Turkish J. Math., 28(2) (2004), 153-164.

[4] Kazaz, M., Onder, M., Kocayigit, H., Kili¢, O., By-Slant Helices in the
Euclidean 4-Space. Int. J. Contemp. Math. Sciences, 3(29) (2008), 1433-
1440.

[5] Kula, L., Altunkaya, B., General helices that lie on the sphere S?" in
Euclidean space E?"*1. Univers. J. Math. Appl., 1(3) (2018), 166-170.



FRAMED GENERAL HELIX AND FRAMED C3—SLANT HELIX IN R% 26

[6]

[7]

[11]

[12]

[13]

[14]

[15]

Kula, L., Altunkaya, B., Characterizations of slant and spherical helices
due to pseudo-Sabban frame. Fundam. J. Math. Appl., 1(1) (2018), 49-56.

Lancret, M.A., Mémoire sur la théorie des courbes a4 double courbure.
Mémoires présentés a lInstitut des Sciences, Letters et arts par divers
savants, 1 (1806), 416-454.

Magden, A., On the curves of constant slope. YYU Fen Bilimleri Dergist,
4 (1993), 103-109.

Okuyucu, O.Z., Canbirdi, M., Framed slant helices in Euclidean 3-space.
Adv. Difference Equ., 1 (2021), 1-14.

Ozdogan, S., Tuncer, 0.0., Gok, 1., Yayh, Y., Some new types of asso-
ciated curves in Euclidean 3-space. Analele Stiintifice ale Univ. Ovidius
Constanta, Ser. Mat., 26 (2018), 205-221.

Struik, D.J., Lectures on Classical Differential Geometry. Int. J. Open
Problems Compt. Math., Dover, New-York, 1988. MR 89b:53002

Wang, Y., Pei, D., Gao, R., Generic Properties of Framed Rectifying
Curves. Mathematics, 7(1) (2019), 37.

Yildiz, O.G., On the evolution of framed curves in Euclidean 3-space.
Math. Methods Appl. Sci. (2021). https://doi.org/10.1002/mma.7633

Yoon, D.W.;, On the Quaternionic General Helices in Euclidean 4-space.
Honam Mathematical J., 34(3) (2012), 381-390.

Yazici, B.D., Ozkald: Karakug, S., Tosun, M., Characterizations of
Framed Curves in Four-Dimensional Euclidean Space. Univ. J. Math.
Appl., 4(4) (2021), 125-131.

Mine ATES,

Department of Mathematics,
Sakarya University,

Sakarya, Turkey.

Email: mine.atesl1@hotmail.com

Mahmut AKYiGiT,
Department of Mathematics,
Sakarya University,

and

Sakarya University Technology Developing Zones Manager CO.,
Sakarya, Turkey.
Email: makyigit@sakarya.edu.tr



