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A characterization of operators via Berezin
symbol and related questions

Ulaş Yamancı

Abstract

In this paper, we characterize the hyponormal operators with regard
to Berezin symbol and reproducing kernel. Also, we demonstrate several
Berezin number inequalities for bounded linear operators.

1 Introduction

Recall that a reproducing kernel Hilbert space, denoted by RKHS, is the
Hilbert space H = H(Θ) comprised of complex-valued functions on a set
Θ with properties that:

(a) the point evaluation at µ ∈ Θ is a continuous linear functional;
(b) there is gµ ∈ H for any µ ∈ Θ with property that gµ(µ) 6= 0.
The classical Riesz representation theorem certifies that there is only an

element kµ ∈ H for each µ ∈ Θ with property that 〈g, kµ〉 = g(µ) for every
g ∈ H. The element kµ is said to be a reproducing kernel of the RKHS H at
µ. If a sequence {en}n≥0 is an orthonormal basis of the space H (Θ), then kµ
is calculated by (see [1, 13])

kµ (z) =

∞∑
n=0

en (µ)en (z)
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The normalized reproducing kernel at µ is represented by k̂µ =
kµ
‖kµ‖H

(we

definitely have kµ 6= 0 from (b)). The Berezin symbol for a bounded linear

operator A on the RKHS H, denoted by Ã, is a function such that (see [2])
for µ ∈ Θ

Ã(µ) :=
〈
Ak̂µ, k̂µ

〉
H
.

Since ∣∣∣Ã(µ)
∣∣∣ ≤ ∥∥∥Ak̂µ∥∥∥∥∥∥k̂µ∥∥∥ ≤ ‖A‖ ,

the Berezin symbol Ã is a bounded function by norm of the operator. The
Berezin symbol provides us remarkable information about operators such as
uniqueness of operators and boundary behavior of operators. That is, A1 = A2

if and only if Ã1 = Ã2. More informations about Berezin symbols and its
applications, can be found in Garayev et al. [7], Saltan [14], and Yamancı
[18].

Karaev in [9, 10] defined the Berezin number and the Berezin set, respec-
tively

ber (A) := sup
µ∈Θ

∣∣∣Ã (µ)
∣∣∣

and
Ber (A) :=

{
Ã (µ) : µ ∈ Θ

}
.

The ber (A) holds the following features:
(a) ber (βA) = |β| ber (A) for every β ∈ C.
(b) ber (A) ≤ ‖A‖.
(c) ber (A+B) ≤ ber (A) + ber (B).
The Berezin number of an operator does not normally define a norm. But,

ber (A) defines a norm on B (H (D)) when H is a RKHS of analytic functions,
(such as on the unit disc D = {z ∈ C : |z| < 1}) (see, for example, Zhu [19]).

The Berezin norm of the operator A on the RKHS H = H(Θ) is given by
formula

‖A‖ber = sup
µ∈Θ

∥∥∥Ak̂µ∥∥∥
H
.

Obviously, ‖A‖ber holds the features (a)-(c) with ber (A). Moreover, ‖A‖ber =
0 if and only if A = 0 because the family {kµ : µ ∈ Θ} is complete in H. So,
all of these features imply that ‖A‖ber is a norm in B (H). Obviously, for any
A ∈ B (H), ber (A) ≤ ‖A‖ber.

Recently, by using the well-known inequalities and discrete Hardy-Hilbert
type inequalities, remarkable consequences for the Berezin number inequalities
were obtained in [3, 6, 8, 12, 15, 16, 17].
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Note that the numerical radius and the numerical range of the operator A,
represented by w (A) and W (A), are defined by respectively

w (A) := sup
‖g‖H=1

|〈Ag, g〉| .

and
W (A) := {〈Ag, g〉 : ‖g‖H = 1}

One can easily see that

ber (A) ≤ w (A) ≤ ‖A‖ and Ber (A) ⊂W (A)

for any A ∈ B (H) .
In this paper, we characterize the hyponormal operators with regard to

Berezin symbol and reproducing kernel. Also, we demonstrate several Berezin
number inequalities for bounded linear operators.

2 Berezin symbol and hyponormal operator

Following result gives the characterization of hyponormal operators via repro-
ducing kernel and Berezin symbol. Recall that A is a hyponormal operator if
A∗A ≥ AA∗.

Theorem 1. Let A be a bounded operator on a RKHS H (Θ). Then A is a
hyponormal operator if and only if

inf
φ∈C

∥∥∥Ak̂µ − φk̂µ∥∥∥ ≥ inf
φ∈C

∥∥∥A∗k̂µ − φk̂µ∥∥∥
for all µ ∈ Θ.

Proof. From property of Ã (µ) k̂µ⊥Ak̂µ − Ã (µ) k̂µ, we get∥∥∥Ak̂µ − Ã (µ) k̂µ

∥∥∥2

+
∣∣∣Ã (µ)

∣∣∣2 =
∥∥∥Ak̂µ∥∥∥2

(1)

for all µ ∈ Θ. Using the Lemma 2.3 in [5], we obtain from (1)∥∥∥Ak̂µ − Ã (µ) k̂µ

∥∥∥ = inf
φ∈C

∥∥∥Ak̂µ − φk̂µ∥∥∥
and ∥∥∥A∗k̂µ − Ã∗ (µ) k̂µ

∥∥∥ = inf
φ∈C

∥∥∥A∗k̂µ − φk̂µ∥∥∥
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for all µ ∈ Θ. Since
∥∥∥Ak̂µ∥∥∥2

= Ã∗A (µ) and
∥∥∥A∗k̂µ∥∥∥2

= ÃA∗ (µ), we immedi-

ately have from above equalities that

inf
φ∈C

∥∥∥Ak̂µ − φk̂µ∥∥∥2

+
∣∣∣Ã (µ)

∣∣∣2 = Ã∗A (µ)

and

inf
φ∈C

∥∥∥A∗k̂µ − φk̂µ∥∥∥2

+
∣∣∣Ã (µ)

∣∣∣2 = ÃA∗ (µ) .

Since the operator is uniquely determined by the Berezin symbol, we have
from the last two formulas A∗A ≥ AA∗ if and only if

inf
φ∈C

∥∥∥Ak̂µ − φk̂µ∥∥∥ ≥ inf
φ∈C

∥∥∥A∗k̂µ − φk̂µ∥∥∥
which gives the desired result.

3 Estimations for Berezin number of operators

The following lemmas help us to prove our main result:

Lemma 1 ([11]). Let A ∈ B (H) be a positive operator. Then, for unit vector
x ∈ H, the operator Jensen’s inequality

〈Ax, x〉k ≤
〈
Akx, x

〉
, k ≥ 1

and 〈
Akx, x

〉
≤ 〈Ax, x〉k , k ∈ [0, 1]

Now, we demonstrate several Berezin number inequalities for bounded lin-
ear operators. Note that the below inequality is known as the Buzano inequal-
ity (see [4]).

Lemma 2. Let a, b, e ∈ H. Then

1

2
(|〈a, b〉|+ ‖a‖ ‖b‖) ≥ |〈a, e〉 〈e, b〉| ,

where ‖e‖ = 1.

Theorem 2. Let A ∈ B (H). Then

ber2 (A) ≤ 1

2

[
‖A‖2

(
min
k∈[0,1]

‖kA∗A+ (1− k)AA∗‖ber

)
+ ber2

(
A2
)

+ ber
(
A2
)
‖A∗A+AA∗‖

] 1
2

ber
.
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Proof. Utilising the Lemma 1, we get∣∣∣Ã (µ)
∣∣∣2

=
∣∣∣Ã (µ)

∣∣∣ ∣∣∣Ã (µ)
∣∣∣

≤ 1

2

(∣∣∣〈Ak̂µ, A∗k̂µ〉∣∣∣+
∥∥∥Ak̂µ∥∥∥ ∥∥∥A∗k̂µ∥∥∥)

=
1

2

(∣∣∣〈Ak̂µ, A∗k̂µ〉∣∣∣2 +
∥∥∥Ak̂µ∥∥∥2 ∥∥∥A∗k̂µ∥∥∥2

+2
∣∣∣〈Ak̂µ, A∗k̂µ〉∣∣∣ ∥∥∥Ak̂µ∥∥∥∥∥∥A∗k̂µ∥∥∥) 1

2

≤ 1

2

(∣∣∣Ã2 (µ)
∣∣∣2 +

〈
A∗Ak̂µ, k̂µ

〉〈
AA∗k̂µ, k̂µ

〉
+
∣∣∣Ã2 (µ)

∣∣∣ 〈(AA∗ +A∗A) k̂µ, k̂µ

〉) 1
2

=
1

2
(
∣∣∣Ã2 (µ)

∣∣∣2 +
〈
A∗Ak̂µ, k̂µ

〉k
.
〈
AA∗k̂µ, k̂µ

〉1−k
.〈

A∗Ak̂µ, k̂µ

〉1−k
.
〈
AA∗k̂µ, k̂µ

〉k
+
∣∣∣Ã2 (µ)

∣∣∣ 〈(AA∗ +A∗A) k̂µ, k̂µ

〉
)

1
2

≤ 1

2

(∣∣∣Ã2 (µ)
∣∣∣2 +

〈
(kA∗A+ (1− k)AA∗) k̂µ, k̂µ

〉〈
((1− k)A∗A+ kAA∗) k̂µ, k̂µ

〉
+
∣∣∣Ã2 (µ)

∣∣∣ 〈(AA∗ +A∗A) k̂µ, k̂µ

〉) 1
2

(by the McCarthy inequality)

≤ 1

2

(∣∣∣Ã2 (µ)
∣∣∣2 + ‖kA∗A+ (1− k)AA∗‖ber ‖(1− k)A∗A+ kAA∗‖ber

+
∣∣∣Ã2 (µ)

∣∣∣ 〈(AA∗ +A∗A) k̂µ, k̂µ

〉) 1
2

≤ 1

2

(∣∣∣Ã2 (µ)
∣∣∣2 + ‖kA∗A+ (1− k)AA∗‖ber ‖A‖

2
ber

+
∣∣∣Ã2 (µ)

∣∣∣ 〈(AA∗ +A∗A) k̂µ, k̂µ

〉) 1
2

≤ 1

2

(
ber2

(
A2
)

+ ‖kA∗A+ (1− k)AA∗‖ber ‖A‖
2
ber

+ber
(
A2
)
‖AA∗ +A∗A‖ber

) 1
2 .
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Taking supremum over µ ∈ Θ, we have

ber2 (A) ≤ 1

2

[
‖A‖2 (‖kA∗A+ (1− k)AA∗‖ber)

+ber2
(
A2
)

+ ber
(
A2
)
‖A∗A+AA∗‖

] 1
2

ber

for all k ∈ [0, 1]. So, considering minimum over k ∈ [0, 1], we get

ber2 (A) ≤ 1

2

[
‖A‖2

(
min
k∈[0,1]

‖kA∗A+ (1− k)AA∗‖ber

)
+ ber2

(
A2
)

+ ber
(
A2
)
‖A∗A+AA∗‖

] 1
2

ber
.

as desired.

Theorem 3. Let A ∈ B (H). Then

4ber4 (A) ≤ ber2
(
A2
)

+
1

4

∥∥∥(A∗A)
2

+ (AA∗)
2
∥∥∥
ber

+
1

2
ber
(
A∗A2A∗

)
+ ber

(
A2
)
‖A∗A+AA∗‖ber

Proof. Let k̂µ be a reproducing kernel at µ ∈ Θ. Then we get from Lemma 1
that

Ã∗A (µ) ÃA∗ (µ)

= Ã∗A (µ)
〈
k̂µ, AA

∗k̂µ

〉
≤ 1

2

(∥∥∥A∗Ak̂µ∥∥∥
ber

∥∥∥AA∗k̂µ∥∥∥
ber

+
∣∣∣〈AA∗k̂µ, A∗Ak̂µ〉∣∣∣)

≤ 1

4

(∥∥∥A∗Ak̂µ∥∥∥2

ber
+
∥∥∥AA∗k̂µ∥∥∥2

ber

)
+

1

2

∣∣∣〈A∗A2A∗k̂µ, k̂µ

〉∣∣∣
=

1

4

〈(
(A∗A)

2
+ (AA∗)

2
)
k̂µ, k̂µ

〉
+

1

2

∣∣∣〈A∗A2A∗k̂µ, k̂µ

〉∣∣∣
≤ 1

4

∥∥∥(A∗A)
2

+ (AA∗)
2
∥∥∥
ber

+
1

2
ber
(
A∗A2A∗

)
.
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Following the proof of above Theorem, we get that∣∣∣Ã (µ)
∣∣∣4

≤ 1

4

(∣∣∣Ã2 (µ)
∣∣∣2 + Ã∗A (µ) ÃA∗ (µ) +

∣∣∣Ã2 (µ)
∣∣∣ 〈(AA∗ +A∗A) k̂µ, k̂µ

〉)
≤ 1

4

(
ber2

(
A2
)

+ Ã∗A (µ) ÃA∗ (µ) + ber
(
A2
)
‖A∗A+AA∗‖ber

)
≤ 1

4

[
ber2

(
A2
)

+
1

4

∥∥∥(A∗A)
2

+ (AA∗)
2
∥∥∥

+
1

2
ber
(
A∗A2A∗

)
+ ber

(
A2
)
‖A∗A+AA∗‖ber

]
for all µ ∈ Θ. Taking supremum over µ ∈ Θ, we arrive at desired consequence.
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