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On a relation between GAG codes and AG
codes

Engin Senel and Figen Oke

Abstract

In this paper, we first give a relationship between generalized alge-
braic geometry codes (GAG codes) and algebraic geometry codes (AG
codes). More precisely, we show that a GAG code is contained (up to
isomorphism) in a suitable AG code. Next we recall the concept of an
N1 Nz-automorphism group, a subgroup of the automorphism group of
a GAG code. With the use of the relation we obtained between these
two classes of codes, we show that the N;Na-automorphism group is a
subgroup of the automorphism group of an AG code.

1 Introduction

AG codes were first constructed by V. D. Goppa using the function field theory
[1]. GAG codes, inspired by the structure of AG codes, were constructed by
C.P. Xing, H. Niederreiter and K.Y. Lam to use places of degrees greater than
one [5]. A direct relationship between these two code families was given by
A. Picone [2]. A. Picone showed that a GAG code generated by places of
the same degree can be embedded into a suitable AG code and established a
connection between an automorphism group of a GAG code of this type and
an automorphism group of an AG code. In this paper, we extend the Picone’s
results to GAG codes generated by places of different degrees. Our main tool
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is the algebraic extensions of function fields. We mainly use the method given
in Section 3 of [2]. The paper is organized as follows.

In Section 2, we state the necessary definitions and give some preliminary
results. In Section 3, we construct a connection between the corresponding
function fields of a GAG code and an AG code. Next we present the first
main result of this paper. In Section 4, we consider a constrained structure
that still allows GAG codes to be generated by places of different degrees. We
recall the concept of an N7 Ny-automorphism group defined by E. Senel and
F. Oke [4]. Using the arguments given in Section 3, we show that the N; N,-
automorphism group is a subgroup of the automorphism group of a suitable
AG code.

2 Preliminaries

We start by giving the basic definitions of algebraic function field theory. For
the notations not explained in this paper, we refer the reader to [3].

Definition 2.1. For a transcendental element x € F over K, let F' be a finite
extension of K(x). The field extension K C F is called an algebraic function
field F/K of one variable over K.

We sometimes simply call F'//K a function field. Throughout this paper,
algebraic function fields of one variable are considered. Any algebraic function
field of one variable is usually expressed as a simple algebraic field extension
of the field K(z). Hence for an irreducible polynomial f(7T') € K(z)[T] such
that f(y) =0, we write F' = K(z,y) when it is needed.

The field K := {z € F'| z is algebraic over K} is called the field of constants
of F/K. If K = K, we say that K is the full constant field.

In the rest of the paper, F//K denotes a function field with full constant
field K. This assumption is not a restriction of generality (see [3, p. 15]).

In the applications of function fields to coding theory, the function fields
over finite fields are used. We introduce AG codes. Let Fy be a finite field
with ¢ elements and let F'/F; be a function field. Consider the divisor D :=
Py + Py + -+ Py where Py, Ps, ..., Py are pairwise distinct rational places
and a divisor G with supp G N{Py, Ps, ..., Py} = 0. The linear code

Ce(D,G) :={(2(P1),2(P2),...,2(Px)) | z € L(G)} CFY

is called an algebraic geometry code.

Next we introduce GAG codes. We now present some notations given in
[2] that are not relevant for our exposition, but make the structure of GAG
codes and the results easier to understand. For a place P of degree n of the
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function field F/F,, we know that the residue class field Fp is F -isomorphic to
Fyn. For such an isomorphism ¢p : Fp — Fn, the pair (P, ¢p) is called a ¢-
place. A ¢-divisor is defined as an element of the free abelian group generated
by ¢-places. We define z(P, ¢p) := ¢p(2(P)), where z is an element of the
valuation ring Op corresponding to the place P. Note that since Fy and Fyn
are isomorphic, z(P, ¢p) can be considered as an element of Fy.

Consider the ¢-divisor @ := (P1,¢1) + (P2, ¢2) + -+ + (Pn,¢n) where
(P1,é1), (P2, ¢2),...,(Pn,¢n) are pairwise distinct ¢-places of degree n; > 1
respectively and a divisor G with suppGN{P, Ps,..., Py} = 0. The linear
code

N
C(#;G) = {(2(P1,¢1),...,2(Px,ow)) | 2 € £(G)} CFy =™ = [ P

i=1

is called an generalized algebraic geometry code. For a suitable divisor G, we
also say that the GAG code C(®; G) is generated by the places Py, P, ..., Py.
Notice that the definition of GAG codes given above is not in the most general
state given in [5].

Now we recall some definitions and facts about algebraic extensions of
function fields that will be needed in the next chapters. The field K is assumed
to be perfect.

Definition 2.2. Let ' C F' be an algebraic field extension and let K C K'.
The algebraic function field F' /K’ is called an algebraic extension of F/K. If
F' = FK', the composite field of F and K' then F'/K' is called a constant
field extension.

Let F'/K' be an algebraic extension of the function field F/K. Consider
the residue class fields Fp = Op/P and Fp, = Op//P’ where P € Pp and
P’ € Pp,. If P lies over P’, then by [3, Proposition 3.1.4], we have the following
canonical embedding of Fp into Fp,

p: Fp — Fp, x(P) — x(P") (2.1)

where x € Op. So, we consider Fp as a subfield of F,.
The next theorem gives the relation between a divisor A € Div(F') and its
conorm Congr/p(A) € Div(F') and is important for our purposes.

Theorem 2.3. ([3, Theorem 3.6.3]) Consider the constant field extension
F'/K' of the function field F/K.
(1) For every divisor A € Div(F), we have deg Congs/p(A) = deg A
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(2) For every divisor A € Div(F),

More explicitly, every basis of L(A) is also a basis of L(Conp:,p(A)). Also,
one should note that L(A) C F is a K -vector space whereas £(Conpr/p(A)) C
F' is a K'-vector space.

3 GAG codes and AG codes

We provide some needed tools to prove the first main result of this paper. We

start by introducing a useful vector space. Let F,(z,y)/F, be a function field.
N

Let & = ) (P, ¢;) be a ¢-divisor of Fy(z,y)/F, with P; pairwise distinct
i=1

places of degree n; > 1 such that z,y € Op, and let G be a divisor with

supp G N{Py, Pa,..., Py} = 0. Consider the GAG code C(;G).

Since deg P; = n;, we have z(P;, ¢;) € Fyn; for every ¢ € {1,2,...,N}.
Then we have the following F,-vector space,

N
C(8:G) == {(2(P1,¢1),....2(Pn,¢n)) | 2 € L(G)} C [[Fom:-
=1

Hence we can define the following I -isomorphism,

0:C(9;G) — C(9;G)
(Z(P17¢1)7""Z(PN7¢N)) — (AI(Z(Plvd)l))?"‘VAN(Z(PNa¢N)))

where \; is a Fy-linear isomorphism from Fgn; onto Fg:.

Next with the use of the F,-vector space C(®;G), we show that the GAG
code C(9;G) can be embedded into an AG code.

From [2, Proposition 3.5], we know that for every ¢ € {1,2,..., N}, there
is a rational place R; of the constant field extension Fyn; (z,y)/F4n: which lies
over (P, ¢;) such that z(R;) = z(P;, ¢;) for each z € Op,. Now consider the
constant field extension Fjem ny,....nn) (2, Y)/F prem (n1,mn) Of Fgrni (2,9) /Fgni.
We have a place S; Of Fjiem (ny,....nn) (z, y)/]P‘qlcm<n1,,.,,nN) which lies over R; by
[3, Proposition 3.1.7]. Since R; is rational, .S; is rational by (1) of Theorem
2.3.

Also, by [2, Proposition 3.5] and the canonical embedding given in (2.1),
for every i € {1,2,..., N} we have

2(8:) = 2(R;) = 2(Pi, ¢4) (3.1)
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where z € Op,.
Now we can state and prove the first main result of this paper, which is a
generalization of [2, Proposition 3.6].

Theorem 3.1. With S; as above for eachi € {1,2,... N}, let D' = S1+---+
Sn. Consider the AG code Cg(D',G") where G’ € Div(F jiem (ny,...nn) (2, Y)) is
the conorm of the divisor G € Div(Fy(z,y)). Then we have

C(9;G) C C (D', G).

Hence, the AG code C(D’,G") contains a subspace which is F-isomorphic to
the GAG code C(9;G).

Proof. If z € L(G), then z € Op, for each i € {1,2,..., N}. Hence by (3.1),
we have

C(9;G) = {(2(81),2(82), .., 2(Sn)) | z € L(G)}.
Since L(G) C L£L(G') from (2) of Theorem 2.3, the result follows. O

4 The automorphisms

In this section, with the notation as in Theorem 3.1 we show that the auto-
morphism groups of C(®;G) and Cy(D’,G’) have the same subgroup. For
this purpose, we restrict the structure of GAG codes in the following sense:
let {Py, P3,...,Pn, } be a set of pairwise distinct places of degree n; > 1 and

let {Pny+1, PNy+2,---, Pny+N, } be a set of pairwise distinct places of degree
N1+N2
ng > 1. Counsider the ¢-divisor & = > (P, ¢;) and a divisor G with
i=1

suppGN{P,P,,...,Pn,+N,} = 0. For the rest of this section, we consider
the GAG code C(9;G).

Next we recall the definition of an automorphism group of a code and
introduce the concept of an N7 No-automorphism group of a GAG code given

in [4]. The automorphism group of a code C' of length n is

Awt(C) ={r €8, |n(C)=C}

where 8, is the symmetric group on n elements. It should be noted that
Aut(C(P;G)) C 81y Ny+naN,, since the length of the code C(@;G) is ny Ny +
naNo. We know that for each i € {1,2,..., Ny} (respectively i € {N1+1, N1 +
2,..., N1 + Na}), we have z(P;, ¢;) € Fy* (respectively z(P;, ¢i) € Fy?). So
we can assume that a codeword of the code C(@;G) consists of Ny + N
blocks. By interchanging the first N; blocks and the other Ny blocks among
themselves, respectively, an element of the symmetric group 8,,n,+n,N, 1S
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obtained. The subgroup of Aut(C(¢®;G)) that provides this property will
be called an Nj Ns-automorphism group and denoted by Hpn,n,(@;G). An
element m € Hy,n,(P;G) acts on a codeword of C(P;G) in the following
way:

™ (Z(Ph ¢1)7 (R 7Z(PN1+N25¢N1+N2))
= (2(Pr(1), @n(1))s - - 2(Pr(Ny+N2)s (N +12))
where z € L(G).

We give the main theorem of this section, which is a generalization of [2,
Proposition 3.7] to a broader class of the automorphism groups of GAG codes.

Theorem 4.1. Ny Ny-automorphism group Hy, n,(P; G) is a subgroup of the
automorphism group of C (D', G").

Proof. First we recall the automorphism group of C (D', G’)

Aut(Ce (D', G")) ={m € Snyans | (2(Sr(1))s - -5 2(Se(vi+0v2))) € Ce (D', G')
for each z € L(G')}.

Let 7 € Hn, N, (9; G). Since Fy* and Fyn; are isomorphic fori € {1,2,..., Ny +

N}, the action of an element of Hy,n,(®;G) on C(®;G) is same as on

C(®;G). So for an element :((zzi € L(G), we have

u(z,y)
" u(,y)

(Pﬂ'(l)a ¢7r(1))7 e (PTF(N1+N2)7 ¢W(N1+N2))) S 6(¢7 G)

Thus there is some element Z:Engg € L(G) such that %(Pﬂ(i),qﬁw(i)) =

uggg (Pi, ¢;) for each i € {1,2,..., Ny + No}. Hence, from (3.1) it follows

that u(,y) (Sﬂ'(l)) = u(xy) (SZ) for each i € {1, 2, ey N1 + NQ}

v(z,y) v’ (z,y)

Let B = {Zig;’% Zz((:;’)) e, Z:E;Z)) } be a basis of £(G). Then for any j €
{1,2,...,r}, there exists an element Zégiz; € £ (G) such that %(Sﬂ(i)) =
;‘Ej;’i (S;) for each i € {1,2,..., Ny + Na}.

Since B is also a base of £(G’) by (2) of Theorem 2.3, for an z € L(G),

r ui(zy)

we can write z = > 3., Enem)
- e

where aj € Fjiem(n;.ny). Hence for each
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i€{1,2,...,N; + No}, we have

Yy v;(z,y)

~ uy(z,y) - u;(z,y)
Z(S‘fr i ) = a; (S‘fr i ) = a; 7(51# i )
D=\ Ly | 50 = 2 ( “)

S (Z{u,m(&)): 0, S0 (s,

Jj=1

Since S7_, ;%Y ¢ £(@), it follows that = € Aut(Ce(D',G")). So we

i=1 %V (wy)

have Hy, n, (9;G) C Aut(C, (D', G")). O
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