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Generalized Rectifying Ruled Surfaces of
Special Singular Curves
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Abstract

In this study, generalized rectifying ruled surfaces of Frenet-type
framed base curves in the three-dimensional Euclidean space are intro-
duced. These surfaces are a generalization of not only the tangent and
binormal surfaces of Frenet-type framed base curves, but also the tan-
gent and binormal surfaces of regular curves. Additionally, we present
some geometric characterizations and properties of these surfaces. Then,
the singular point classes of the surface are scrutinized and the condi-
tions for being a cross-cap surface are stated. Moreover, generalized
rectifying surfaces are examined as framed surfaces by using the framed
surface theory, and we investigate the basic invariants and curvatures
of them. Then, several illustrative examples with figures are given to
support the theorems and results.

1 Introduction

From past to present, surface theory has a highly important place and wide
applications in several disciplines such as differential geometry, architecture,
engineering, computer graphics, etc. Ruled surfaces which are famous and in-
teresting examples of surfaces were investigated by Gaspard Monge [28]. Since
this type of surface is suitable geometrically in order to use in the architecture
area, it has been used over the centuries and still is used. A ruled surface is
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determined as a surface such that through each of its points passes a straight
line contained in this surface. Because of the fact that the ruled surfaces are
tremendously relevant geometrical and architectural structures that are also
attractive regarding cost and duration, it has been used in many architectural
structures [5]. Furthermore, ruled surfaces are examined widely in the exist-
ing literature, and there are several studies with respect to the ruled surfaces,
their properties, and classification from exploration of them to until now. It
can be said that a type of ruled surface is a developable surface. In addition
to these, singularities of the tangent developable of a regular space curve are
studied [4]. Also, the singularities of tangent surfaces and generalized frontals
are examined in [15]. In the study [15], classifications of singularities such as
cuspidal edge, swallowtail, folded umbrella, embedded cuspidal edge, etc. A
great deal of investigation can be found in the existing literature, and also we
can refer to the studies [16-20] with respect to the ruled surfaces.

The theory of curves, which is a great deal of fundamental topics of differ-
ential geometry, also has attracted much attention by many researchers. It is
well known that, Frenet frame is constructed for only regular curves with the
condition non-zero curvature. Although this frame has been a long time since
its discovery, it has been an interesting subject studied by many researchers
due to the fact that this frame is substantially convenient in order to examine,
evaluate and interpret the regular curves with respect to several geometric
properties. By using the Frenet frames for regular space curves, there are lots
of studies have been done especially in classical differential geometry. Never-
theless, provided that a curve has singular points, then we can not construct
the Frenet frame of it. In that case, the concept of the framed curve and
framed base curve for the purpose of constructing the Frenet frame for non-
regular curves are needed [11]. It has attracted the notice of several researchers
since it supplies the occasion to establish a moving frame on curves with sin-
gular points. Framed curves which were determined by Honda and Takahashi,
are smooth curves with a moving frame that have singular points [11]. These
authors discovered a new type of moving frame and introduced the framed
curves which are curves with singular points. These new structure and no-
tions have made a great contribution to the literature and attracted several
researchers who study especially differential geometry. Besides, the framed
curves in E? as special case are given detailed and examined in this study.
Framed curves have many importance on the singularity theory and several
researchers examined this special type curve in the existing literature, and are
ongoing [1,7,10,11,29-33].

Frenet-type framed curves are a special type of framed curves. Tangent
vectors of a non-regular curve vanish at singular points, for constructing the
Frenet frame, a regular spherical curve which these curves are named Frenet-
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type framed base curves is considered [10]. Since framed curves allow con-
structing a moving frame on curves with singular points, lots of researchers
are interested in this subject, and many studies have been done and are on-
going in the literature. The existence conditions of framed curves [7] and the
evolutes of framed immersions were examined [12]. Additionally, the following
special type framed curves were studied by using Frenet-type framed curves:
framed rectifying curves [29,30], framed normal curves [31], and framed he-
lices [10,29]. Also, some characterizations of framed curves were studied in
the four-dimensional Euclidean space [1,32].

Then, Fukunaga and Takahashi defined the framed surfaces in E3, and also
the curvatures of framed surfaces and fundamental invariants of framed sur-
faces were examined [8]. This new attractive structure, which is named framed
surface, constructs a new working area for researchers and has contributed to
the literature. Because the normal vector of a surface with singular points
can not be established, framed surfaces can be treated as smooth surfaces de-
termined via a moving frame with singular points. Indeed, framed surfaces,
which might have singularities, are defined as smooth surfaces in E? by utiliz-
ing a moving frame. For more detailed information with respect to the framed
surfaces, we refer to the study [8]. Moreover, the principal normal and bi-
normal surfaces constructed via singular curves which are smooth curves with
singular points in E3 [14] and the tangent developables and Draboux devel-
opables of framed curves [25] were examined. Tubular surfaces associated with
framed base curves and developable surfaces with pointwise 1-type Gauss map
of Frenet type framed base curves in Euclidean 3-space were scrutinized [6,24].

Generalized rectifying ruled surfaces of regular curves in E? were investi-
gated, and also some properties of this new surface examined such as cases
when they are asymptotic, geodesic, developable, cylindrical, helix, minimal,
etc. [26]. With the same logic, the generalized normal and osculating-type
ruled surfaces of regular curves [22,23] are scrutinized in E3. Moreover, some
characterizations and geometric properties of these types of surfaces were pre-
sented giving supporting examples in these two studies. In addition to these,
the rectifying developable surfaces of special singular curves were also stud-
ied [10]. Inspired by the study [26], we intend to examine the generalized
rectifying ruled surface through utilizing special singular curves which can be
defined as the smooth curves with singular points in E3.

In this article, we investigate a new type surface which is called as the
generalized rectifying ruled surface of Frenet-type framed base curve in E3.
Some basic and required information that is used throughout this paper is
recalled in Section 2. After that, we define and scrutinize this new type sur-
face that we are sure will make new contributions to the field of differential
geometry and singularity theory in Section 3. These surfaces are a gener-
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alization of both the tangent surfaces and binormal surfaces of Frenet-type
framed base curves, and the tangent and binormal surfaces of regular curves.
Furthermore, geometric properties and some characterizations of generalized
rectifying ruled surfaces of singular curves are examined. For instance, these
new surfaces are examined regarding these notions cylindrical, developable,
and striction curve. Moreover, singularity types are scrutinized with the help
of the basic singularity theory of curves and the conditions for being a cross-
cap surface are expressed. Then, we analyze the generalized rectifying ruled
surface as framed surface, and basic invariants, curvatures, some classifications
and properties of them are investigated. Afterward, some examinations with
respect to the Gaussian and mean curvatures are given, and we present the
necessary conditions for these type surfaces being flat and minimal surfaces.
In addition to these, we study on the surfaces in terms of conditions of being
immersion, Legendre immersion and framed immersion. In Section 4, some
examples are given in order to facilitate understanding the given theorems
and results, and these examples are supported by figures. Once and for all,
we present, conclusions in Section 5.

2 Basic concepts

We recall the required general notions and notations needed throughout the
study in this part of the paper. Let us remember the ruled surface, framed
curve, Frenet-type framed base curve, framed surface, and properties of them,
respectively.

Let T' = (I'1,T5,T3), p = (p1, p2, p3) € R? is given. Then, the inner prod-
uct (T, p) = T1p1 + Tapa + T'zps is defined and the norm of T' is given as
T = +/(T,T). Also, the vector product of T and p is given as

€1 €9 €3
A P = Fl FQ F3
pPL P2 P3

where e; for i = 1,2,3 are canonical bases on R? [8].
It should be noted that the symbol prime / denotes the derivative through-
out this study.

Definition 2.1. Let J be an open interval or a unit circle S'. Then, ¢ : J —
R3 and v : J — R3 — {0} be given as smooth functions. A ruled surface in R3
is the mapping Y,y + J X R — R3 determined as V(o) (8, 1) = p(s) + uv(s)
where ¢ is directrix and v is director curve. Additionally, the straight line
u > p(s) + uv(s) is called as ruling [18].
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If aw(“"’a“s)(s’u) A ﬁw(wg;(s,u) = 0 at any points (sg, ug), these points are called

as singular points of the surface v, 4)(s,u). Else they are called as regular
points. Since developable surfaces are a type of ruled surfaces, the following
classification can be given. The equation det(¢’'(s),v(s),v'(s)) = 0 holds if
and only if a ruled surface is developable. Also, a ruled surface 9, . (s, u)
with [|v(s)]| = 1 is called as cylindrical if and only if v/(s) = 0, and also non-
cylindrical if and only if v'(s) # 0. A curve o(s) lying on ¢, )(s,u) with the
condition (¢’(s),v’(s)) = 0 is striction curve of the surface 9, (s, u). The
striction curve of the surface ¥, . (s, u)

can be written [10,21-23,26]. The theory of ruled surfaces can be examined
in these books [9,27], as well.

Definition 2.2. (7, ®1,®5) : I — R®x Ay is a framed curve if (' (s), ®;(s)) =
0 for every s € I and i = 1,2, where the followsing set

Ag = {® = (1, D) € R¥ x R : (®,(s), ®;(s)) = dij;4,5 = 1,2}

is a three-dimensional smooth manifold. Then, v : I — R3 is named as a
framed base curve if there exists (O, P2) : I — Ao such that (v, Py, D2) is a
framed curve [11].

The following derivative formulas is presented

V'(s) = —m(s)®1(s) — n(s)Pa(s),
@' (s) = m(s)v(s) + 1(s)P2(s),

where v = ®; A @5 is a unit vector, namely v | ®; and v | ®5. Also, sg is a
singular point of v if and only if a(sp) = 0, and « characterizing the singular
points is given by +'(s) = a(s)v(s). Additionally, {v, ®1, P2} is a moving
frame of v and (I,m, n, «) is the framed curvature of 7, and also (I,m, n,«) is
used to search the singular points [11]. In case v has a singular point, Frenet
frame can not be established along 7(s). Notwithstanding, the Frenet-type
frame is determined along 7(s) under the condition m? + n? # 0. These type
curves are named as Frenet-type framed base curves which are a special framed
curve and are defined as follows.

Definition 2.3. v: I — R3 is called a Frenet-type framed base curve if there
exist a smooth mapping o : I — R and a regular spherical curve T : I — S?
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such that +'(s) = a(s)T(s) for every s € I. Then, we can also said that T(s)
is unit tangent vector and «o(s) is called a speed function of v(s). Also, sg is a
singular point of «y if and only if a(sg) = 0. The unit principal normal vector
N(s) =T(s)/ 1T (s)|| and the unit binormal vector B(s) = T(s) AN(s) of v(s)
can be given. Then, {T(s),N(s), B(s)} is constructed and this frame, which is
named as the Frenet-type frame along ~(s), is orthonormal [10].

The following derivative formula is also given

T'(s) = (s)N(s),

N'(s) = —£(s5)T(s) + 7(s)B(s), (2.1)
B'(s) = —7(s)N(s),
where k(s) = ||T7(s)|| is curvature and 7(s) = FTEOAT ). T7) g torsion of

177 ()11
7 [10]. Then, the three-dimensional smooth manifold A = {(T',p) € S? x S? :
(T, p) = 0} is given where S? = {T' € R3 : ||T'|| = 1} is a unit sphere in R3.
Now, let us recall the definition of the framed surface, and take U as a simply
connected domain of R? [8].

Definition 2.4. (¢,¢1,¢2) : U — R3 x A is called a framed surface if

(ps(s,u), p1(s,u)) = 0 and (pu(s,u), d1(s,u)) = 0 for every (s,u) € U where

os(s,u) = %(s,u) and ¢ (s,u) = ?(s,u) Also, ¢ : U — R3 is called
u

a framed base surface if there exists (¢p1,d2) : U — A such that (¢, ¢1, P2)

framed surface [8].

In addition to these, {¢1(s,u), d2(s,u), P3(s,u)} is a moving frame along
@(s,u) where ¢3(s,u) = ¢1(s,u) A ¢2(s,u). The basic invariant functions of
the framed surface (¢, ¢1, ¢2) are presented as

(&) =(m =) () 22

D1s 0 n1 M2 @1
(;325 = —N11 0 13 (7252 5 (23)
@35 -m2 —m3 O ¢3
D1u 0 21 M22 o1
G20 | = —m21 0 ;a3 o2 |, (2.4)
®3u —122 —M23 0 ®3

where n;; : U = R, =0,1,2,5 = 1,2,3,4 are smooth functions. The above
matrices which are seen in the equations (2.2)-(2.4) are denoted as Fo, F1, Fa,
respectively. Also, the matrices (Fo, F1,F2) are named as basic invariants of
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(¢, 01, P2). It should be noted that (sg,up) is a singular point of ¢ if and
only if det Fy(sg,ug) = 0. Via the integrability conditions of (¢, ¢1, ¢2), then
No1721 + NozM2z = Moz + Noamiz- The Cy = (Jg, Ky, Hg) : U — R? is called
a curvature of (¢, @1, P2) where

Jy = det(%l 7]02)

No3  Mo4
Ky = det( e )
21 722
H, = _1 {det( Mo1 T2 ) —det( Mo2 T )}
2 No3 722 Noa Mot

Suppose that ¢ : U — R? is a regular surface and there exists (¢, ¢2) : U — A
such that (4, ¢1, ¢2) is a framed surface. Also, the relationships between the
first fundamental invariants (namely E, F, @), second fundamental invariants
(namely L, M, N) and the basic invariants are given as:

E =18, + 05 L = —no1m11 — no2m12,
F' = no1m02 + n03704, and M = —no1m21 — No2"22,
G =3 + né4, N = —no3n21 — Noan22.

Proposition 2.1. Let ¢ : U = R3 be a reqular surface. The following rela-
tionships are satisfied

where K is Gauss curvature of ¢, H is the mean curvature of ¢ and the

curvature of (¢, ¢1,¢2) is Cy = (Jg, Ko, Hy) [8].

Proposition 2.2. Let (¢, ¢1,P2) is a framed surface and o € U. (P, ¢1) is a
Legendre immersion* around o if and only if Cy(0) # 0 [8].

In addition to this, if the surface (¢, ¢1, ¢2) is an immersion, then (¢, ¢1, ¢2)
is a framed immersion. Let I, : U — R® defined as

C.. det o1 s det Moz T3 det M1 M3
¢ no3 12 )’ Noa 123 )’ N1 M2 )’
det [ T2 s det [ o1 T
N22 13 )’ 703 721
“(¢, 1) : U — R3xS? is a Legendre surface (Legendre immersion) if (¢s(s, u), ¢1(s,u)) =
0 and (¢y(s,u), ¢1(s,u)) = 0 for every (s,u) € U. Also, ¢ : U — R? is a frontal (front) if

there exists ¢ : U — S2 such that ¢, ¢; is a Legendre surface (Legendre immersion). For
more detailed information, see [2,3,8].

Iy =
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The framed surface (¢, ¢1, ¢2) be given and ¢ € U. Then, the surface (¢, ¢1, ¢2)
is called as framed immersion around g if and only if Iy # 0 [8] (see also [13]).

3 Generalized rectifying ruled surfaces of special singular
curves

The aim of this section is to determine the generalized rectifying ruled surface
by using special singular curves which are the smooth curves with singular
points in E3. According to this purpose of the part, we initially define these
new type special surfaces. Additionally, some geometric characterizations,
properties and results can be listed as set of singular points, cylindrical, de-
velopable, striction curve and the others are given. Furthermore, singularity
types are examined by using the basic singularity theory of curves and the
conditions with respect to being a cross-cap surface are given. Then, we in-
troduce these type surface as framed surface via utilizing the theory of framed
surface, and we present basic invariants, curvatures, some classifications and
properties. Moreover, some examinations according to the Gaussian and mean
curvatures are given. We establish the necessary conditions for these surfaces
being flat and minimal surfaces. In addition to these, we scrutinize these sur-
faces with respect to the conditions of being immersion, Legendre immersion
and framed immersion.

Definition 3.1. Let y(s) : I — R? be given as a Frenet-type framed base
curve. The ruled surface ¢y q,)(s,u) : I x R — R3 determined as

Dly.an) (8:8) = V(8) +uan(s), an(s) = ai(s)T(s) + az(s)B(s) (3.1)

s called the generalized rectifying ruled surface of Frenet-type framed base
curve y(s) where ay(s) and az(s) are smooth functions and a3(s) +a3(s) = 1.

Corollary 3.1. Let ¢(y.q,)(s,u) be a generalized rectifying ruled surface of
Frenet-type framed base curve v(s). The following results can be given.
_ 7(s) _ K(s)
(1) If a1(s) = T 0w and as(s) = m, then the surface
B(y,a,) (8, 1) is rectifying developable surface along the Frenet-type framed
base curve y(s) (cf. [10]).

(2) If ai(s) = 0 and ax(s) = %1, then the surface ¢, q,)(s,u) is binormal
surface along the Frenet-type framed base curve y(s) (cf. [14]).

(3) If ai(s) = £1 and az(s) = 0, then ¢, q,)(s,u) is tangent developable
surface along y(s) (cf. [25]).
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Theorem 3.1. Let (s) is a Frenel-type framed base curve and ¢y q,)(s,u)
is the generalized rectifying ruled surface of v(s). The surface ¢y q,)(s,u) is
not reqular surface if and only if

u (a1(s)r(s) — az(s)7(s)) = 0

and
az(s)a(s) +u(af(s)az(s) — ai(s)ah(s)) = 0.

Proof. By taking the partial derivatives of the equation (3.1) according to the
s and u, and via equation (2.1), we get

8¢(v,an) (Sa U’)

95 = (a(s) + uay(s))T(s) + u(ai(s)r(s) — az(s)7(s))N(s)

+ uay(s)B(s),

(3.2)

8¢(7,an) (Sa u)
ou

From cross product of the equations (3.2) and (3.3), we have

0 e (s,u 0P (~,an) (S, u
P ) 002 (4 ()(s) = ()7 () (a2(5)T(s) — an (5)B()

— (az(s)a(s) +u (a/l (s)az(s) — al(s)a/g(s))) N(s).
Hence, when a1(s) and as(s) are not zero at the same time, we achieve
u(a1(s)k(s) —az(s)7(s)) = 0 and as(s)a(s) + u (a)(s)az(s) — ai1(s)asb(s)) =0
if and only if 220 () \ P0an (o) _ g 0

u

= a1(s)T(s) + az(s)B(s). (3.3)

The Theorem 3.1 helps to establish the set of singular points of the surface
B (,a,) (8, u). Accordingly, the singular points of the surface establish the fol-
lowing set

5 (s,u) € I xU :ulai(s)k(s) —az(s)r(s)) =0,
az(s)a(s) +u (@) (s)az(s) — ai(s)az(s)) =0

In order to examine the types of singularity of the surface, we can divide the
set S into two classes S; and S3 as follows

S1={(5,0) € I x U : az(s)a(s) =0}
and

S = (s,u) € I x U :a1(s)k(s) — az(s)7(s) =0,
2 ) 0, u0

az(s)a(s) +u (a1 (s)az(s) — ar(s)as(s)) =
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where
a(s)az(s)

~ d(s)az(s) — ai(s)ap(s)

Corollary 3.2. The followings can be given:

u =

(1) If a1(s) = 0 and as(s) = 1, the generalized rectifying ruled surface
B(y,a,)(8,1) is a principal normal surface of Frenet-type framed curves
~v(s). Therefore, from the definition of the singularity sets S1 and Sa,
we get:

S1={(5,00eIxU: a(s)=0}

and

So={(s,u) eI xU: 7(s)=0, afs)=0}
Then, this particular case gives the results of the study [14].

(2) If a1(s) = 1 and az(s) = 0, generalized rectifying ruled surface ¢(y.q,,)
is a tangent surface of Frenet-type framed base curves. Since az(s) =0,
from definition set Sy for u # 0, we have k(s) = 0. This is a contradic-
tion since k(s) # 0 for Frenet-type framed base curves. Hence, there is
no So singularity for tangent surfaces.

It can be seen that the points of S; are located on v(s). Now let us present
an examination for the singularity set Sy of the surface ¢, q,,)(s,u). Suppose
that

(s) = ai(s)k(s) — az(s)7(s),
y(s,u) = az(s)a(s) + u(a)(s)az(s) — ar(s)as(s)) .

By using the definition of the singularity sets S7 and S5, we obtain the follow-
ings.

(3.4)

Proposition 3.1. Let y(s) is a Frenet-type framed base curve and ¢~ 4, (8, u)
is the generalized rectifying ruled surface of v(s). The locus of the singular
points of the generalized rectifying surface @(y,q,)(s,u) of Frenet-type framed
curve y(s) is given by:

(1) If the singular points of the surface ¢(y,q4,)(s,u) belongs to the set Sy, the
locus of the singular points of the surface ¢(y, q4,)(s,u) is the Frenet-type
framed base curve y(s).

(2) If the singular points of the surface ¢y q,)(s,u) belongs to the set S,
the locus of the singular points of the surface @(y,q,)(s,u) is the curve

B(s) = v(s) + uan(s)
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where u = —L(,S) and as(s) # 0.
(53) a=s)
Proof. The first one is straightforward. Also, the definition of singular point
set So, x(s) = 0 and y(s,u) = 0. Accordingly, we get u = —ﬁ and
w(s) azls
as(s) # 0. O
Theorem 3.2. Let y(s) is a Frenet-type framed base curve and ¢ q,)(8,u) is
the generalized rectifying ruled surface of y(s). Then, we give the followings:

(1) If (s51,0) € St and az(s1) (s1)x(s1) # 0, then ¢(y q,)(8,u) is a cross-cap
at the point (s1,0).

(2) If (s2,u2) € Sz and a(s)(az(s)x(s))" # 0, then ¢(y.q,)(s,u) is a cross-cap
at the point (s2,u2).

Proof. According to equations (3.2) and (3.3), we get the following second-
order partial derivations of ¢, 4,)(s,u).

b (4,00)
ouds

826, L
%(s,u) =[(a(s) + ud} (s))' — u(s)k(s)]T(s)

+ [(a(s) + uay(s))r(s) + u(x(s)) — uay(s)7(s)IN(s)
+ [uz(s)7(s) + (uay(s))'1B(s)

(s,u) =a’ (s)T(s) + (ax(s)k(s) — az(s)7(s))N(s) + a5 (s)B(s)

Then,

2 2

det (gfj(s,u), Oaug)s (s,u), (zi;f(s,u)>

a1 (s)r(s)r(s)ua(s) + ar(s)n(s) (ua(s))’ — an(s)r(shua(s)
= a1(s) | — a2(s)7(s)(uaz(s))" — ay(s)r(s)(a(s) + uai(s)) — as(s)u(z(s))’
+ (ay(s))ur(s)
ay(s)r(s)(a(s) + uai(s)) + aj(s)u(z(s))" — ay(s)as(s)ur(s)

+ ax(s) | — a1(s)r(s)(a(s) + ua(s)) + azx(s)7(s)(a(s) + uai(s))’

(s)K%(s) ) (s)

(
+ a1 (8)k“(s)ux(s) — az(s)T(s)ur(s)z(s))

s)
)
If (s1,0) € S1, then

8¢( 7an) 82¢( ’an) 82¢( ,a”)
det ((;u@hm, Ty, ), T00m 0)) — ag(sy)a (s1)a(sy).
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If (s9,u2) € Sy, then

0 (.0 (.0 9*¢(,a /
det (2252 (5,1, T (1,0, T (1,0) ) = a9 aa(5)a()

We attained the desired. I

Corollary 3.3. Let y(s) is a Frenet-type framed base curve and ¢(y.q,)(S,u)
is the generalized rectifying ruled surface of v(s). If sg is a singular point of
v(s), then (s0,0) is a singular point of ¢(y.q,,)-

Theorem 3.3. Let v(s) is a Frenet-type framed base curve and ¢ q,)(8,u)
is the generalized rectifying ruled surface of ~y(s).

(1) The surface ¢(yq,)(s,u) is cylindrical if and only if ai(s) = 0,
asz(s) = £1 and 7(s) = 0 or a1(s), az(s) are non-zero constants and
x(s) =0 for every s € I.

(2) The surface ¢(y,q,)(s,u) is developable if and only if a(s)as(s)x(s) = 0
for every s € I.

Proof. (1) The surface ¢, q,)(s,u) is cylindrical if and only if a,,(s) is con-
stant (al,(s) =0).
(=) Since a,(s) = a1(s)T(s) + az(s)B(s), we get:

ay(s) = ay(s)T(s) + (ar(s)k(s) — az(s)7(s)) N(s) + ayB(s).

Then, we have
0,
a1(s)k(s) — az(s)r(s) =0,
0.

If az(s) = 0 and aq(s) = +1, we have k(s) = 0, but this contradicts the
existence of Frenet-type framed base curves. So, as(s) # 0. Therefore,
ah(s) = 0 if and only if a;(s) = 0, az(s) = £1 and 7(s) = 0 or a;i(s),
az(s) are non-zero constants and z(s) = 0.

(<) It is clear.

(2) The surface ¢(yq,)(s,u) is developable if and only if the equation
det(v'(s), an(s),al,(s)) = 0 holds. Then, we get
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(=) Let the surface ¢, 4,)(s,u) be a developable surface.

det(v'(s), an(s), a,,(s)) =det(a(s)T(s), a1(s)T(s) + az(s)B(s),
ay(5)T(s) + (a1(s)k(s) — az(s)7(s)) N(s)
+ayB(s))
a(s)ag(s)x(s)

(<) It is straightforward.
Therefore, the desired results are achieved. O

Corollary 3.4. Let y(s) is a Frenet-type framed base curve and ¢(y.q,,)(S,u)
is the generalized rectifying ruled surface of (s).

(1) If generalized rectifying ruled surface ¢(y,a,)(s,u) is a tangent devel-
opable surface (i.e. az(s) =0), then ¢(yq,)(s,u) is developable.

(2) If Frenet-type framed curve y(s) is planar curve (i.e. 7(s) = 0) and
ai(s) = 0,a2(s) = £1, then ¢(,,q,)(s,u) is developable.

Theorem 3.4. Let (s) is a Frenet-type framed base curve, @(y,q,)(s,u) is the
generalized rectifying ruled surface of ¥(s), and this surface be non-cylindrical.
The base curve y(s) of surface ¢(y,q,)(s,u) is its striction curve if and only if
a1(s) is a constant or a(s) = 0.

Proof. The striction curve of the surface ¢, 4,)(s,u) can be written as

and we have

(' (s), an(s))

a(s)T(s), ar(s)T(s) + (a1(s)k(s) — az(s)7(s)) N(s) + az(s)B(s))

a(s)ay(s).

Via straightforward calculations, then we get

(3.5)

Therefore, we can see that the base curve 7(s) of surface ¢(y.q4,)(s,u) is its
striction curve if and only if a1(s) is a constant or a(s) = 0 by using the
equation (o'(s),a,,(s)) = 0. O

o 'n
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Corollary 3.5. Let y(s) is a Frenet-type framed base curve and ¢ 4, (s,u) is
the generalized rectifying ruled surface of y(s). If (a}(s))?+(x(s))?+(ah(s))? =
0 (namely cylindrical), then striction curve of the surface ¢ q,)(s,u) can not
be constructed.

Corollary 3.6. Let y(s) is a Frenet-type framed base curve and @(y,q,,)(S,u)
is the generalized rectifying ruled surface of v(s) and the surface be non-
cylindrical. The surface is conical if and only if a(s) = 0.

Proof. Assume that the surface ¢(y,q4,)(s,u) be non-cylindrical. By using the
condition ¢’(s) = 0 for being conical surface (cf. this condition from [10]) and
applying this, then we get desired. Therefore, the surface is conical if and only
if a(s) = 0. O

3.1 Generalized rectifying ruled surfaces as framed surfaces

Since the generalized rectifying ruled surfaces of Frenet-type framed base
curves have singular points, then we intend to study and examine them as
the framed surface. By using the theory of the framed surface which is ex-
amined in the study [8], we get our special type surface. Let’s introduce and
scrutinize this new surface, then give some properties and classifications such
as invariants, curvatures. Also, conditions for surface being flat, minimal,
immersion, Legendre immersion and framed immersion are examined.

Definition 3.2. Let v(s) be a Frenet-type framed base curve and ¢(%an3 (s,u)
is the generalized rectifying ruled surface of v(s) with the condition ai(s) +
a3(s) = 1. If there ewist smooth functions ©,¢& : I x U — R3 such that

(Ps(s,u), p1(s,u)) =0 and {(py(s,u), p1(s,u)) = 0 where
od1(s,u) = cosO(s,u)(az(s)T(s) — a1 (s)B(s)) + sin O(s, u)N(s)
and

da(s,u) = cos&(s,u)(ar(s)T(s) + az(s)B(s))
—siné(s,u)(sinO(s,u)(az(s)T(s) — a1(s)B(s)) — cos O(s,u)N(s))

then, we obtain the framed surface (¢, 1, ¢2) : I x U — R3 x A where
A= {(¢17¢2) € Sz X SQ, <¢1a¢2> = O}
We can get ¢3(s,u) = ¢1(s,u) A pa(s,u) as follows:

@3(s,u) =(az(s) cos&(s,u) sinO(s,u) + aq(s)siné(s,u))T(s)
— cos&(s,u) cosO(s,u)N(s)
+ (az2(s)sin&(s,u) — a1(s) cos&(s,uw)sin O(s,u))B(s).
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By using the integrability conditions of the framed surface, the following equa-
tion is obtained

O (s, u)[—y(s,u)sin O(s,u) + uz(s) cos O(s,u)]

= —x(s)sinO(s,u) — (a}(s)aa(s) — ai(s)ah(s)) cos O(s,u).

By taking into the equations (2.2), (2.3) and (2.4), then the basic invariants
of the surface (¢, @1, P2) are presented by

No1 = siné(s, u) [—y(s, u) sin O(s, u) + uxz(s) cos O(s, u)],
Moz = —cos&(s, u) [—y(s,u)sin O(s,u) + ux(s) cos O(s,
Mos = cos (s, u),
Noa = sin&(s, u),

)l

M1 = —cos&(s,u) [cosO(s, u) (ay(s)
+sing(s, u) (Os(s, u) + az(s)r(s) + al(S)T(S))

M2 = —sin&(s, u) [cos @(s u) (a}(s)a ab(s)) + x(s) sin ©(s, u)]
*COS&( su) (Os(s,u) + az(s)k(s +a1 (),

ms = —&s(s,u) + (s )cos O(s,u) + (a}(s)az(s) — ai(s)ah(s)) sin O(s,u),

{ n21 = Oy (s, u) sin (s, u),

as(s) — a1(s)ah(s)) + z(s) sin O(s, u)]

(
(s

"]
—~
V2]
~—
Q
E'J/—\
V2]

and

Na2 = —Oy(s,u) cos&(s, u),
n23 = —&u(s, u),
where z(s) and y(s,u) can be seen in the equation (3.4).

Corollary 3.7. Let the surface ¢y q,): U — R3 is given. Then, the curvature
Cy = (Jg, Ky, Hy) of the framed surface ¢(q,)(s,u) is presented as

Jp = —y(s,u)sinO(s,u) + ux(s)cos O(s,u),
Ky = 0Ou(s,u)[cosO(s,u) (a)(s)az(s) — ai(s)ab(s)) + z(s) sin O(s,u)],
g~ Os(su)tas(s)a(s) +ai(s)7(s)

Corollary 3.8. Let ¢(yq,): U — R3 is a regular surface. Then, the follow-
ing relationships between the first fundamental invariants, second fundamental
mvariants and the basic invariants are given:

E = (—y(s,u)sin O (s, u) + ux(s) cos O(s,u))”,

F = —siné(s,u)cosé(s,u) [(—y(s,u) sin O (s, u) + uz(s) cos O(s,u))* — 1} ,
G=1,

L =—(—y(s,u)sinO(s,u) + uz(s) cos O(s,u)) (Os(s,u) + az2(s)k(s) + a1(s)7(s)),
M = —-0,(s,u) (—y(s,u)sin O(s,u) + ux(s) cos O(s,u)),

N =0.
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Theorem 3.5. Let ¢(yq,) : U — R3 is a regular surface. The Gauss and
mean curvature of ¢y 4, are given as follows:

Ou(s, u) [cos O(s, u) (a)(s)az(s) — ar(s)az(s)) + z(s) sin O(s, u)]

K= —y(s,u)sin O(s,u) + ux(s) cos O(s, u)
and
o Os(s,u) + az(s)k(s) + a1(s)7(s)
2 (—y(s,u) sin O(s,u) + uz(s) cos O(s,u))’
respectively.

Proof. By using the Proposition 2.1 and Corollary 3.7, then the proof is com-
pleted. O

Corollary 3.9. Let ¢(y,q,): U — R3 be a regular surface. The followings are
yielded.

(1) The regular surface ¢(~.q,) is flat (developable) if and only if

z(s)

Ou(s,u) =0 or cotO(s,u) = ~di(s)az(s) — ar(s)ap(s)”

(2) The regular surface ¢(y,q,) is a minimal surface if and only if
Os(s,u) = —az(s)k(s) — ay(s)7(s).

Corollary 3.10. Let (¢, ¢1,¢2) : U — R? be a framed surface. The followings
are satisfied.

(1) If o€ Sy or o € So,
(i) ¢ is not an immersion (namely, not a regular surface) at o since
J¢(Q) =0.
(ii) (¢, ¢1) is a Legendre immersion at o if and only if Hy # 0.
(2) If o€ Sy and ¢ & 55,
(i) ¢ is an immersion (a reqular surface) around o.

(i1) (¢, ¢1) is a Legendre immersion around .
(3) Let pe U,

(1) (¢, ¢1, P2) is a framed immersion around o if and only if I,(0) # 0.
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(ii) Let (m3,m23) # (0,0) around o. If

det< No1r M3 ) _ et( No2 713 > _det( M1 M3 ) _
o3 723 Noa 723 721 723
(12 1) o

22 123

around o, then I,(0) = 0.
(iii) Let (ms,n23) = (0,0) around p. If Cy(0) =0, then I4(0) = 0.

4 Applications

In this section, we present several numerical and explanatory examples for
supporting attained materials which are in this study.

Example 4.1. Let ¢, ,,) be presented by the parametrization

By,an) (8,1) = Y(5) + uan(s)
where
:0,27) — R3
7 :[0,2m) L (4.1)
s+ y(s) = (sin” s, cos” s, — cos 2s)

The singular points of v are sg = 0, 5, , 37”, and v is a Frenet-type framed

base curve. Also, ¥(s) can be seen in the following Figure 1.

Figure 1: v(s) in the equation (4.1)
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Then, if necessary calculations are completed, the followings are calculated:

4
T(s) = §Sins,—§coss,f ,
) 5 )

N(s) = (cos s,sin s,0),

and 5
R(S) - ga
4
T(S) - 57
a(s) = 5sinscoss.
3 _ .
o Let us take ay(s) = E and as(s) = 5 Then, the followings are obtained

an(s) =(0,0,1)

and
D(y,an)(8,u) = (sin® s, cos® s, — cos 2s + u). (4.2)
We get,
z(s) =0
and

y(s,u) = 3sin scos s.

Then, we can say that the surface ¢y q,)(s,u) given in the equation (4.2) is
cylindrical and developable.

Now, we shall give the followings about the singularity set:

5 T 3T where u = 0, so the set

(1) There exist points a(sg) =0 for so =0 5

of singular points is S1.

(2) If x(s0) =0, u # 0 and 3sin(sg) cos(sg) = 0 at the points sq, the set of
singular point is Ss.

The graph of the surface ¢(,q,)(s,u) generated with v(s) can be seen in the
following Figure 2.
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Figure 2: y(s) and ¢(,q4,)(s,u) in the equation (4.2)
o Let us take ai(s) =sins and az(s) = coss. Then, we have

an(s) = §sinzs— —sinscos s —§sinscoss+ilcos25 Z—Lsins+§coss
RN 5 "5 5 "5 5
and

3

By,an) (8, u) = (sin s, cos® s, — cos 23)

(P . 3. s A B
Ul -SImMm " S — —-SINSCOSS, —— SIN SCOS S — COS™ §, -SIn s —COSS | .
5 5 75 5 ’ 5

5
(4.3)
Also, we obtain

x(s) = —sins — 7 coss

5
and

y(s,u) = 5cos® ssin s + u.

Therefore, the surface ¢y q,)(s,u) given in the equation (4.3) is non-cylindrical
and non-developable.

The following expressions can be given for singularity sets:

(1) If w = 0 and a(sg) = 0, then (so,0) € Sy is a singular point of the
surface. Then, a(sg) = 0 for so =0, 5, T, 37” where u = 0, so Sy is the

set of singular points.
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(2) If tan(sg) = 3 and u = —5cos?(sg) sin(sg) # 0, then Sy is the set of
singular points.

The graph of the surface ¢ q,)(s,u) generated with v(s) can be seen in the
following Figure 3.

Figure 3: 7(s) and ¢(,q4,)(s,u) in equation (4.3)

Example 4.2. Let ¢, 4, be presented by the parametrization
D(y.an) (8, 1) = (s) + uan(s)
where
7y :[0,2m) — R3

1 1 4.4
sr—>’y(s)=(gsins—isinSS,gcoss—5(:0838,\/50085) (“4.4)

v is a Frenet-type framed base curve with singular points so = 0,7. In the
following Figure 4, v(s) can be seen.



GENERALIZED RECTIFYING RULED SURFACES OF SPECIAL
SINGULAR CURVES 197

Figure 4: (s) in the equation (4.4)

Then, the followings are calculated as

3 3 1
T(s) = ({ sin 2s, g cos 2s, —2> ,

N(s) = (cos2s, —sin2s,0),

)

B(s) = (—; sin 2s, —% cos 2s, —?)

and

T 1,

a(s) = 2v/3sin s.

e Let us choose a1(s) = coss and az(s) = sins. Then, the followings are given
an(s)

3 . 1 . . 3 1 . 1 3 .
= | — cosssin2s — — sin ssin 2s, — cos s cos 2s — — sin s cos 25, —— cos s — — sin s
2 2 2 2 2 2
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and
d’('y,an) (5’ ’LL)

3 1 3 1
= | —sins — —sin3s, — coss — 7COS3S,\/§COSS
2 2 2 2

3 . 1 . . 3 1 . 1 3 .
+u 7c0sssm2sf§s1nss1n25,7cos.9005257Esmscost,ffcossf—sms .

(4.5)
Hence, we get
z(s) = V3coss —sin s
and
y(s,u) = 2v/3sin? s — u.

The surface ¢(y,q,)(s,u) given in the equation (4.5) is non-cylindrical and
non-developable.

Let us give some examinations with respect to the singularity sets:

(1) For w = 0 and a(sg) = 0 for so = km where k € Z, then the set of
singular points is Sy.

(2) If u = 2/3sin?(sg) # 0 and tan sg = /3, then the singularity set of this
surface is Ss.

The graph of the surface ¢(y.q,) generated with y(s) is given by the following
Figure 5.

4

Figure 5: (s) and ¢(,.q4,)(s,u) in the equation (4.5)
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3
o Let us take ai(s) = 3 and as(s) = - Therefore, we obtain

an(s) = (0,0,—1)
and

3 1 3 1
P(vy,an) (8, 1) = (2 sins — 3 sin 3s, 50088 — - cos 3s,V/3coss — u) . (4.6)

Besides, we attain
z(s) =0

and
y(s,u) = 3sins.

Then, the surface ¢ q,) given in the equation (4.6) is developable and cylin-
drical.

Additionally, we give the following examinations, as well:

(1) For u=0 and a(sg) =0, so = km where k € Z, then the set of singular
points is Si.

(2) If u # 0,89 = km where k € Z, then the singularity set of this surface is
Ss.

The graph of the surface ¢ q,) generated with ~(s) is given by Figure 6.

Figure 6: v(s) and ¢(,,q,)(s,u) in equation (4.6)
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Example 4.3. Let gi)(%an) be presented by the parametrization
B(y,an) (8,u) = Y(8) + uay,(s)
where
v:(-1,1) - R?
o (s) = s V25 st (4.7)
s—(s) = 53 1

v is a Frenet-type framed base curve with singular point s = 0. In the Figure
7, v(s) can be seen.

0.0-0.1 0.0

Figure 7: y(s) in the equation (4.7)

Then, the followings are calculated as

T(s) = 1 V2s s2
8= s2417s24+1"s2+1)°

N(s) = (—ﬁs 1-s% V2s >’

s2417s24+1"s2+1

3()_ 52 —\/is 1
8= s24+17s24+1"s2+1)°
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(s) v2
Kk(s) =
s241°
(s) vz
7(s) =
s24+1’

a(s) = s +s.

o Let us take ai(s) =1 — s? and az(s) = s. Hence, we obtain

an(s) = <\/152+53 V251 — s2 — /252 52\/152+5>

s2+1 s2+4+1 ’ s24+1

and

s2 \/533 st
¢(v,an)(s»“):<2’ 3 ’4)

Jru(\/1—32—1—53 V2sv/1 — 82 — /252 82\/1—82+8>

241 7 s241 ’ s241
(4.8)
Also, we get
x(s) = V21— 5% —5v2
s24+1
and

(s* 4+ 52)V1—s2—u
y(s,u) = 2
v1i—s
It is easy to see that, the surface ¢y q,)(s,u) given in the equation (4.8) is
non-cylindrical and non-developable.

Let us give the followings about the singularity set:
(1) Since a(0) = 0 where uw = 0, then (0,0) € Sy.
(2) Since x(sg) # 0, Sy is not the set of singular points.

The graph of the surface ¢ q,) generated with ~(s) is given by Figure 8.
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Figure 8: v(s) and ¢(,q4,)(s,u) in the equation (4.8)

V2

2
o Let us take ai(s) = > and as(s) = - Then, we get

an(s) = (ﬁ 0, ﬁ)

27 2
and /s /s
82 2 \/583 84 2
D(y,an) (8, 1) = (5 + STy + 711) (4.9)
Additionally,
xz(s)=0
and

V2

y(s,u)zT( 3—|—s).

The surface ¢y q,)(s,u) given in the equation (4.9) is developable and cylin-
drical.

The followings can be given for the singularity sets:
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(1) If u =0 and a(sp) = 0, the (so,up) € Sy is a singular point of surface.
Since a(0) = 0, the (0,0) € Sy is sigular point of the surface.

(2) Since x(s9) =0, if u # 0 and y(so,ug) = 0, then Sy is the set of singular
points.

The graph of the surface ¢(y.q,)(s,u) generated with v(s) can be seen in the
Figure 9.

Figure 9: v(s) and ¢(4,q4,)(s,u) in the equation (4.9)

5 Conclusions

The main aims of this study are to determine and examine the concept of
the generalized rectifying ruled surfaces with the help of smooth curves with
singular points (Frenet-type framed base curves). We obtained some geomet-
ric properties and characterization for these new type surfaces. For example,
we scrutinized these surfaces with respect to these notions cylindrical, devel-
opable, striction curve. In addition to these, singularity types were presented
by utilizing the basic singularity theory of curves and the conditions for being
a cross-cap surface were scrutinized. Then, we also examined this surfaces
as framed surface, and basic invariants and some classifications were found.
Also, we gave examinations according to the Gaussian and mean curvatures.
Then, we constructed the necessary conditions for these surfaces being flat
and minimal surfaces. We investigated the conditions of being immersion,
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Legendre immersion and framed immersion of them. Moreover, we presented
some examples with illustrative figures.

We do not doubt that this study will lead to a new perspective for future

studies with respect to the surface theory and singularity theory which have
various applications in several and different disciplines. In future studies, we
intend to investigate the other types of generalized ruled surfaces of special
singular curves.

References

1]

[2]

[10]

[11]

Akyigit, M., Yildiz, O. G.: On the framed normal curves in Euclidean
4-space. Fundam. J. Math. Appl. 4(4), 258-263 (2021)

Arnold, V. I.: Singularities of Caustics and Wave Fronts, Mathematics
and Its Applications, Vol. 62. Kluwer, Dordrecht, (1990)

Arnold, V. I., Gusein-Zade, S. M., Varchenko, A. N.: Singularities of
Differentiable Maps, Vol. I. Birkhuser, Basel, (1986)

Cleave, J. P.: The form of the tangent-developable at points of zero tor-
sion on space curves. Math. Proc. Cambridge Philos. Soc. 88(3), 403-407
(1980)

Emmer, M.: Imagine Math: Between Culture and Mathematics, Springer,
New York, (2012)

Eren, K., Yildiz, O. G., Akyigit, M.: Tubular surfaces associated with
framed base curves in Euclidean 3-space. Math. Meth. Appl. Sci. 45(18),
12110-12118 (2022)

Fukunaga, T., Takahashi, M.: Existence conditions of framed curves for
smooth curves. J. Geom. 108(2), 763-774 (2017)

Fukunaga, T., Takahashi, M.: Framed surfaces in the Euclidean space.
Bull. Braz. Math. Soc., New Series. 50(1), 37-65 (2019)

A. Gray, E. Abbena, S. Salamon, Modern Differential Geometry of Curves
and Surfaces with Mathematica, Chapman and Hall/CRC, (2017)

Honda, S. I.: Rectifying developable surfaces of framed base curves and
framed helices. In Singularities in Generic Geometry. Mathematical Soci-
ety of Japan. 78, 273-292 (2018)

Honda, S. 1., Takahashi, M.: Framed curves in the Euclidean space. Adv.
Geom. 16(3), 265-276 (2016)



GENERALIZED RECTIFYING RULED SURFACES OF SPECIAL
SINGULAR CURVES 205

[12]

[13]

[14]

[15]

Honda, S. I., Takahashi, M.: Evolutes of framed immersions in the Eu-
clidean space. Hokkaido University Preprint Series in Mathematics. 1095,
1-24 (2016)

Honda, S. I., Takahashi, M. Evolutes and focal surfaces of framed im-
mersions in the Euclidean space. Proceedings of the Royal Society of
Edinburgh Section A: Mathematics, 150(1), 497-516 (2020)

Huang, J., Pei, D.: Singularities of non-developable surfaces in three-
dimensional Euclidean space. Mathematics. 7(11), 1106 (2019)

Ishikawa, G.: Singularities of tangent surfaces and generalised frontals.
Notes on the Institute of Mathematical Analysis, 1948, 168-182 (2015)

Ishikawa, G.: Topological classification of the tangent developable of
space curves. Hokkaido Univ. Preprint Series 341 (1996)

Izumiya, S., Takeuchi, N.: Geometry of ruled surfaces. Applicable Math-
ematics in the Golden Age (edited by Misra, J.C.), Narosa Publishing
House, New Delhi, 305-338 (2003)

Izumiya, S., Takeuchi, N.: New special curves and developable surfaces.
Turk. J. Math. 28(2), 153-164 (2004)

Izumiya, S., Katsumi, H., Yamasaki, T.: The rectifying developable and
the spherical Darboux image of a space curve. Banach Center Publica-
tions. 50(1), 137-149 (1999)

Izumiya S., Takeuchi, N.: Special curves and ruled surfaces. Beitrge zur
Algebra und Geometrie. 44(1), 203-212 (2003)

Karger, A. Novak, J.: Space Kinematics and Lie Groups, STNL Publish-
ers of Technical Lit., Prague, Czechoslovakia, 1978.

Kaya, O., Kahraman, T., Onder, M.: Osculating-type ruled surface in
the Euclidean 3-space. Facta Universitatis: Mathematics and Informatics.
36(5), 939-959 (2021)

Kaya, O., Onder, M.: Generalized normal ruled surface of a curve in the
Euclidean 3-space. Acta Univ. Sapientiae, Mathematica. 13(1), 217-238
(2021)

Li, Y., Eren, K., Ayvaci, K. H., Ersoy, S.: The developable surfaces
with pointwise 1-type Gauss map of Frenet type framed base curves in
Euclidean 3-space. AIMS Mathematics, 8(1), 2226-2239 (2023)



GENERALIZED RECTIFYING RULED SURFACES OF SPECIAL
SINGULAR CURVES 206

[25]
[26]
[27]
[28]
[29]

[30]

[31]

[32]

[33]

Li, Y., Liu, S., Wang, Z.: Tangent developables and Darboux developables
of framed curves. Topol. Appl. 301, 107526 (2021)

Onder, M., Kahraman, T.: On rectifying ruled surfaces. Kuwait J. Sci.
47(4), 1-11 (2020)

Shifrin T.: Differential Geometry: A First Course in Curves and Surfaces.
University of Georgia, Preliminary Version, (2008)

Ulucan, N., Akyigit, M.: Offset ruled surface in Euclidean space with
density. An. St. Univ. Ovidius Constanta. 29(1), 219-233 (2021)

Wang, Y., Pei, D., Gao, R.: Generic properties of framed rectifying
curves. Mathematics. 7(1), 37 (2019)

Yazici, B. D., Karakug, S., Tosun, M.: On the classification of framed
rectifying curves in Euclidean space. Math. Methods Appl. Sci. 45(18),
12089-12098 (2022)

Yazici, B. D., Karakus, S. O., Tosun, M.: Framed normal curves in Eu-
clidean space. Thilisi Mathematical Journal. 27-37 (2020)

Yazic1, B. D., Karakus, S. O., Tosun, M.: Characterizations of framed
curves in four-dimensional Euclidean space. Univ. J. Math. Appl. 4(4),
125-131 (2021)

Yildiz, O. G., Akyigit, M., Tosun, M.: On the trajectory ruled surfaces
of framed base curves in the Euclidean space. Math. Methods Appl. Sci.
44(9), 7463-7470 (2021)

Zehra ISBILIRY:2,

1 Department of Mathematics,
Sakarya University,

Sakarya, 54187, Tiirkiye,

2 Department of Mathematics,

Diizce University,

Diizce, 81620, Tirkiye.

Emails: zehra.isbilir@Qogr.sakarya.edu.tr, zehraisbilir@duzce.edu.tr

Bahar DOGAN YAZICI,
Department of Mathematics,
Bilecik Seyh Edebali University,
Bilecik, 11100, Tirkiye.

Email: bahar.dogan@bilecik.edu.tr

Murat TOSUN,

Department of Mathematics,
Sakarya University,

Sakarya, 54187, Tirkiye.
Email: tosun@sakarya.edu.tr



