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Construction of reversible cyclic codes over
F, + ulF, + u*F,
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Abstract

Let g be a power of prime p. In this article, we investigate the
reversible cyclic codes of arbitrary length n over the ring R = Fg 4+ uF,+
u?F,, where u®> = 0 mod ¢. Further, we find a unique set of generators
for cyclic codes over R and classify the reversible cyclic codes with their
generators. Moreover, it is shown that the dual of reversible cyclic code
over R is reversible. Finally, some examples of reversible cyclic codes
are provided to justify the importance of these results.

1 Introduction

Initially, linear codes were studied over finite fields, but in the early 1970s,
these codes were discussed over finite rings. Because of its new importance
in algebraic coding theory and extensive applications, linear codes over finite
rings have received much attention since the 1990s. In 1994, Hammons et al.
[7] calculated non-linear binary codes over Z4 under the Gray map. This mo-
tivated the study of linear codes over finite rings. After that, in the last three
decades, cyclic codes and their properties have become a hot topic of research,
and a large number of researchers have examined the various properties of the
cyclic codes.

In 1964, Massey [11] first defined the characteristic properties of reversible
cyclic codes. After that, the results of the formation of reversible cyclic codes
over Z, were presented by Siap and Abualrub [2] in 2007. In 2015, Srinivasulu
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and Bhaintwal [15] investigated reversible cyclic codes over Fy + uFy4, u? = 0
and their implications for DNA codes. Recently, Islam and Prakash [8] studied
reversible cyclic codes over the ring of integer modulo p*. In 2021, Prakash
et al. [13] studied the reversible cyclic codes over the ring F, + uF,, u* = 0
mod ¢, where ¢ is the power of prime p.

In this article, we investigate reversible cyclic codes of arbitrary length n
over the ring R = F, + uF, + u*F,, u> =0 mod g. Further, we show that the
dual of reversible cyclic codes over the ring R is reversible. Finally, we provide
some examples in support of our results.

2 Preliminaries

A code C of length n over the ring R is defined as a non-empty subset of R"™.
A code C is called a linear code, if C forms an R-submodule of R™. By wg (C),
we denote the Hamming weight of a code C, which is defined as the smallest
Hamming weight of all of its non-zero codewords. Let a = (ag,a1,...,a,—1)
and b = (bg,b1,...,b,—1) € C. Then the Hamming distance between a and
b is defined as dy(a,b) = [{i : a; # b;}| i.e, duy(a,b) = wy(a—b). The
Hamming distance of a code C is defined as dg(C) = min{dg(a,b) : a,b €
C, a # b}. The Euclidean inner product of a,b € R" is defined as a-b =
agbp+a1b1+- - -+an—1b,—1. The codewords a and b are orthogonal if a-b = 0.
The dual code C+ of C is defined as C+ ={a€ R": a-b=0, Vb € C}.
A code C is said to be self-dual if C = C*, and self-orthogonal if C C C-*.
A linear code C' is said to be reversible if (a,—1,an—2,...,a9) € C, whenever
(ao,al, ey an,l) eC.

A linear code C of length n over R is called a cyclic code if
(ag,a1,...,an,—1) € C, then its cyclic shift (a,—1,a0,...,a,—2) € C. Also,
a cyclic code over R can be viewed as an ideal in R,, = R[x]/(k™ — 1), identi-
fying (ao,a1,...,an—1) by ag + a1k +--- + an715n7

For each polynomial f(k) = ag + a1k + -+ + ap_1£" % with a,_1 # 0,
the reciprocal of f(k) is defined as f*(k) = k"~ 1f( ) = ap-1 + ap—2K +

-+ a15" 2 4 agk™ . Note that, deg(f*(k)) < degf(/f) and if ag # 0,
then deg f*(k) = deg f(x). The polynomial f(x) is called self-reciprocal iff
7 (6) = £(5).

3 Construction of cyclic codes over R

Let F, be a finite field with ¢ elements, where ¢ = p", p is a prime and r > 1.
Throughout the paper, R = F, + uF, + u’*F, = {a + ub + u?c: a b,c e F,},
where u® = 0 mod ¢. Thus, R is a commutatlve ring having ¢ elements.
The structure of cyclic codes over R depends on the ring R; = F, + uF,
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{a+ub:a,beF,} withu?> =0 mod ¢ and the structure of cyclic codes over
Ry depends on the ring F,. Let Cy be a cyclic code in Ry, = Ry[k]/(k" — 1).
Define 01 : Ry — F, by o1(a + ub) = a. Then o is a ring homomorphism,
which is extended to a ring homomorphism ®, : C1 — Fy[x]/(k™ — 1) defined
by

Oy (ag+ark+ -+ an_ 15" = 01(ag) For(a)k 4 o1 (an_1)" "t (1)

Now, ker &1 = {ur(k) : (k) € Fy[x]}. Let I, = {r(k) : ur(x) € ker ®1} is
an ideal in F,[x]/(k™ —1). Thus, I, = (a(x)) for some polynomial a(x) € F,[x]
and ker @1 = (ua(k)) with a(k)/(k™ — 1). The image of C7 under ®; is also
an ideal and hence a cyclic code in Fy[x]/(k™ — 1), which is generated by g(k)
with g(k)/(k™ — 1). Hence

C1 = (9(r) + ul(k), ua(r)),

for some polynomial I(k) € F,[x].

Let C be a cyclic code in R,, = R[k]/(k™ — 1). Define a map o : R — Ry
by o(a+ub+u?c) = a+ub. Then o is a ring homomorphism, which is extended
to a ring homomorphism ® : C' — R;[k]/(k™ — 1) defined by

Plag + a1k + -+ an_ 16" = olag) + ola)k + -+ o(an_1)" 1. (2)

Now, ker® = {u?r(k) : r(k) € Fy[]}. Let I, = {r(x) : u’r(x) €
ker ®}. Then, I, is an ideal in Fy[k]/(k™ — 1) and hence a cyclic code in
F,[k]/(k™ —1). Thus, I,2 = (az(x)) for some polynomial as(x) € Fy[x] and
hence ker ® = (u2ay(k)). The image ®(C) is an ideal and hence a cyclic code
in Ri[k]/(k™ — 1). Thus, by using the pullback method in [2], the cyclic code

of length n over R is given by
C = (g(r) + uli (k) + u?ly(r), uar (r) + u’l3(k), u?az (),

where l4(k), l2(k), I3(k), a1(x) and as(k) are polynomials over F,.

Throughout the article, we use g(k), l1(k), l2(k), l3(k), a1(k) and az(k) as
mentioned above. Now, we state the special case of the Theorem 3.6 of [6],
which gives the structure of a cyclic code of an arbitrary length n over the
ring R = F, + uF, + u*F,, where u®> =0 mod q.

Theorem 3.1. Let C be a cyclic code of length n over R. Then the following
hold:

1. If ged(n,q) = 1, then <£[f]1> is a principal ideal ring and

C = <g(/€),ua1(n),u2a2(,€)>, where az(k) | a1(k) | g(k) | (k™ —1) mod gq.
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2. If ged(n,q) # 1, then

(a) C = (g(r) + uli(r) + u?l2(r)), where g(k), l1(x) and l2(k) are
polynomials over Fy with g(k) | (k™ —1) mod ¢, (g(k) + uli(k)) |
(k" —1) mod q in Ry, (g9(k) + uli (k) + u?la(k)) | (k" —1) mod ¢
in R and degls(k) < degli(k), provided g(k) = az(k).

(b) C = (g(r)+uli(r)+u?l2(k),u?as(r)), where az(r) | g(k) | (K" —
mod q, g(k) dividesll(ﬂ)(%) and as (k) divides lg(n)(’ﬁ;)l)(”;;)l),
also deg(g(k)) > deg(az(r)) > deg(la2(k)), provided g(k) = a1 (k).

(c) C = (g9(k) + uli(k) + u?la(r), uai (k) + u2lg(/<;),u2a3(/<;)>, where
az(k) | a1 (k) | g(k) | (5" —1) mod g, ar(x) | Li(k)(%50), az(k) |

lg(/i)(%(_l) and az(K) | lg(n)(%)(%) Moreover, deg(g(k)) >

x)
deg(ay(k)) > deg(az(k)), deg(ai(k)) > deg(li(k)) for i = 1,2 and
deg(az(k)) > deg(l3(k)).
By using the same technique with the necessary variations as used in the
proof of [2, Theorem 6], one can obtain the following result.
Theorem 3.2. Let C = (g(k) + uli(r) + u?la(k), uar () + u?l3(k), uaz(k))

be a cyclic code of length n over F, + uF, + u?F,. Then, I, = <a2(m)> and
wi(C) = wy (I2).

)

4 Reversible cyclic codes over R

In this section, we discuss the reversible cyclic codes of arbitrary length n
over R and find the necessary and sufficient conditions for a cyclic code C'
over R to be reversible. Here, we assume that g(x), a1(x) and a2(k) are monic
polynomials over F,. For any codeword a = (ag, a1, ...,a,—1) € C, the reverse
of a is defined as a” = (an—1,an—2,...,a9). A linear code C' of length n over
the ring R is said to be reversible if " € C, V a € C.

Lemma 4.1. Let fi(k) and fa(k) be any two polynomials over R with
deg(f1(k)) > deg(f2(k)). Then the following hold:

1. (fi(k) - fa(R))" = fT(K) - f5(K) and

2. (fi(k) + fo(r))* = fi (k) + w8110 mdes f2(9) f(pe).
Theorem 4.1. [11, Theorem 1] The cyclic code C over F, generated by the

monic polynomial g(k) is reversible iff g(k) is self-reciprocal.

Lemma 4.2. Let C' be a reversible cyclic code of length n over R and ® :

C — <§j[ﬂ) be a ring homomorphism as defined in Section (3). Then ®(C)

18 also a reversible cyclic code.
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Proof. Let a = (ag,a1,...,a,—1) be any codeword in C and ®(a) € ®(C) from
Section (3). Then ®(a) = (o(ag),o(a1),...,0(an—1)). Since C is reversible,

s0 a”" = (ap—_1,an_2,...,a9) € C. Now,
(®(a))" = (0(an-1),0(an-2),...,0(a)) = ((a")) € ®(C).
Therefore, ®(C) is reversible whenever C' is reversible. O

Theorem 4.2. Let C = (g(k),ua;(x),u*az(k)) be a cyclic code of length n
over R with ged(n,q) = 1, where az(k) | a1(k) | g(k) | (™ — 1) mod gq. Also,
g(k), a1(k) and az(k) are polynomials over F,. Then C is reversible iff g(k),
a1(k) and as(k) are self-reciprocal polynomials.

Proof. Suppose C' is a reversible cyclic code of length n over R. From the
construction of cyclic code C over R, we have ®(C) = (g(k),ua1(x)) and by
Lemma 4.2, ®(C) is a reversible code over R;. Again from the construction
of C1, 1(Cy) = {g(k)) and hence by Lemma 4.2, ®;(C}) is a reversible code
over F,. Therefore, g(x) is a self-reciprocal polynomial over F.

Since ker ®; = {ur(k) : r(k) € Fylk]} and I, = {r(k) : wr(k) €
ker @1} = (a1(k)) is a cyclic code. It is enough to show that I, is reversible.
Let 7(k) =19 + 71k + -+ +1,_15" ! € I, be an arbitrary polynomial. Then
r(k) € Fy[x] is also in Cy. Since C; is a reversible cyclic code over Ri, so
r*(k) is also in C;. Therefore, ur*(x) € ker ®; i.e., r*(k) € I, and hence I, is
reversible, which implies that aq (k) is a self-reciprocal polynomial.

Also, we have ker ®={u?r(r) : r(k) € F,[x] is a polynomial in C} and
L2 = {r(k) : u’r(x) € ker®} = (as(r)) is a cyclic code. It is sufficient to
show that I,z is reversible. For this, let r(k) = ro+r16+-- rp ke I,
be an arbitrary polynomial. Then r(x) € Fy[x] is a polynomial in C. Since C
is reversible over R. So, r*(x) € C and hence u?r*(k) € ker @ i.e., r*(k) € I,2.
Thus, I,z is reversible, which implies that a2(k) is a self-reciprocal polynomial.
Conversely, let g(k),a1(k) and aa(x) be self-reciprocal polynomials over F,.
Let ¢(k) € C ie., c(k) = g(k)mi (k) + uai (k)ma(k) + u?az(k)mz (k) for some
polynomials mq(k), ma(x) and ms(x) over F,. Consider

1
(

(k) = (g(x)m
= (g(r)m
=g%(

= g(k)m} (k) 4+ uay (k)&'ms (k) + u?ag (k) mj(K),

(

k) + uay (k)ma(k) + UQQQ(K)m3(K))*

k)" + ur’ (a1 (k)ma (k)" + u?k? (az(rk)ms(k))
(

m1
K)mi (k) +us'al (k)ms;(r) +u’k a3 (k)m3 (k)
(

*

where mi(k), k r) and k/mj(k) are polynomials over Fy, deg (g(k)m1(k))—

Kimi(
deg (a1(k)ma(r)) = i and deg (9(k)m (k) —deg (az(k)ms(x)) = j, which im-
plies that ¢*(k) € (g(k),ua;i(k),u?az(k)). Therefore, C is a reversible cyclic

code over R. O
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Theorem 4.3. Let C = (g(r) +uli (k) + u?l2(k)) be a cyclic code of length n
over R with ged(n,q) # 1, g(k) | (k™ — 1) mod ¢, deg(l2(x)) < deg(l1(k)) <
deg(g(k)), where g(k), l1(k) and la(k) are polynomials over F,. Then, C is
reversible iff

1. g(k) is a self-reciprocal polynomial and
2. if deg(g(k)) — deg(l1(k)) =i and deg(g(r)) — deg(l2(k)) = j, then
(a) K5 (k) = 11(k) and K15 (k) = l2(kK), or

(b) 9(k) = ﬁ(“jlﬁ(ﬁ) — 1Rl (k) = 12(K)), if 11 # Ty # 0,
T2 #0

Proof. Suppose C' is a reversible cyclic code of length n over R. Then, it
is obvious that (g(k)) is a reversible cyclic code and hence g(k) is a self-
reciprocal polynomial. As C is a reversible, so (g(k) + uli (k) + u?la(k))* =
g% (k) + ur'ly + u?k715 = g(k) + uk'l} (k) + u?k713(k) € C, which implies that
there exists a polynomial (k) € R[k] such that

9(k) +ur'li () + w?n’ 15 (k) = (9(k) + ulr(r) + ©?la(K))r (k).

Comparing the highest degree on both sides of equality, we get (k) € R[k]
is a constant polynomial, say r(k) = 79 + ury; + u?ry, where rq, 71, o € F,.
Then

g(k) +ur'l; (k) + U’k 15 (k) = (g(k) +uly (k) + u?la (k) (ro + ury +u?ra). (3)
Multiplying the above equation with u? and using u® = 0 mod ¢, we have
u?g(k) = u?g(k)ro, which implies that 7o = 1 and hence by Equation (3), we
get

uk'l (k) + KI5 (k) = g(k) (ury +u?re) + uly (k) (1 4 ury) + u?la (k).
Comparing the coefficients of u and u?, we find that
KL (x) = r1g(x) + 1 (s), (@)

KI5 (K) = rag(r) + r1li (k) 4 la(kK). (5)

Case(i) If 11 = ro = 0, then I} (k) = l1(r) and K15 (k) = l2(k).
Case(ii) If 1 # 0, 72 # 0 and ry # /1y, then, from Equation (4), we have
l1(k) = K'; (k) — r19(k). Therefore, by Equation (5), we obtain

K 15(k) = rag(K)+71(K'15 (8) =11g(K))Ha (k) = (r2=1%)g (k) +r15"15 (K)+a (k).
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= 9l0) = L D 0) — rast (o) — a0

Conversely, assume that conditions (1) and (2) hold. Let p(k) € C. Then
p(k) = (9(k) + uly (k) + u2l2(k))r (k) for some polynomial r(k) € R[x]. Now,
p*(8) = (g(k) + uli (k) +u?la(K)) 1" (k)
= (9" (k) + ur'ly (k) +u?w7 15 (5))r" (k)
= (9(K) +us'li (k) + K 13 (K))r* (k).

Using Equation (4) and Equation (5), we have

p* (k) = (9(r) +u(rig() + LK) + u?(rag(r) + rili (k) + la(k))r* (k)
( (k)1 +ur +u 7"2) +uly(k)(1+ury) +u l2 m))r*(ﬁ

= (g(r) (L +ury + ura) + uly (k) (1 + ury + u’rs)
+ uPla (k) (14 ury + u’r2))r* (k)

= (g(r) +uli (k) + ©?la(r)) (1 + ury 4+ u’ra)r* (k).
Therefore, p*(k) € C. Hence, C' is a reversible cyclic code over R. O
Corollary 4.1. In Theorem 4.3, if r1 # 0, ro = 0, then g(k) = T%(lg(/i) —
KI3(K) + 167 (K)) and if ry =0, 7o # 0, then g(k) = %(I{jl;(,‘{) —la(k)).
Theorem 4.4. Let C = (g(r) + ul1 (k) + u?lz(r), u?az(k)) be a cyclic code of
length n over R with gcd(n, q) # 1, az(k) | g(k) | (k" —1) mod g, deg(l2(k)) <

deg(az(k)) < deg(g(r)), where g(k), l1(k), la(k) and az(k) are polynomials
over F,. Then, C is reversible iff

1. g(k) and as(k) are self-reciprocal polynomials and
2. if deg(g(r)) — deg(l1(r)) =i and deg(g(x)) — deg(l2(k)) = j, then

(a) K% (k) = ll( ) and as(k) | K715(Kk) — l2(K), or
(b) 9(r) = 5= (W15(k) = r1s'l] (k) = la(k) = az(k)s(k)), if 11 # /Ty
and r1 7& 0 ro # 0.

Proof. Suppose C' is a reversible cyclic code over R. Then, by Theorem 4.2,
(g9(k)) and (az(r)) are reversible cyclic codes over F,. Therefore, g(x) and
as(k) are self-reciprocal polynomials over Fy. For the second proof, given that
deg(g(k)) — deg(l1(k)) =i and deg(g(x)) — deg(l2(k)) = j. So, we have

(9(k) +uly (k) + u2l2(,‘$))* = g*(r) + ur'l; (k) + v’k 15 (k)
= g(k) + ur'l; (k) + u?KI 15 (k).
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Since C is reversible, g(k) +uk'l; (k) +u?k715(r) € C. This implies that there
exist polynomials r(k) and s(k) in R[k] such that

9(k) +ur'li (8) +u?K 13 (k) = (9(K) +uli (k) +ul2(k))r (k) +uas(k)s(k). (6)

As the degree of g(k) is maximum. By comparing the highest degree on both
sides of equality, we get r(k) must be a constant polynomial over R, say
r(k) = ro +ury +u’ry, where ro, 71,72 € F,. Therefore, Equation (6) becomes
g(k) + ur'li (k) + v K15 (k) = (g(k) + uli (k) + ula(k)) (o + ury + u’ry)
+ u?ay(k)s(k).

Multiplying the above expression by u? and applying u® = 0 mod ¢, we
have u2g(x) = u%g(k)ro, hence 79 = 1. So, we have

ur'l] (k) +u? w715 (k) = w(rig(r)+a (k) +u? (rag (k) +rili (k) +Ha (k) +as(k) s(k)).
Comparing the coefficients of v and u?, we have

K1 (k) = rig(k) + Li(k), (7)

K15 (k) = 1og(K) 4+ 1y (K) + la(K) + a2 (k)s(k). (8)

Case (i) If r; = ro = 0. Then, we have x'l}(k) = l1(k) and az(k) |
(K713(k) = 12(k)).

Case (ii) If 71 # 0,r2 # 0 and 71 # /7y, then from Equation (7) l;(k) =
k"5 (k) — rig(k). By Equation (8), we get x7l5(k) = rag(k) + r1 (s} (K) —
r19(k)) + la(k) + az(k)s(k) = (r2 — 1%)g(k) + 116 (k) + la(k) + az(k)s(k).
Thus,

1 5 (K 15(K) — 1K1 (K) — la(k) — ag(K)s(k)].

9(k) = pa—

Conversely, assume that conditions (1) and (2) hold. Let p(k) € C, then,
p(k) = (g(k) + uli(k) + v?la(k))m(k) + u?az(k)n(k) for some polynomials
m(k), n(k) € R[k]. By Lemma 4.1, we have

p (k) = (g(k) + uli(r) + ©la (k) m* (k) + v kF a3 (k)n* (k)

= (g"(8) + ur'li (k) + w15 (k))m* (k) + us" a3 (k)n" (r)

= (g(k) +ur'li (k) + WK’ 15 (5))m* () + u*k"az (k)" (k),
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where deg(g(r))—deg(l1(r)) = i, deg(g(r))—deg(l2(r)) = j and deg(g(x)m(r))—
deg(az(k)n(k)) = k. Now, using Equation (7) and Equation (8), we have

p (k) = (g(k) + ur'li (k) + w2 K15 (1))m* (k) + u?kFas (k)" (k)
= (9(r) +u(rig(r) + 11 (k) + u?(rag(r) + rili (k) (k) + L2 (k)
az(k)s(x)))m* (k) + u*kPaz (k)n* (k)
g(k) (1 + ury + ury) + uly (k)(1 4+ ury) + u?la(k))m* (k)
u?az (k) (s(w)m* (&) + K" n* (x))
g(k) +uly (k) + u?la (k) (1 + ury + ury)m* (k)
+ulas(k)(s(w)m* (k) + K*n* (k)
= (9(k) + uly (k) + u?la(8))m1 (k) + uaz(k)ni (k) € C,
where my(k) = (1 + ury + u?re)m* (k) and ny(k) = s(k)m*(xk) + £Fn* (k).

Hence, C' is a reversible cyclic code over R. O

Theorem 4.5. Let C = (g(k)+ul (k)+u?la(k), uar (k) +u?ls(k), u*az(k)) be a
cyclic code of length n over R with ged(n,q) # 1, az(k) | a1(k) | g(k) | (™ —1)
mod ¢, deg(ax(r)) < deg(ai(r)) < deg(g(x)), deg(li(r)) < deg(as(r)) for
t =1,2, deg(l3(k)) < deg(az(k)), where g(k), l1(k), l2(k), I3(k), ai1(k) and

as(k) are polynomials over Fy. Then, C is reversible iff

1. g(k), a1(k) and az(k) are self-reciprocal polynomials and

2. if deg(g(r))—deg(l1(x)) = i, deg(g(r)) —deg(l2(r)) = j and deg(a:(x))—
deg(l3(k)) = k, then

(a) ai(k) | K15 (k) — 11 (k)

(b) az(k) | K*15 (k) — I3(k) and

(c) ax(r) | K15(K) — la(k) — il (k) — l3(k)so(k), where so(k) € Fylk].

Proof. Let C be a reversible cyclic code over R. Then, by Theorem 4.2
(9(K)), {a1(k)) and {az2(k)) are reversible cyclic codes. Therefore, g(k), a1(k)
and as (k) are self-reciprocal polynomials. If C' is reversible, then by Lemma
4.1, we have

(9(r) + uli (k) + w?la(k))" = ¢" (k) + ur'l] (k) + u’K’ 13 (k)
= g(k) +uk'li (k) + u*k15(k) € C.
This implies that there exist polynomials r(k), s(x) and ¢(x) over R such that
9(k) +ur'l (k) + w?K’13(k) = (9(k) + ulr (k) + ul2(k))r(x) + (uai (k)
+ u?l3(k))s(k) + uas(r)t(k).
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Comparing the highest degree on both sides of equality, we get r(k) is a
constant polynomial over R, say r(k) = ro+ury + u?ry, where rg, r1, ro € F,.
Then

9(k) + L} () + 2RI L3(7) = (9(k) + uly () + U2la(8)) (ro + ury + u?rs)
+ (uay (k) + u?l3(k))s(k) + uaz(k)t(k).
Multiplying the above expression by u2 on both sides and using ©®> = 0 mod g,
we get u?g(x) = u%g(k)ro, which implies that 79 = 1. Therefore, we have
uk'l} (k) + k15 (k) = g(k) (ury +u?re) + (uly (k) + u?la(8))(1 + ury + ury)
+ (uay (k) + u?l3(k))s(k) + uaz(r)t(K).
As s(k) = so(k) +us1(k) + u?sa(k) and t(k) = to(k) + ut1 (k) + u’ta(k) are
polynomials over R, where s;(k), t;(k) € Fy[x] for i = 0,1, 2.
uk'l} (k) + w2k 15 (k) = g(k) (ury + u?re) + uly (k) (1 + ury) + u?la (k) 4 (uai (k)
+u?l3(k))(s0(k) + usi (k) + u?az(k)to(k)
= u(r1g(x) + 11 (k) + a1(k)s0(k)) + u?(r2g(k) + 1l (%)
+l2(k) + a1(r)s1(k) + I3(k)so(k) + az(k)to(k)).

Now, comparing the coefficients of u and u2, we get

K5 (k) = m1g(k) + (k) + a1(k)s0 (), (9)

K15 (k) = rog(k) + 11l (K) + l2(K) + a1(k)s1 (k) + I3(k)so(k) + az(k)to (k).
(10)

Since az(k) | a1(k) | g(k), so by Equation (9) and Equation (10), we find
that a1 (k) | (k"5 (k)—11(k)) and az(k) | (K7 15(k)—1la(k) —T1l1(Kk) —l3(K)s0(K)).
Since uai (k) + u?l3(k) € C and C is a reversible code, (uai (k) + u?l3(k))* =
ual (k) +u?kFl5 (k) = uay (k) +u?kF15 (k) € C, where deg(ay (k) —deg(l3(k)) =
k and aq (k) is a self-reciprocal polynomial. Therefore, there exist polynomials
p(k) and ¢(k) over R such that

uaq (k) + uzﬁklg (k) = (uay (k) + Uzlg(li))p(li) + u2a2(/s)q(/i). (11)

On comparing the highest degree on both sides of equality, we get p(x) is a
constant polynomial, say p(k) = pg + up1 + u?pa, where pg,p1,p2 € F,. Sub-
stituting the value of p(x) in Equation (11) we find that ua (k) +u?k*15 (k) =
(uay (k) +u?l3(k))(po + up1) + u?az(k)q(k), which implies that py = 1. There-
fore, we obtain q(k) = qo(k) + uqi (k) + u?q2(k) € R[k], and hence Equation
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(11) becomes uay (k) +u?k*1% (k) = (uai (k) +u?l3 (k) (1+upr) +uaz(k)go(k).
Therefore,

KR53 (k) = u’prai (k) + ©Pls(k) 4+ v’ a(K)qo(k),

= k"5 (k) = prai(k) + l3(k) + az(k)qo(k), (12)
where p1 € F, and qo(k) € Fy[k]. Since az(k) | ai(k), we have as(k) |

(K*15(k) = I3(K)).

Conversely, assume that conditions (1) and (2) hold. Let p(k) be any poly-

nomial in C. Then, there exist polynomials mq(x), ma(x) and msz(x) over R

such that p(k) = (9(k) + uly (k) + ©?la(k))m1 (k) + (uai (k) + v?l3(k))ma (k) +

u?ag(k)mz (k). Consider

p*(r) = (9(r )+UH” () + uk715(k))mi (k) + K (ua (k) + w515 (k) )ms3 (k)
+u’ P as(K)ms (r),

where a = deg(g(k)mi(x)) — deg(ai(r)ma(k)) and 5 = deg(g(r)mi(x)) —

deg(az(k)ms(x)). By using Equation (10), Equation (11) and Equation (12),
we find that

k) +u(rig(e) + 11 (k) + a1(k)so(k)) + u?(rag(k) + rili (k) + la(k)
) +l3(r)so (k) + az(k)to(k)))mi (s ) K% (uar (k)

k) + U3(K) + az(k)ao(k)))m3 (k) + u?k’ az(rk)ms (x)

K —i—ull(/f)—i—qug(/{))n (k) + (uai (k) +u lg(li))ng(li)
+u?as(k)ns(k),

(k) =
)
(

where n1 (k) = (1+ury +u?ry)mi(k), na(k) = (so(k) +usy(k))mi (k) +r*(1+
upy)mi (k) and nz(k) = to(k)m}(k)+K*qo(k)ms (k) 4+ m} (k) are polynomials
over R. Therefore, p*(k) € C. Hence, C is a reversible cyclic code over R. [

5 Dual of reversible cyclic codes over R

In this section, we discuss the dual of reversible cyclic code of arbitrary length
n over R. Let C be a cyclic code of length n with parity-check polynomial
h(k) = ho + hik + -+ + hgpr* and h(k) = h*(x). Then the dual code C* of a
cyclic code C' has the following characterization.

Theorem 5.1. [13, Theorem 4.1] Let C be a cyclic code of length n over F,.
Then, the dual code C*+ = (h(k)) of C is reversible if and only if h(k) € CJ-
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Definition 5.2. Let I be an ideal in R. Then, the annihilator of I is defined
as

AI)={b : ba=0,VaclI}

Let C be a cyclic code with an associated ideal I. Then the associated ideal
of the dual code C+ is defined as

A" = {b* : be A},

where b* stand for the reverse of a polynomial b. First, we discuss the anni-
hilator and the dual of a cyclic code over R; and then over R in the following
results.

Theorem 5.3. Let C = (g(k),ua(r)) be a cyclic code of length n over
F, + uF, with gcd(n,q) = 1. Then A(C) = <"n_1 u“n_1> and C+ =

Tl with ged o) g0
() s ulBm) )

Proof. The proof is similar to the proof of [13, Theorem 7). O

Theorem 5.4. Let C be a cyclic code of length n over Fy+ulF, with ged(n, q) #
L If C = (g(r) + ul(x), ua(r)) with deg(g(r)) > deg(a(r)) > deg(l(x)),
9(k) = a(k)mq (k) and l(k )( )1) = a(k)ma(k), where mi(k) and mz(k) are
polynomials over Fy. Then

1. A(C) = <'€a(—;)1 — umg(n),u’z(—;)l> and

n

2. Ct = <(%) —ur'm}(K), u g(n ) ), where i = deg( a(ﬁ)) deg(ma(k)).

Proof. Let C = (g(k)+ul(x),ua(r)) be a cyclic code of length n over F,+uF,

with a(k) | g(k) | (k™ — 1) od ¢ and a(k) | I(k)( ;(K)l). Therefore, there

exist Eolynomials mi(k), ma(k) € Fy[x] such that g(k) = a(k)mi(k) and
l(/{)("g(;)l) = a(k)ma(k). It M = (£ K)l —uma(K), u (K)> Then

(S = ma () 9() + ) = (S )a() + () () = wma ) ()

a(k) a(k)
— (" — Dy () + ug(r)ma(x) — uma(s)g(s)
=0,
k" —1 _
( a(k) - umg(n))ua(n) =0,
k" —1 _
U(m)(g(“) +ul(k)) =0,

u(’i — l)ua(n) =0,
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which implies that % —ums(K), u(E = g(n 1) ¢ ( )ie, M C A(C).
Next, we show that A(C) C M. Let A(C < + ur(k),us(k)) be
an annihilator of C. Then us(k)(g(k) + ul( )) = ( Jg(k) = 0, Wthh

"—1

) f1(x) for some polynomlal fi(k) over F,. Now,

implies that s(k) = (
(h(k) + ur(k))ua(k) = ( Ja(k) = 0, which implies that h(x) = ”a(;)l Also,

9(x
u
(h(r) + ur(k))(g(r) + ul(x)) = 0. Since h(r)g(x) = 0 so, 7(r) = —ma(k).
Hence, we have A(C) C M. Therefore, we conclude that A(C) = (£ _1 -
ums k), u*est ).

If we take deg(%; (_)1) deg(maz(k)) =i and ("‘:(;)1 —ums(k))* = ('f:(;)l)* -
uk'm3(k), then, we get C+ = <("a(;)1)* — u/{im§(n),u(”g?;)1)*>. O

Corollary 5.1. In Theorem 5.4, if a(k) = g(k). Then

1. A(C) = <"‘972N)1 ums(K)) and

2. Ct = <(K§(;§)1) — uk'mj(K)), where deg(~ (_)1) deg(mz(k)) = 1.

Theorem 5.5. Let C' = (g(r)+ul(r),ua(r)) be a cyclic code of length n over
F, +uF, and C* be the dual code of C as defined in Theorem 5.4. Then, C+

is a reversible code if C is reversible.
Proof. The proof is similar to the proof of [13, Theorem 10]. O

Theorem 5.6. Let C = (g(k), uai(k), u’az(k)) = (g(r) + uai () + v?az(k))
be a cyclic code of length n over Fy + uF, + u?F, with gcd(n,q) = 1, where
az(k) | a1(k) | g(k) | (k™ —1) mod q. Then

1. AC) = (5 it w25 =1 and

az(k)’ " ai(k)”’ 9(x)
2. O =((5m) ulanm) () )

Proof. Straightforward. O

Theorem 5.7. Let C' = (g(k) + uli (k) + u?la(k), uar (k) + u?l3(k), uaz(k))
be a cyclic code of length n over R with ged(n,q) # 1, ag( ) | a1(k) |
|
4

g(s) | (7 — 1) mod g, ay(x) | L(x)(Z2D), aa(r) | lo(m)(E223) and a(x)
lg(ﬁ)(%)(ﬁf@%) If there exist polynomial m;(k) over F, fori=0,1,2,3,
such that k™ — 1 = a1(k)mo(k), l1(k )( I0) L) = ay(k)my(k) = as(k)ma(k),

lg(ﬁ)(%) = ag(k)ms(k) and la(k )(’;(;)1)(';1(29 = ag(k)my (k). Then

<N 71 — umg (k) + #?n)(mwf)m:s(’f) - m4(m)),u(';7:(;§) N

uzml(/{) uz("g(;)l» and
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2. Ct = <“n*%—um3(ﬁ)+ % (m1(k)ms(r)—ma(x))", (u’;:(;% —u?my (k)"

mo (k)

provided ma(k) —mg(k) = 0.

Proof. Let C be a cyclic code of length n over R as defined above and M =

n_ w? P K —
’;2(5 —ums(k) + m(ml(m)mg(ﬁ) —my(r)), um —u?my(k), u? g(ﬁ)1>.

Then

2

(/-i"—l U

aaty  mal) s (ma (s () — ma(s))) (uaz(r)) = 0,

2

mo(K)

(ma (k)ms(k) — ma(r))) (uas (k) + u?l3(x))

—— (ma(k)ms (k) — ma(r)))(g(k) + uli (k) + u?l2())

ay (k)
kK* —1

my(k) — ug(k)ms(r)

—u?ly (k)ma(k) + uzM(ml (k)m3(k) — ma(k).
mo(kK)
Since ma(k) — ms(k) = 0, so the right-hand side of the above expression
becomes
g0 L) = w2 (hma) + 1L s (a4 — ()
K mo(k
= —u?ly (k)m3(k) + u? 9(r) mi(k)mg(k)
mo (k)
= g(6) 2Ly ) + 02 ) D () )
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2

Therefore, (% —ums(K) + ) (m1(k)m3(k) — ma(r))) € A(C). Now,

)t st =0
(1) = v ) (s (o) + 2 ) = 0
(U(E) — w’my(k))(g(k) + uly (k) + u?la(k)) = 0.

9(k)
( QKQ(;)l)(ual(”) +u ZB(H)) =0,
(@21 (g(w) + uls () + wPlo(r)) = 0O,

which implies that uZ(’f;(;l) € A(C). Hence, M C A(C).

Next, we show that A(C) C M. For this, we consider A(C) = (h(k) +
ury (k) + u?ra(k), ubi (k) + u?rs(k), u?ba(k)) be an annihilator of C. Then
u?ba (k) (9(k) + uli(k) + u?la(k)) = u?by(k)g(k) = 0, which implies that
ba(k) = (”(;)1) 1(k) for some polynomial ¢;(x) over F,. Now, we consider
0= (ubl( ) + u?r3(k))(uai (k) + Uzlg( )) = u?by(k)ay(k), this implies that
bi(k) = i (n) Now, we have 0 = (uf )+u 2r3(k))(g(k) +uli (k) +ulla(k)) =
w2l (k)5S al(ﬁ) +u?r3(k)g(k) = uZml(Ks) (k) + u?r3(k)g(x) and hence r3(k) =
—myq (k). Thus, uby (k) + u?rz(k) = u" (% —u?my (k).

Assume that 0 = (h( )+ur1( )+ u? rg(/@))(u as(k)) = u?h(k)az(k), which
implies that h(k) = aZ(K) Further, 0 = (a (H) + ury(k) + u?ra (k) (uay (k) +

wls(k)) = ulls(k) (Bt 4ulr (k)ay (k) = u2ay(k)ms(k)+ula; (k)1 (k), since

az(k)
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o) ums (k) + u’ra(k)) (g9(k) + uli (k) + u’la(k))
K" —1 Kk — 1
:ull(ﬁ)m m
ay (k)

—ug()ma(s) + wg(s)ma(s) S ug()ms(s)
a1(k)

= u?g(r)ma (w)ms (k) === + ura(k)g(x)

—ug()(ma(x) — ma(x)) + w2 (“LIE () (s () + () (x))-

K" —1

+ u?la(k) — umg(k)g(r) — u’li (K)ms3 (k) + u’ra(k)g(k)

Comparing the coefficients of u and u?, we have ma(k) — m3(k) = 0 and

S (ma(k) — mi(e)ma(k) + ra(wg(s) =0, Thus,
ro(Kk) = m(ml(n)mg(/i) — my4(r)) and hence we conclude that A(C) C
M. O

Corollary 5.2. With the same conditions in Theorem 5.7, if we take ’;T@% =
mo(r) and (Scb) = m(k). Then A(C) = ((Sih) —ums (k) +u? (M2l

o N az (k) mo(x)
Tf(:) )w(i’:l(?j) - “le(”)’UQ(Kg(;)l»'

Corollary 5.3. Let C = (g(r) + uli(r) + v?l2(k), u?

of length n over R with ged(n,q) # 1, as(k) | g(k) | (k™ — 1) mod ¢,
as(k) | l3(k )(al(K%) and as(k) | lg(ﬁ)(%)(al(;%) If there exist polyno-

mial m;(k) over Fy for i = 0,1,2,3,4 such that (k™ — 1) = g(k)mo(k),

ll(n)(%) = g(n)ml(n) = as(k)ma(k), 13(/9)(%) = as(k)ms(k) and

n

lo(k) (5 *1)(’”*1) = ag(k)my(K), then

az(K)) be a cyclic code

9(x) 9(x)
1. A(C) = ((57h) —ums( )+meﬁ)(m1( yma (k) —ma(k)), u’("5t)) and
2. C* = (553 — ums (k) + 2 (ma(k)ms (k) = ma (k)" u2(5H)"),
provided mo(k) — m3(k) = 0 and al(H) 9(k).

Corollary 5.4. Let C = (g(k) + uli (k) + u?l2(k)) be a cyclic code of length
n over R with ged(n,q) # 1, g(r) | (s = 1) mod g, g(x) | Li(r)(%5"), g(r) |

- . 9(r)
ZS(H)(%) and g(k) | 12(5)(2(;)1)(’;(;)1). If there exist polynomial m;(k)
over F, for i =0,1,2,3,4 such that (v" — 1) = g(k)mo(k), l(x )(%) =

g)ma () = glema (), Ty(R)(Emt) = gl)my () and lo(e)(Ert) (£t =
g(k)my(k). Then
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2

1. A(C) = ((E214) — ums(k) +

az(r) (m1(k)ms (k) — ma(k))) and

mo (k)

2

2. O = (55 — ums () + mag (ma(R)ma(r) —ma(x)))"),

provided ma(k) — mg(k) =0 and az(k) = g(k).

6 Examples
Non-zero generator polynomials | Distance of C

of C d

Lorl+u+u? 1

=12 2

fii=12 3

fifz 2

fif2 4

f1f3 6

Table 1: Generator polynomials and distance of corresponding code C.

Example 6.1. Let C' = (g(x) + uly(r) + u?lz(k)) be a reversible cyclic code
of length 6 over Zs + uZs + u?Zz. Then, we have (k¢ — 1) = (k + 1)?(k? +
k+1)2 = f2f2 over Zy, where fj = K+ 1 and fo = k% + k + 1 are self-
reciprocal polynomials. Then, using Theorem 4.3 and Theorem 3.2, the non-
zero generator polynomials and distance of corresponding code C' are given in
table 1.

Example 6.2. Let C = (g(r)+uly () +u?l2(k), u?az(k)) be areversible cyclic
code of length 6 over Zy +uZa +u?Zy. We know that (k° —1) = f2f2 over Zo,
as in Example 6.1. Then, using Theorem 4.4 and Theorem 3.2, the non-zero
generator polynomials and distance of corresponding code C are given in table
2, where a € Zs.

Example 6.3. Let C = (g(r) + uli () + u?l2(k), uar (k) + v?l3(k), u?az(K))
be a reversible cyclic code of length 6 over Zo + uZsy + u?Zy. We know that
(k® — 1) = f2f2 over Zy, where fi = k + 1 and fo = k% + kK + 1. Then,
using Theorem 4.5 and Theorem 3.2, the non-zero generator polynomials and
distance of corresponding code C are given in table 3, where a € Zo.
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Non-zero generator polynomials Distance of C
of C d
f17u2 1
f2,u? f, where i = 0,1 1,2
f27u2 1
fife +ula,u?f;, where i = 1,2 2,3
2 u?fi where i = 0,1 1,3
f2f2,u?fi, where i = 0,1,2 1,2, 2
f2f2 +ulaf, u®fifa, where i = 0,1 3, 2
Nif3 +uPa,u?fi 2
f1f3 +uafi u?fi, where i = 0,1,2 1,3,3
N1f5 +vPafs, v’ fif 2

Table 2: Generator polynomials and distance of corresponding code C.

Example 6.4. Let C = (g(r)+uly (k) +u?l2(k)) be a reversible cyclic code of
length 6 over Zs+uZs+u°Zs. Then, we have (k6—1) = (k+1)%(k+2)% = f3f3
over Zs, where fi = k+ 1 and fo = k + 2. Here, f¢ for i = 1,2,3 and f3
are self-reciprocal polynomials. Then, using Theorem 4.3 and Theorem 3.2,
the non-zero generator polynomials and distance of corresponding code C' are
given in table 4.

Example 6.5. Let C' = (g(r) + uli (k) + u?l2(k), u’az(k)) be a reversible
cyclic code of length 6 over Z3 + uZs + u?Zs. Then (k% — 1) = f3 f3 over Z3,
as in Example 6.4. Then, using Theorem 4.4 and Theorem 3.2, the non-zero
generator polynomials and distance of corresponding code C are given in table
5, where o € Zs.

Example 6.6. Let C' = (g(r)+uli (k) +u?l2(k), uai (k) +u?l3(k), uaz(K)) be
a reversible cyclic code of length 6 over Z3 + uZs + u2Z3. Clearly, (k6 — 1) =
313 over Z3, as in Example 6.4. Then, using Theorem 4.5 and Theorem 3.2,
the non-zero generator polynomials and distance of corresponding code C are
given in table 6, where o € Zs.
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Non-zero generator polynomials
of C

Distance of C
d

flzauflauz

fifs +ua,ufi,u?, where i = 1,2

flszvuflvuz

1
1
1

fifo +uaf,uf, u?fi, where i = 0,1

1,2

[2fo +uafi,ufs, u?

Jif2 +uafi, ufy fo, u?

[ifo+uafi,ufifo+ua,u’fy

SEf2,ufifa,u? fo

fifo+ula,ufy fo+u?f1,u’fo

f{f%?“f?a UQ, Where Z = 071

f1f22 +ua7uf17u2

I W W N

fif2,uf2 u?fi, where i = 0,1

f113 +uafa, ufy fo, u?

—_

fif3,ufifo+ ulo,u? fi

f1f3 +uBfo, ufifo + ula, u® fo

Table 3:

Table 4: Generator polynomials and distance of corresponding code C.

Generator polynomials and distance of corresponding code C.

Non-zero generator polynomials | Distance of C
of C d
Lor1+u+u? 1
fi, where i = 1,2,3 2,3,2
fif2, where i =0,1,2,3 3,4,3,6

that are relevant to the content of this article.
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Non-zero generator polynomials | Distance of C
of C d
f{,uz7 where i = 1,2
7 +ula,u?fy
fi,u?fi, where i = 0,1,2 1,
fff%,uQ, where i = 0,1
f1f22>U2f1
f1f22 + u2aa u2f22
Jif3 v’
f12f22,u2 f, where i = 1,2
fifs +vPa,u’fi
fifs + @ fr,u* f3
i3+’ f3 v fif3
13, ufi, where i =0,1,2,3 1,2,
213, u*fifs, where i = 0,1 3,
fifs +v’aff, v [ f3 3

w

HWIN| W W N NN —

Table 5: Generator polynomials and distance of corresponding code C.
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