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Green-Lindsay thermoelasticity for double
porous materials

Anamaria N. Emin and Olivia A. Florea

Abstract

The main purpose of this paper is to obtain new results in the ther-
moelasticity for double porous materials, starting from the classical the-
ory of Green-Lindsay’s elasticity. The novelty of the proposed method
consists in proving a reciprocal theorem and obtaining the energy equa-
tion in the context of Green-Lindsay’s thermoelasticity for double porous
materials. The added value in this article is the result regarding the
uniqueness of the solution of the problem with mixed data for bodies
with double porosity.

1 Introduction

In the last years many researchers have shown their interest into the theory
of Green and Lindsay due to the fact that it takes into consideration also the
temperature rate as a constitutive variable and it permits the propagation
of the waves at finite speeds. This type of theory was approached from the
point of view of classical thermoelasticity [Green(1972)], thermoviscoelasticity
[Aouadi(2019)], thermoelastic solid [Nieto(2018)], thermoelasticity of dipolar
bodies [Marin and Craciun(2020)]. Our study uses this theory in the context
of double porous thermoelastic materials.

The concept of double porosity was introduced for the first time by Baren-
blatt in [Barenblatt(1960)], [Barenblatt(1963)]. The materials with double
porosity structure have a large number of applications in many fields as:
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biomechanics [Svanadze(2013)],[Scarpetta(2014)], seismology, geomagnetism
and geodesy, [Wilson(1982)], energy production [Kumar(2016)] and also
petroleum engineering [Bai(1994)], [Masters(2000)].

In the last years materials with double porosity structure were approached
using various theories. Some studies have been published for the backward in
time problems of these type of materials [Florea(2019)]. The asymptotic be-
havior was studied in [Bazarra(2019)], the theory of Moore-Gibson-Thompson
was approached in the context of bodies with double porosity in [Florea(2021)],
vibrations problems in the case of thermoelasticity for double porous bodies
ware published in [Florea(2019)], [Svanadze(2020)]. The uniqueness theories
for the thermoelastic bodies with porosity were studied in the last decays by
many scholars i.e. [Svanadze(2014)].

The present study is structured as follows. In Section 2 the behavior of a
body with double porosity structure using Green-Lindsay theory is described.
The main results of the present study are highlighted in Section 3. Here is
proved a Betti type result that establishes a reciprocity relation between two
systems of external loadings. This reciprocity relation is useful in order to
obtain the uniqueness results regarding the considered mixed with initial and
boundary data problem in the context of double porous materials using the
Green Lindsay function and the Biot’s energy function.

2 Basic equations

The behavior of a body with double porosity structure using Green-Lindsay
thermoelasticity is described by the following variables: ui(t, x) the displace-
ment components, ϕ(t, x), ψ(t, x) the fractional volume fields corresponding
to the pores and cracks, respectively and θ(t, x) the temperature.

The internal energy denoted by Ψ depends on the deformation tensors.
By adding the temperature and its derivative as an independent variable,
is obtained the Helmholtz energy or the so-called free energy noted by ω,
which depends on the internal energy Ψ, the temperature θ and the entropy
η: ω = Ψ− θη.

Based on the Green-Lindsay theory the heat flux components are expressed
by:

Qi = −θ0(biθ̇ +Kijθ,j). (1)

Knowing that in the case of linear theory the temperature difference from
some basic temperature is very small, θ0 is a constant temperature.

A material with two porosities is governed by the following equations of
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motion:

ρüi = tji,j + ρfi, (2)

the balances of the equilibrated forces:

K1ϕ̈ = σj,j + p+ ρG,

K2ψ̈ = τj,j + r + ρL,
(3)

and by the energy equation:

ρθ0η̇ = Qj,j + ρh. (4)

The constitutive equations are functions of the strain tensors and some
constants of materials:

tij = Cijkluk,l +Bijϕ+Dijψ − βij(θ + αθ̇) = ∂ω
∂ui,j

,

σi = aijϕ,j + bijψ,j = ∂ω
∂ϕ,i

,

σi = bijϕ,j + δijψ,j = ∂ω
∂ψ,i

,

p = −Bijui,j − α1ϕ− α3ψ + γ1(θ + αθ̇) = −∂ω∂ϕ ,

r = −Dijui,j − α3ϕ− α2ψ + γ2(θ + αθ̇) = ∂ω
∂ψ ,

η = βijui,j + γ1ϕ+ γ2ψ + c(θ + αθ̇) = − ∂ω
∂(θ+αθ̇)

,

Qi = −θ0(biθ̇ +Kijθ,j) = ∂ω
∂θ,i

.

(5)

Based on the above relations (5) we will obtain the quadratic form of the
Helmholtz energy:

ω = 1
2Cijkluk,lui,j +Bijϕui,j +Dijψui,j − βijui,j(θ + αθ̇)+

+ 1
2aijϕ,iϕ,j + bijϕ,iψ,j + 1

2δijψ,iψ,j + 1
2α1ϕ

2 + 1
2α2ψ

2+

+α3ϕψ − γ1ϕ(θ + αθ̇)− γ2ψ(θ + αθ̇)+

+ 1
2c(θ + αθ̇)2 + biθ0θ̇θ,i + 1

2θ0Kijθ,iθ,j .

(6)

If we take into account (1) and (5)6 then the energy equation becomes:

ρβij ˙ui,j + ργ1ϕ̇+ ργ2ψ̇ + ρaθ̇ + ρcαθ̈ + biθ̇,i +Kijθ,ij −
ρh

θ0
= 0. (7)

We consider a three dimensional space B ⊂ R3 that is filled up by the double
porous body. The boundary of the considered domain is denoted by ∂B and
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the normal at the domain surface has the components ni. Therefore we may
define the expression of the surface couple (α, β), the force traction (ti) and
also the flow (Q).

ti = tijnj , α = σini, β = τini, Q = Qini. (8)

The boundary conditions are:

ui = ubi on ∂B1 × [0,∞), ti = tbi on ∂Bc1 × [0,∞),

ϕ = ϕb on ∂B2 × [0,∞), α = αb on ∂Bc2 × [0,∞),

ψ = ψb on ∂B3 × [0,∞), β = βb on ∂Bc3 × [0,∞),

θ = θb on ∂B4 × [0,∞), Q = Qb on ∂Bc4 × [0,∞),

(9)

where ubi , ϕ
b, ψb, θb, tbi , α

b, βb, Qb are known functions. The boundary of the
considered domain ∂B is divided into four subsurfaces noted by Bi, i = 1, 4
with their complements Bci , i = 1, 4 that fulfill the following conditions:

∂Bi ∪Bci = ∂B, ∂Bi ∩Bci = Φ, i = 1, 4. (10)

We consider that at the initial moment t0 we have the initial conditions:

ui(0, x) = u̇i(0, x) = 0, ϕ(0, x) = ϕ̇(0, x) = 0,

ψ(0, x) = ψ̇(0, x) = 0, θ(0, x) = θ̇(0, x) = 0.
(11)

The mixed data problem for bodies with double porosity consists of equations
(2), (3), (4), (5), with the initial conditions (11) and the boundary conditions
(9).

The solution (ui, ϕ, ψ, θ) of the problem with mixed data for bodies with
double porosity is represented by the response of a system at the external
actions. This system of external actions is defined by:

H = (fi, G, L, h, u
b
i , ϕ

b, ψb, θb, tbi , α
b, βb, Qb).

and it generates a thermoelastic state defined by:

S = (ui, ϕ, ψ, θ, εij , χij , tij , σi, τi, p, r,Qi, η).

The thermoelastic states corresponding to the two systems are:

S(a) = (u
(a)
i , ϕ(a), ψ(a), θ(a), ε

(a)
ij , χ

(a)
ij , t

(a)
ij , σ

(a)
i , τ

(a)
i , p(a), r(a), Q

(a)
i , η(a)),

a = 1, 2.
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Let us consider two function m and n. The convolution product is defined as
follows:

(m ∗ n)(t, x) =

t∫
0

m(t− ζ, x) n(ζ, x) dζ,

respectively,

(m ∗ n̂)(t, x) =

t∫
0

m(t− ζ, x)
∂n

∂ζ
(ζ, x) dζ.

3 Main results

The following section contains the main results of the present study. Therefore
the first theorem is a result of Betti type that establishes a reciprocity relation
between the two systems of external loadings. This theorem is very useful in
order to obtain the next uniqueness results regarding the mixed problem for
the double porous materials using the Green-Lindsay function and also the
energy function of Biot.

Theorem 1. The following reciprocal relationship occurs:

−
∫
B

ρ(f
(1)
i ∗ û(2)

i − f
(2)
i ∗ û(1)

i ) dV+

+
∫
B

ρ(G(1) ∗ ϕ̂(2) −G(2) ∗ ϕ̂(1)) dV +
∫
B

ρ(L(1) ∗ ψ̂(2) − L(2) ∗ ψ̂(1)) dV+

+
∫
∂B1

(t
(1)
ij ∗ ûb(2)i − t

(2)
ji ∗ ûb(1)i )nj dA+

∫
∂Bc

1

(t
b(1)
i ∗ û(2)

i − t
b(2)
i ∗ û(1)

i ) dA+

+
∫
∂B2

(σ
(1)
j ∗ ϕ̂b(2) − σ

(2)
j ∗ ϕ̂b(1))nj dA+

∫
∂Bc

2

(αb(1) ∗ ϕ̂(2) − αb(2) ∗ ϕ̂(1)) dA+

+
∫
∂B3

(τ
(1)
j ∗ ψ̂b(2) − τ

(2)
j ∗ ψ̂b(1))nj dA+

∫
∂Bc

3

(βb(1) ∗ ψ̂(2) − βb(2) ∗ ψ̂(1)) dA =

= 1
θ0

∫
B

ρ(h(1) ∗ θ(2) − h(2) ∗ θ(1)) dV + α
θ0

∫
B

ρ(h(1) ∗ θ̂(2) − h(2) ∗ θ̂(1)) dV+

+ 1
θ0

∫
B

(Q
(2)
i ∗ θ(1),i −Q

(1)
i ∗ θ(2),i ) dV + α

θ0

∫
B

(Q
(2)
i ∗ θ̂(1),i −Q

(1)
i ∗ θ̂(2),i ) dV−

− 1
θ0

∫
∂B4

(Q
(2)
i ∗ θb(1) −Q

(1)
i ∗ θb(2))ni dA− α

θ0

∫
∂B4

(Q
(2)
i ∗ θ̂b(1) −Q

(1)
i ∗ θ̂b(2))ni dA−

− 1
θ0

∫
∂Bc

4

(Qb(2) ∗ θ(1) −Qb(1) ∗ θ(2)) dA− α
θ0

∫
∂Bc

4

(Qb(2) ∗ θ̂(1) −Qb(1) ∗ θ̂(2)) dA.

Proof. We apply the Laplace transform to the equations (1) - (4) and (7):

L[f(t, x)](s) = f̃(s, x)

∞∫
0

f(t, x) e−st dt.
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We will use the derivation property of the original and take into account the
null initial conditions (11):

L[üi(t, x)](s) = s2ũi(s, x)− s · ui(0, x)− u̇i(0, x) = s2ũi(s, x),

L[ϕ̈(t, x)](s) = s2ϕ̃(s, x)− s · ϕ(0, x)− ϕ̇(0, x) = s2ϕ̃(s, x),

L[ψ̈(t, x)](s) = s2ψ̃(s, x)− s · ψ(0, x)− ψ̇(0, x) = s2ψ̃(s, x).

Thus the equations that govern the body with double porosity structure (2),
(3) can be written:

ρs2ũ
(a)
i = t̃

(a)
ji,j + ρf̃

(a)
i ,

K1s
2ϕ̃(a) = σ̃

(a)
j,j + p̃(a) + ρG̃(a), a = 1, 2.

K2s
2ψ̃(a) = τ̃

(a)
j,j + r̃(a) + ρL̃(a).

(12)

The energy equation (7) through the Laplace transform will have the following
form:

ρβijsũ
(a)
i,j + ργ1sϕ̃

(a) + ργ2sψ̃
(a) + ρcαs2θ̃(a) + bisθ̃

(a)
,i +Kij θ̃

(a)
,ij −

ρh̃(a)

θ0
= 0.

(13)

The constitutive equations (5) through the Laplace transform become:

t̃
(a)
ij = Cijklũ

(a)
k,l +Bijϕ̃

(a) +Dijψ̃
(a) − βij(θ̃(a) + αsθ̃(a)),

σ̃
(a)
i = aijϕ̃

(a)
,j + bijψ̃

(a)
,j ,

τ̃
(a)
i = bijϕ̃

(a)
,j + δijψ̃

(a)
,j ,

p̃(a) = −Bij ũ(a)i,j − α1ϕ̃
(a) − α3ψ̃

(a) + γ1(θ̃(a) + αsθ̃(a)),

r̃(a) = −Dij ũ
(a)
i,j − α3ϕ̃

(a) − α2ψ̃
(a) + γ2(θ̃(a) + αsθ̃(a)),

η̃(a) = βij ũ
(a)
i,j + γ1ϕ̃

(a) + γ2ψ̃
(a) + c(θ̃(a) + αsθ̃(a)).

(14)

The image of the heat flux (1) through the Laplace transform will be:

Q̃
(a)
i = −θ0(bisQ̃

(a) +KijQ̃
(a)
,j ), a = 1, 2. (15)

The image of the boundary conditions (9) through the Laplace transform will
be:

ũ
(a)
i = ũ

b(a)
i on ∂B1 × [0,∞), t̃i = t̃

b(a)
i on ∂Bc1 × [0,∞),

ϕ̃(a) = ϕ̃b(a) on ∂B2 × [0,∞), α̃ = α̃b(a) on ∂Bc2 × [0,∞),

ψ̃(a) = ψ̃b(a) on ∂B3 × [0,∞), β̃ = β̃b(a) on ∂Bc3 × [0,∞),

θ̃(a) = θ̃b(a) on ∂B4 × [0,∞), Q̃ = Q̃b(a) on ∂Bc4 × [0,∞), a = 1, 2,

(16)
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where with b higher index was noted the value on the boundary. The relation
(12)1 for the two systems of loads is written as follows:

ρs2ũ
(1)
i ũ

(2)
i = t̃

(1)
ji,j ũ

(2)
i + ρf̃

(1)
i ũ

(2)
i ,

ρs2ũ
(2)
i ũ

(1)
i = t̃

(2)
ji,j ũ

(1)
i + ρf̃

(2)
i ũ

(1)
i .

Performing the subtraction between the last two relations and integrating on
B we have:∫
B

ρ(f̃
(1)
i ũ

(2)
i − f̃

(2)
i ũ

(1)
i ) dV =

∫
B

(t̃
(1)
ji ũ

(2)
i − t̃

(2)
ji ũ

(1)
i ),j dV +

∫
B

(t̃
(2)
ji ũ

(1)
i,j − t̃

(1)
ji ũ

(2)
i,j ) dV.

(17)

For the first integral of (17) we apply the divergence theorem and for the
second integral of (17) we take into account the constitutive equations (14).
We obtain:∫
B

(t̃
(2)
ji ũ

(1)
i,j − t̃

(1)
ji ũ

(2)
i,j ) dV =

=
∫
B

[
Cijklũ

(2)
k,l +Bijϕ̃

(2) +Dijψ̃
(2) + βij(θ̃

(2) + αsθ̃(2))
]
· ũ(1)i,j−

−
[
Cijklũ

(1)
k,l +Bijϕ̃

(1) +Dijψ̃
(1) + βij(θ̃

(1) + αsθ̃(1))
]
· ũ(2)i,j dV =

=
∫
B

[Bij(ϕ̃
(2)ũ

(1)
i,j − ϕ̃(1)ũ

(2)
i,j ) +Di,j(ψ̃

(2)ũ
(1)
i,j − ψ̃(1)ũ

(2)
i,j )−

−βij(θ̃(2) + αsθ̃(2))ũ
(1)
i,j + βij(θ̃

(1) + αsθ̃(1))ũ
(2)
i,j ] dV.

(18)

Therefore, the relationship (17) becomes:∫
B

ρ(f̃
(1)
i ũ

(2)
i − f̃

(2)
i ũ

(1)
i ) dV =

=
∫
∂B1

(t̃
(1)
ji ũ

b(2)
i − t̃(2)ji ũ

b(1)
i )nj dA+

∫
∂Bc

1

(t̃
b(1)
i ũ

(2)
i − t̃

b(2)
i ũ

(1)
i ) dA+

+
∫
B

[Bij(ϕ̃
(2)ũ

(1)
i,j − ϕ̃(1)ũ

(2)
i,j ) +Dij(ψ̃

(2)ũ
(1)
i,j − ψ̃(1)ũ

(2)
i,j )−

−βij(1 + αs)(θ̃(2)ũ
(1)
i,j − θ̃(1)ũ

(2)
i,j )] dV.

(19)

We will proceed in an analogous way for the relation (12)2 for the two systems
of loads. Performing the subtraction between the two obtained relations and
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integrating on B we have:∫
B

ρ(G̃(1)ϕ̃(2) − G̃(2)ϕ̃(1)) dV =

=
∫
B

(σ̃
(2)
j ϕ̃(1) − σ̃(1)

j ϕ̃(2)),j dV +
∫
B

(σ̃
(1)
j ϕ̃

(2)
,j − σ̃

(2)
j ϕ̃

(1)
,j ) dV+

+
∫
B

(p̃(2)ϕ̃(1) − p̃(1)ϕ̃(2)) dV.

(20)

In the integrals from the relation (20) we apply the divergence theorem and
take into account the constitutive equations. Therefore the relation (20) will
have the following form:∫
B

ρ(G̃(1)ϕ̃(2) − G̃(2)ϕ̃(1)) dV =

=
∫
∂Bc

2

(α̃b(2)ϕ̃(1) − α̃b(1)ϕ̃(2)) dA+
∫
∂B2

(σ̃
(2)
j ϕ̃b(1) − σ̃(1)

j ϕ̃b(2))nj dA+

+
∫
B

bij(ψ̃
(1)
,j ϕ̃

(2)
,j − ψ̃

(2)
,j ϕ̃

(1)
,j ) dV +

∫
B

[−Bij(ũ(2)i,j ϕ̃(1) − ũ(1)i,j ϕ̃(2))−

−α3(ψ̃(2)ϕ̃(1) − ψ̃(1)ϕ̃(2)) + γ1(1 + αs)(ϕ̃(1)θ̃(2) − ϕ̃(2)θ̃(1))] dV.

(21)

For the third equation from (12) we perform the subtraction between the
relations of the two loading systems and by integration on B we obtain:∫

B

ρ(L̃(1)ψ̃(2) − L̃(2)ψ̃(1)) dV =

=
∫
B

(τ̃
(2)
j ψ̃(1) − τ̃ (1)j ψ̃(2)),j dV +

∫
B

(τ̃
(1)
j ψ̃

(2)
,j − τ̃

(2)
j ψ̃

(1)
,j ) dV+

+
∫
B

(r̃(2)ψ̃(1) − r̃(1)ψ̃(2)) dV.

(22)

Using the divergence theorem and considering the constitutive equations the
relation (22) becomes:∫
B

ρ(L̃(1)ψ̃(2) − L̃(2)ψ̃(1)) dV =

=
∫
∂Bc

3

(β̃b(2)ψ̃(1) − β̃b(1)ψ̃(2)) dA+
∫
∂B3

(τ̃
(2)
j ψ̃b(1) − τ̃ (1)j ψ̃b(2))nj dA+

+
∫
B

bij(ϕ̃
(1)
,j ψ̃

(2)
,j − ϕ̃

(2)
,j ψ̃

(1)
,j ) dV +

∫
B

Dij(ũ
(1)
i,j ψ̃

(2) − ũ(2)i,j ψ̃(1))+

+α3(ϕ̃(1)ψ̃(2) − ϕ̃(2)ψ̃(1)) + γ2(1 + αs)(ψ̃(1)θ̃(2) − ψ̃(2)θ̃(1)) dV.

(23)

The last step into obtaining the results of the theorem 1 is to write the energy
equation (13) for the two loads and to repeat the same procedure as above
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using the subtraction of the two relations written for both loading systems
and by integration on B we obtain:∫
B

ρβijs
(
ũ
(1)
i,j θ̃

(2) − ũ(2)i,j θ̃(1)
)

+ ργ2s
(
ψ̃(1)θ̃(2) − ψ̃(2)θ̃(1)

)
+

+ργ1s
(
ϕ̃(1)θ̃(2) − ϕ̃(2)θ̃(1)

)
+ bis

(
θ̃
(1)
,i θ̃

(2) − θ̃(2),i θ̃(1)
)

+

+Kij

(
θ̃
(1)
,ij θ̃

(2) − θ̃(2),ij θ̃(1)
)
− ρ

θ0

(
h̃(1)θ̃(2) − h̃(2)θ̃(1)

)
dV = 0.

(24)

We apply the divergence theorem and take into account the boundary condi-
tions (16) and the equation (15). The relation (24) becomes:∫
B

ρβijs
(
ũ
(1)
i,j θ̃

(2) − ũ(2)i,j θ̃(1)
)

+ ργ1s
(
ϕ̃(1)θ̃(2) − ϕ̃(2)θ̃(1)

)
−

− ρ
θ0

(
h̃(1)θ̃(2) − h̃(2)θ̃(1)

)
+ ργ2s

(
ψ̃(1)θ̃(2) − ψ̃(2)θ̃(1)

)
dV+

+ 1
θ0

∫
∂Bc

4

(
θ̃(1)Q̃b(2) − θ̃(2)Q̃b(1)

)
dA+ 1

θ0

∫
∂B4

(
θ̃b(1)Q̃

(2)
i − θ̃b(2)Q̃

(1)
i

)
ni dA−

− 1
θ0

∫
B

(
θ̃
(1)
,i Q̃

(2)
i − θ̃

(2)
,i Q̃

(1)
i

)
dV = 0.

(25)

We notice that in (25) there are terms from (19), (21) and (23).

Thus, from (19) we obtain: ∫
B

ρβijs
(
θ̃(2)ũ

(1)
i,j − θ̃(1)ũ

(2)
i,j

)
dV =

[
∫
∂B1

(
t̃
(1)
ji ũ

b(2)
i − t̃(2)ji ũ

b(1)
i

)
nj dA+

∫
∂Bc

1

(
t̃
b(1)
i ũ

(2)
i − t̃

b(2)
i ũ

(1)
i

)
dA+

+
∫
B

[
Bij

(
ϕ̃(2)ũ

(1)
i,j − ϕ̃(1)ũ

(2)
i,j

)
+Dij

(
ψ̃(2)ũ

(1)
i,j − ψ̃(1)ũ

(2)
i,j

)]
dV−

−
∫
B

ρ
(
f̃
(1)
i ũ

(2)
i − f̃

(2)
i ũ

(1)
i

)
dV ] · ρs

1+αs .

(26)

From (21) we obtain: ∫
B

ργ1s
(
ϕ̃(1)θ̃(2) − ϕ̃(2)θ̃(1)

)
dV =

= [
∫
B

ρ
(
G̃(1)ϕ̃(2) − G̃(2)ϕ̃(1)

)
dV −

∫
∂Bc

2

(
α̃b(2)ϕ̃(1) − α̃b(1)ϕ̃(2)

)
dA−

−
∫
∂B2

(
σ̃
(2)
j ϕ̃b(1) − σ̃(1)

j ϕ̃b(2)
)
nj dA−

∫
B

bij

(
ψ̃
(1)
,j ϕ̃

(2)
,j − ψ̃

(2)
,j ϕ̃

(1)
,j

)
dV+

+
∫
B

[
Bij

(
ũ
(2)
i,j ϕ̃

(1) − ũ(1)i,j ϕ̃(2)
)

+ α3

(
ψ̃(2)ϕ̃(1) − ψ̃(1)ϕ̃(2)

)]
dV ] · ρs

1+αs .

(27)
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From (23) we obtain: ∫
B

ργ2s
(
ψ̃(1)θ̃(2) − ψ̃(2)θ̃(1)

)
dV =

= [
∫
B

ρ
(
L̃(1)ψ̃(2) − L̃(2)ψ̃(1)

)
dV −

∫
∂Bc

3

(
β̃b(2)ψ̃(1) − β̃b(1)ψ̃(2)

)
dA−

−
∫
∂B3

(
τ̃
(2)
j ψ̃b(1) − τ̃ (1)j ψ̃b(2)

)
nj dA−

∫
B

bij

(
ϕ̃
(1)
,j ψ̃

(2)
,j − ϕ̃

(2)
,j ψ̃

(1)
,j

)
dV−

−
∫
B

[
Dij

(
ũ
(1)
i,j ψ̃

(2) − ũ(2)i,j ψ̃(1)
)

+ α3

(
ϕ̃(1)ψ̃(2) − ϕ̃(2)ψ̃(1)

)]
dV ] · ρs

1+αs .

(28)

By replacing the relations (26)-(28) in the relation (25), we obtain:

ρs
1+αs · [

∫
∂B1

(
t̃
(1)
ij ũ

b(2)
i − t̃(2)ji ũ

b(1)
i

)
nj dA+

∫
∂Bc

1

(
t̃
b(1)
i ũ

(2)
i − t̃

b(2)
i ũ

(1)
i

)
dA+

+
∫
B

[
Bij

(
ϕ̃(2)ũ

(1)
i,j − ϕ̃(1)ũ

(2)
i,j

)
+Dij

(
ψ̃(2)ũ

(1)
i,j − ψ̃(1)ũ

(2)
i,j

)
−

− ρ
(
f̃
(1)
i ũ

(2)
i − f̃

(2)
i ũ

(1)
i

)]
dV+

+
∫
B

ρ
(
G̃(1)ϕ̃(2) − G̃(2)ϕ̃(1)

)
dV −

∫
∂Bc

2

(
α̃b(2)ϕ̃(1) − α̃b(1)ϕ̃(2)

)
dA−

−
∫
∂B2

(
σ̃
(2)
j ϕ̃b(1) − σ̃(1)

j ϕ̃b(2)
)
nj dA−

∫
B

bij

(
ψ̃
(1)
,j ϕ̃

(2)
,j − ψ̃

(2)
,j ϕ̃

(1)
,j

)
dV+

+
∫
B

[
Bij

(
ũ
(2)
i,j ϕ̃

(1) − ũ(1)i,j ϕ̃(2)
)

+ α3

(
ψ̃(2)ϕ̃(1) − ψ̃(1)ϕ̃(2)

)]
dV+

+
∫
B

ρ
(
L̃(1)ψ̃(2) − L̃(2)ψ̃(1)

)
dV −

∫
∂Bc

3

(
β̃b(2)ψ̃(1) − β̃b(1)ψ̃(2)

)
dA−

−
∫
∂B3

(
τ̃
(2)
j ψ̃b(1) − τ̃ (1)j ψ̃b(2)

)
nj dA−

∫
B

bij

(
ϕ̃
(1)
,j ψ̃

(2)
,j − ϕ̃

(2)
,j ψ̃

(1)
,j

)
dV−

−
∫
B

[
Dij

(
ũ
(1)
i,j ψ̃

(2) − ũ(2)i,j ψ̃(1)
)

+ α3

(
ϕ̃(1)ψ̃(2) − ϕ̃(2)ψ̃(1)

)]
dV ] =

=
∫
B

ρ
θ0

(
h̃(1)θ̃(2) − h̃(2)θ̃(1)

)
dV − 1

θ0

∫
∂Bc

4

(
θ̃(1)Q̃b(2) − θ̃(2)Q̃b(1)

)
dA−

− 1
θ0

∫
∂B4

(
θ̃b(1)Q̃

(2)
i − θ̃b(2)Q̃

(1)
i

)
ni dA+ 1

θ0

∫
B

(
θ̃
(1)
,i Q̃

(2)
i − θ̃

(2)
,i Q̃

(1)
i

)
dV,
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which leads to:

ρs · [−
∫
B

ρ
(
f̃
(1)
i ũ

(2)
i − f̃

(2)
i ũ

(1)
i

)
dV +

∫
B

ρ
(
G̃(1)ϕ̃(2) − G̃(2)ϕ̃(1)

)
dV+

+
∫
B

ρ
(
L̃(1)ψ̃(2) − L̃(2)ψ̃(1)

)
dV+

+
∫
∂B1

(
t̃
(1)
ij ũ

b(2)
i − t̃(2)ji ũ

b(1)
i

)
nj dA+

∫
∂Bc

1

(
t̃
b(1)
i ũ

(2)
i − t̃

b(2)
i ũ

(1)
i

)
dA+

+
∫
∂B2

(
σ̃
(1)
j ϕ̃b(2) − σ̃(2)

j ϕ̃b(1)
)
nj dA+

∫
∂Bc

2

(
α̃b(1)ϕ̃(2) − α̃b(2)ϕ̃(1)

)
dA+

+
∫
∂B3

(
τ̃
(1)
j ψ̃b(2) − τ̃ (2)j ψ̃b(1)

)
nj dA+

∫
∂Bc

3

(
β̃b(1)ψ̃(2) − β̃b(2)ψ̃(1)

)
dA] =

= (1 + αs) · 1
θ0

[
∫
B

ρ
(
h̃(1)θ̃(2) − h̃(2)θ̃(1)

)
dV +

∫
B

(
θ̃
(1)
,i Q̃

(2)
i − θ̃

(2)
,i Q̃

(1)
i

)
dV−

−
∫
∂B4

(
θ̃b(1)Q̃

(2)
i − θ̃b(2)Q̃

(1)
i

)
ni dA−

∫
∂Bc

4

(
θ̃(1)Q̃b(2) − θ̃(2)Q̃b(1)

)
dA].

(29)

We will apply the inverse Laplace transform to the relation (29) and we will
take into account the convolution product. We will also take into account:

sf̃
(1)
i ũ

(2)
i = f̃

(1)
i · s · ũ(2)i = L

[
f
(1)
i

]
· L
[
∂u

(2)
i

∂t

]
= f

(1)
i ∗ û(2)i ,

where û
(2)
i =

∂u
(2)
i

∂t . The result of Theorem 1 is obtained immediately.

In order to obtain a uniqueness result for the mixed problem with initial
values and boundary values considered above, we will use the generalized free
energy function, ω, proposed by Biot as follows:

ω = Ψ− ηθ0, (30)

which leads to the fact that the internal energy, Ψ, has the following expression:

Ψ = ω + ηθ0.

Green and Lindsay introduce the scalar function:

φ = θ0 + θ + αθ̇ + βθθ̇ +
1

2
γθ̇2,

and the expression of the energy function is:

ξ = Ψ− ηφ = ω + ηθ0 − ηθ0 − ηθ − ηαθ̇ − ηβθθ̇ −
1

2
ηγθ̇2. (31)
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Taking into account the constitutive equations the energy function can be
written in the following form:

ξ = 1
2Cijkluk,lui,j +Bijϕui,j +Dijψui,j + 1

2aijϕ,iϕ,j + bijϕ,iψ,j+

+ 1
2δijψ,iψ,j + 1

2α1ϕ
2 + 1

2α2ψ
2 + α3ϕψ + biθ0θ̇θ,i + 1

2θ0Kijθ,iθ,j−
−a(θ + αθ̇)− c

2θ
2 − eθθ̇ − fθ̇2 − cβθ2θ̇ − cαβθθ̇2 − 1

2cγθθ̇
2 − 1

2cαγθ̇
3,

(32)

where:

a = 2(βijui,j + γ1ϕ+ γ2ψ),

e = (βijui,j + γ1ϕ+ γ2ψ)β + cα = aβ
2 + cα,

f = (βijui,j + γ1ϕ+ γ2ψ)γ2 + cα2

2 = aγ
4 + cα2

2 .

Taking into account the initial conditions, the quadratic form of the energy
function is obtained according to Biot:

ω = 1
2Cijkluk,lui,j +Bijϕui,j +Dijψui,j + 1

2aijϕ,iϕ,j + bijϕ,iψ,j+

+ 1
2δijψ,iψ,j + 1

2α1ϕ
2 + 1

2α2ψ
2 + α3ϕψ + biθ0θ̇θ,i + 1

2θ0Kijθ,iθ,j+

+ 1
2cθ

2 + cαθθ̇ + α2c
2 θ̇2.

(33)

Theorem 2. The energy equation in the context of Green-Lindsay thermoe-
lasticity for double porosity bodies has the following form:

d
dt

∫
B

(ξc + ω) dV =

= ρ
∫
B

(
fiu̇i +Gϕ̇+ Lψ̇ + h

θ0

(
θ + αθ̇

))
dV+

+
∫
∂B

(
tjiu̇i + σjϕ̇+ τjψ̇

)
ni dA+

+ 1
ρ

∫
∂B

[
Qi

θ0

(
θ + αθ̇

)
+Qiθ̇

]
ni dA+

∫
∂B

biθ0θθ̈ni dA.

(34)

Proof. We consider the kinetic energy of the body with double porosity:

ξc =
1

2
ρ [u̇i(t)]

2
+

1

2
K1 [ϕ̇(t)]

2
+

1

2
K2

[
ψ̇(t)

]2
, (35)

whose derivative in relation to time is:

dξc
dt

= ρu̇i(t)üi(t) +K1ϕ̇(t)ϕ̈(t) +K2ψ̇(t)ψ̈(t). (36)
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Multiplying by u̇i(t), φ̇(t) and ψ̇(t) the equations (2) , (3)1 and (3)2, respec-
tively, we have:

ρüiu̇i = tji,j u̇i + ρfiu̇i,

K1ϕ̈ϕ̇ = σj,jϕ̇+ pϕ̇+ ρGϕ̇,

K2ψ̈ψ̇ = τj,jψ̇ + rψ̇ + ρLψ̇.

(37)

We replace (36) in (37) and we have:

dξc
dt = tji,j u̇i + ρfiu̇i + σj,jϕ̇+ pϕ̇+ ρGϕ̇+ τj,jψ̇ + rψ̇ + ρLψ̇ =

= ρfiu̇i + ρGϕ̇+ ρLψ̇ + pϕ̇+ rψ̇ + (tjiu̇i),j − tjiu̇i,j+
+(σjϕ̇),j − σjϕ̇,j + (τjψ̇),j − τjψ̇,j .

(38)

We will integrate (38) on the domain B and apply the divergence theorem:

d
dt

∫
B

ξc(t) dV =
∫
B

(
ρfiu̇i + ρGϕ̇+ ρLψ̇ + pϕ̇+ rψ̇

)
dV−

−
∫
B

(
tjiu̇i,j + σjϕ̇,j + τjψ̇,j

)
dV+

+
∫
∂B

tjiu̇ini dA+
∫
∂B

σjϕ̇ni dA+
∫
∂B

τjψ̇ni dA =

=
∫
B

(
ρfiu̇i + ρGϕ̇+ ρLψ̇

)
dV+

+
∫
B

[−Bijui,jϕ̇− α1ϕϕ̇− α3ψϕ̇+ γ1

(
θ + αθ̇

)
ϕ̇−

−Dijui,jψ̇ − α3ϕψ̇ − α2ψψ̇ + γ2

(
θ + αθ̇

)
ψ̇−

−Cijkluk,lu̇i,j −Bijϕu̇i,j −Dijψu̇i,j + βij

(
θ + αθ̇

)
u̇i,j−

−aijϕ,jϕ̇,j − bijψ,jϕ̇,j − bijϕ,jψ̇,j − δijψ,jϕ̇,j ] dV+

+
∫
∂B

tjiu̇ini dA+
∫
∂B

σjϕ̇ni dA+
∫
∂B

τjψ̇ni dA.

(39)

We derive (33) in relation to time:

d
dtω = Cijkluk,lu̇i,j +Bijϕu̇i,j +Bijϕ̇ui,j +Dijψ̇ui,j +Dijψu̇i,j+

+aijϕ,iϕ̇,j + bijϕ̇,iψ,j + δijψ,iψ̇,j + α1ϕϕ̇+ α2ψψ̇ + α3ϕψ̇+

+biθ0θ̈θ,i + biθ0θ̇θ̇,i + θ0Kijθ,iθ̇,j + cθθ̇ +mθ̇2 +mθθ̈ +mαθ̇θ̈,

(40)

where: m = cα.
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We will add (39) to (40) and we obtain:

d
dt

∫
B

(ξc + ω) dV =
∫
B

(
ρfiu̇i + ρGϕ̇+ ρLψ̇

)
dV+

+
∫
B

(
γ1ϕ̇+ γ2ψ̇ + βij u̇i,j

)(
θ + αθ̇

)
dV+

+
∫
B

biθ0θ̈θ,i + biθ0θ̇θ̇,i + θ0Kijθ,iθ̇,j + cθθ̇ + cαθ̇2 + cαθθ̈ + cα2θ̇θ̈ dV+

+
∫
∂B

tjiu̇ini dA+
∫
∂B

σjϕ̇ni dA+
∫
∂B

τjψ̇ni dA.

(41)

We take into account (1) and we obtain:

θ0

(
biθ̇ +Kijθ,i

)
θ̇,j = −Qiθ̇,j . (42)

From (7) we obtain:

βij u̇i,j + γ1ϕ̇+ γ2ψ̇ =
h

θ0
− cθ̇ − cαθ̈ − 1

ρ
biθ̇,i −

1

ρ
Kijθ,ij . (43)

From the above relations (41)-(43) we have:

d
dt

∫
B

(ξc + ω) dV = ρ
∫
B

(
fiu̇i +Gϕ̇+ Lψ̇ + h

θ0

(
θ + αθ̇

))
dV+

+
∫
∂B

(
tjiu̇i + σjϕ̇+ τjψ̇

)
ni dA+ 1

ρ

∫
∂B

Qi

θ0

(
θ + αθ̇

)
ni dA+

+
∫
∂B

biθ0θ̈θni dA+
∫
∂B

Qiθ̇ni dA.

(44)

Theorem 3. The mixed problem for double porous bodies admits a unique
solution if the energy function of Biot, ω, from (2.5) is positively defined.

Proof. We consider that the mixed problem admits two solutions: S1 =

(u
(1)
i , ϕ(1), ψ(1), θ(1)) and S2 = (u

(2)
i , ϕ(2), ψ(2), θ(2)).

The difference between the two solutions is also a solution of the mixed
problem for double porous bodies: S1 = (u

(1)
i −u

(2)
i , ϕ(1)−ϕ(2), ψ(1)−ψ(2), θ(1)−

θ(2)).
We notice that this difference leads to zero loads: fi ≡ 0, G ≡ 0, L ≡ 0.
If we take into account the zero conditions on the boundary then the energy

equation (2.15) is reduced to:

d

dt

∫
B

(ξc + ω) dV =

∫
∂B

(
Qi
ρθ0

(
θ + αθ̇

)
+
Qi
ρ
θ̇ + biθ0θθ̈ni

)
dA.
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We take into account (1) and we have: d
dt

∫
B

(ξc + ω) dV ≤ 0 for ∀t ≥ 0.

If we take into account the initial conditions (11) at the moment t = 0 we
have: ξc = ω = 0.

But as ξc and ω are positively defined it follows that ξc = ω = 0,∀t ≥ 0.
From this we deduce that the difference S is zero, so the problem admits

a unique solution.

4 Conclusions

The first main result of this paper is a reciprocity relation between two sys-
tems of external loadings. This reciprocal theorem is a very important Betty-
type result. Another useful result is the energy equation in the context of
Green-Lindsay thermoelasticity for double porous materials. Both the recip-
rocal relation and the energy equation are used, along with the Green-Lindsay
function and Biots energy function, to prove the uniqueness of the solution of
the considered mixed with initial and boundary values problem in the context
of materials with double porosity structure.
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