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On approximation properties of some
non-positive Bernstein-Durrmeyer type
operators

Bianca Ioana VASIAN

Abstract

In this paper we shall introduce a new type of Bernstein Durrmeyer
operators which are not positive on the entire interval [0,1]. For these
operators we will study the uniform convergence on all continuous func-
tions on [0, 1] as well as a result given in terms of modulus of continuity
w(f,0). A Voronovskaja type theorem will be proved as well.

1 Introduction

In order to prove Weierstrass’s approximation theorem [15], S. N. Bernstein
proposed, in paper [3], a sequence of linear and positive operators, defined as
follows: for f € C[0,1],

B.(f,z) = ank(a:)f (2) , x €10,1], (1)
k=0

where py i (2) = (})a*(1 —z)" %, 0< k< n.
These operators proved to be very useful in various domains such as math-
ematics, engineering and many more. Due to the large fields of applicability,
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Bernstein operators have been extensively studied over the years. More details
about their approximation properties can be found in papers [4, 9, 10, 13].

Another modification of Bernstein operators that proved to be very useful
was introduced by Durrmeyer in paper [7], which are now known as Bernstein-
Durrmeyer operators and they are defined as:

Do(fia) = (n+1)3 pi(a) / por® )t z€0,1],  (2)
k=0 0

for f € C[0,1] and p,, i defined as before.

These operators are positive and linear.

As well as Bernstein operators, the approximation properties of Bernstein-
Durrmeyer operators proved to be of great interest for many authors. Some of
the results concerning these operators and their generalizations can be found
in papers [1, 2, 6, 11, 12, 14] and many more.

In paper [8], D. A. Melegteu proposed the following modification of the

Bernstein operators: S¢ : C[0,1] — C [O, nL_H], a>0,neN:

Si(r0) = Y s (5. e, Q
k=0

where p% () = (%=)" (Dz* (s — o)™ %, 0 < k < n. For these mod-
ified Bernstein type operators were proved some approximation results, a
Voronovskaja type theorem and also a simultaneous approximation result for
re[0,1—e¢]

Having in mind the operators introduced by Melesteu [8] and Deo et al.[5],
we propose the following Bernstein-Durrmeyer type operators:

Let @ > 0. For every f € C'[0,1], we define:

D (e = e 1) () Yt ) [ 07 Gt e 0]
k=0
(@)

—k
where pj, . (7) = (m)n (1)a* (L — x)n , n,keN, k<n.

n n+aoa
The functions p¢ , satisfy Y7 pg . (z) = 1.
We make the convention that pf, ; (z) = 0if k > n.

Remark 1. For a = 0 we obtain the classical Bernstein-Durrmeyer operators,
and for a = 1 we get the operators studied by Deo N. et al. in paper [5].

Remark 2. D% (f,x) defined in (4) is a linear operator which is positive for

x € [O, nJ%a and non-positive on MLQ, 1}
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Throughout the paper we will need the following result which was proved
in the paper [8].

Lemma 3. We have the following recurrence relation:

o =) @) = (o)) o] @)

2 Preliminaries

Lemma 4. We have the following:

_n_ n—=k n+s+1
/+ t’““(nt) dt( n > Bk+s+1,n—k+1),
0

n+ o n+ o
(6)
where 8 (a,b) is the well known Euler’s Beta function.
Proof. Is immediate by changhing the variable u = "JrTat. O

Proposition 5. Operators D satisfy the following relations:
Z) Da (607 ) - ]-7
) Dy (e1, @ >=#2§+1W; ] ]
o o n(n— 2 4 2
w)D3 (€2,%) = gt ® T mrmmrnmra® T mrm s e’
where x € [0,1].

Proof. i)

n

Dﬁ(eow):(nﬂ(”ﬁ)ipz,k / ik ®dt (1)

k=0
n n n—~k
n—+ o n—+ o "+a b n
= 1 o t -1 dt.
) (2 )I;Opn,m)( ) () ()

Now, applying the formula (6) for s = 0, we get that the integral in the
1

n+1
expression above is equal to T—s—lﬁ (L) , which leads to

D¢ (eo, ank

i1) For the second expression, we will use again formula (6) for s =1, and
we will get:
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Dz@h@<n+n(”za>§;ﬁ¢@»4”*
—(n+1) (”Za) épﬁyk (2) (”ZO‘Y (Z) /O+ b1 <” _t)”'“ it
:4n+m(n:a)H1C£lJmﬂﬁimk () (k+2,n—k+1)
=(n+1) ( )Zp N n! (k+1)!(n—k)
n+a n,

D=0 (mt2)
n o k+1
=(n+1) (n+a) I;Jpn,k (z) CEDICESE
We have:

ank Vk+1
1 n+a\" ! & n! & n ok n
_n—|—2( n > z;kk!(n—k)!x < —x) +(n+2

) (n+a)
B LS S S

n—+ «

n

+

n+2)(n+a)

Now, changing the summation index we get

n+2x+ n+2)(n+a)

i11) For proving this result we will proceed as before. After some calcula-
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tions we get:

@ _ 1 2
Prla®) = i gmry) <n+a> Zp“ (86 +2).

Writing k? = k (k — 1) + k and changing the summation index twice, as
shown before, we get:

Da(627 ):
1
T (n+2)(n+t3) (n+a> [Zp"k k—1) +4ZPM )k +2
1 n 1 n+a)’ 9 n+o
T (2 (n+3) (n+a> < n >"(n_1)x Tt
_Mlj—f— 4’112 4+ 2n2
C (n+2)(n+3) (n+2)(n+3)(n+a) (n+2)(n+3) (n+a)?

O

Now, we denote by fiy, m () the m-th order moments for the operator D,
which has the following expression:

pnm (z) = Dy((t—z)", x) (8)

(n+1) (”‘;“) gpm <x>/ (t =)™ - pi (1) dt.

Theorem 6. The following recurrence relation holds:

n
n-+ o

(14D i (0) = 2 (=) 2t (@) 4 s 2] 9
+(m+1) (nia - 235) Lo (@) -
Proof.

fom @) = (n+1) (”Z‘“)[n (@) [ T 0

k=0

n

- L |7 e ],
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So, we get:
fim () =
n-+ o 2 a / == m
=) (P22 ) S e @) [ 0 e 0t = it (o),
k=0

After rearranging the terms, we proceed with calculations using (5):

! <nia B ‘”) 110y () + Mty 1 (2)] =
Y <”Z“) kzn:_on <”‘]'€‘04 _x> Pk (x)/onia (t =)™ - ply (t) dt

=(n+1)<n:a>zn:p2,k(x)/o$n< i —x)p%,k(t)(t—x)mdt.

n-r o
k=0 +

We can write the expression above as:

(i =) [ (0 it @)] = (050 (22) S (0

X /+n< i —t> o (t)(t—x)mdt—f—n/nza(t—x)mﬂ o (t)dt
0 n+a pn,k 0 pn,k )

which, by using relation (5), leads to:

' (n : a x) [m (@) + Mgt 1 (2)] =

— (1) (12 S # <w>/0"1°“t( 1) (e ) ()

n-ro
k=0 +

+N o, m+1 (-73)

Now, we write:

' <n o m) [t () + 10t 1 (2)] =

— nptnmir (2) + (0 + 1) (”Z“) znjpz,k ()

k=0

x /0+ {:z: <nia —3:) + (nia —Zx) (t—z)— (t—x)Q] (p%, (1) (¢ — )™ dt.
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Using integration by parts formula, we get:

o (= 0) o )+ s (0] =

n+ o
n,m - - mn,m— - 1 - T,
i @) =m0 (=Y e () = 0+ ) (s = 22 ) o @)
+ (M +2) pn,m+1 (2) -
Finally, rearranging the terms we get the stated result. O

Theorem 7. We have:
i) ino (2) =1
Wpn () = — 72 + Graymr;

1 ) 2 () = m [(n -3z (nia - gc) + (71104)2] ;

0)pin3 () = m (# - 23:) {(Qn -2z (mLa - x) + (niaY] ;
v)

12 2 n ’ 2
M"A(x):(n+2)(n+3)(n+4)(n+5)[x (n-i—a_x) (n* =210 +10) +

o102 () () w2 () T

Proof. 1) pino (x) = D (e, ) = 1.
ii) pin 1 (x) = D2 ((t — x) ,z) = DY (e1,x)—xDg (eg, x) = et e T

N I | S—
T = n+2x (n+a)(n+2) "
iii)-v) Using the recurrence formula for the moments (9) and arranging the
terms in a convenient way, we get the stated expressions for yi,, 2 (), pn,3 () and

Hn 4 (:C)

3  Convergence properties of D2

Having the expressions of DY for the test functions ey, e; and ez found above,
we can prove the following by applying Korovkin’s theorem.

Theorem 8. For all a > 0, f € C[0,1], and for all € € (0,1), the following
holds:

lim Dy (f,z) = f(z), uniformly on [0,1 — &]. (10)

n—oo
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Now, using the fact that lim, ., D% (e;,z) = e;, for ¢ = 0,1, 2, uniformly
n [0,1 — ], we apply Korovkin theorem for the sequence DS and get the
uniform approximation of f by D% on [0,1 — ¢]. O

As it can be seen in the result above, the uniform convergence is proved
only on the interval where the operators are positive. The aim of the following
results is to prove that the convergence is uniform for all continous functions
on the interval [0, 1] even though the operators are not positive on the entire
interval.

First, we will prove that lim,_,., D% (e, ) = €; uniformly on [0, 1], where
e; = t!, hence we will need the following result:

Proposition 9. Forl > 0 we have:

N B (n|)2 min{n,l} N 1 n 1—i i
Dn(el,a:)—(n+1)m ; <i)i'(n—z)<n+a> ', (11)

Proof. Let [ > 0.

o n+ao . « njrila «
D (era) = o+ 1) ("5 ) it [T o)
0

k=0

We will treat the integral separately:

n n n+i+1
nto n+ « n n
thp () dt = k+l+1n—k+1
[Temeoa = (22) () () sesina-key

(w3 ):() e
_ (n ) nl (k+D)!(n— k)
() T

k) (n+1+1)!
l“ n! (k+1)!
(n+14+1) k!

«

+3+3+

o

Now, we have that

o n \' o &, k+1)!
D¢ (e, z) = (n+1) (n+a> (n+l+1)!kz_%pn,k (x)(ki!).
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In order to get the desired result, we need the derivative of order [ with
respect to x of the expression x! (x+y)":

g s =3 (1)atyrr EE0 (12

(13)

Substituting y from (12) and (13), with e — T, and equallying the two
relations we get

n n—k min{n,l} n—i
k+1)! A ! .

Z(n>xk( " I) S R <> & I( " ) ’

= \k n+a k! —~ \i/il(n—1i) n+a

which is
n n min{n,l} n—i
n o (k+10)! N nl ./ n
<n—|—oz> kzzopn’k (z) K ; (z) i! (n—i)!x <n+a) '

Going back to D2 (e;, z), we get

o n 'l N (kD)
Dy (e, 2) = (n+1) <n+a) (n+l+1)!k§_:0pn’k(m)(k!)

—(n+1) no\ n! n+ o nmiﬁ,l} AL i n \""'
B n+a) (n+1+1)! n i) il (n—1)! n+a«a

i=0
min{n,l} l—1
(n!)? N1 n .
= 1) — S (S ¢
(n+ )(n—l—l—i—l)! ; i)il(n—i)! \n+a s
which is the desired result. O

Now, we can prove the announced result:

Proposition 10. For all l > 0, we have

Dy (e, ) — e (x) uniformly on [0,1]. (14)
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Proof. We rewrite D% (e;, x) from 11 as follows:

D& (e, z) = (n+1) (nt)” ! xl+0<1) xl_1+...+0(1>
(n+1+1D!(n-=10)! n n!
Now, as n — 0o, we have:
D¢ (e, z) — e; (z), uniformly for z € [0, 1],
which completes the proof. O

Remark 11. From Proposition 10 and the linearity of the operators DY, we
conclude that for all polynomials P € Py 1), Dy (P,x) — P (x) uniformly for
x € [0,1], where with Py 1) we denote the polynomials on [0, 1].

Now, we are one step closer to prove the uniform convergence for all conti-
nous functions on [0,1]. In order to demonstrate the result, we need to show
that the norm of the operators are bounded.

Proposition 12. We have that:

D5l < e, (15)
foralln e {1,2,...}, and a > 0.

Proof. Let f € C[0,1]. We have that |f (x) | < ||f|| for all z € [0,1], where ||-||
is the supremum norm. We get:

(n+ (n—l—a)
<n+1( ) prn,k<x>|/0”*n“|pz,k<t>!|f<t>|dt
) (2 )||f|2|pnk /"*apz,mdt
IS I )]

k=0

Now, we consider the following two cases:
Case 1. For z € {0

n+a
P ( Pk (t) f () dt
. 0

M:

Dy (f,2)] =

s =
Il

IN

IN

, n_m} we have

n

S @)= 0tk @) =1,
k=0

k=0
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therefore | DS (f,z)| < ||fll, Vx € [07 ni—a} .
Case 2. For z € ( n 1] we have:

n+a’

Sie - (52 £ (52

k=0
- (59) (-as)
n n+«a
= <2”+0‘x1> .
n
Now, for 7= <2 <1, we have that

2 n n
(1+O‘> > (2”+O‘x—1) > 1.
n n

Taking a,, = (1 + Qf)n , we have that a,, is a increasing sequence bounded by
€2, For o > 0, we have that

n
Z |pg,k ({E)| < 62(1»
k=0

therefore | D2 (f,z)| < e**||f||, V x € (L 1} ,and a > 0.

n+a’

To conclude, for a > 0 we have that max{1,e2*} = >*, which imply that

1D (f, )l < | f]l, Vo € [0,1].

Theorem 13. For all f € C[0,1], we have:
Dy (f,z) — f(x) uniformly on [0,1]. (16)

Proof. From Remark 11 we have that operators Dg approximate uniformly
polynomials on [0, 1], and from Proposition 12 we have that the norms of the
operators D% are bounded on [0,1]. From these observations, and the fact
that Pjo 1) is dense in C[0,1], we conclude that Dy (f,xz) — f(x) uniformly
on [0,1], Vf € C0,1]. O

In the following we will present a result in terms of the usual modulus of
continuity w(f,d).
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Theorem 14. For f € C[0,1] and z € [0,1] we have:

D5 (F,2) — f (@)] < {1+§\/nig () +ni3]}w(f75), a7)

for x € [O, n%l} , and

Dy () - s < {e e 2w o), a9

for x € (#,1} .

Proof. In order to prove the stated result we will consider two cases:
Case 1. Consider x € [O, ﬁ] . In this case there is no problem with

positivity of the operators. Take:

D2 (f,z) — f(x)] = ‘<n+1>””‘zpfz,k <z>/mpz,k (t) f (£) dt — f ()
k=0 0

n
<) 0N @) [T e 017 (0 f (@)
k=0 0
< <n+1>”:a;pz,m)/o””pz,k(t)(1+'t;x')dtlw,a).

Now, by applying Hoélder’s inequality twice and arranging the terms, we
get:

D () - £ @) < {1+ 3 [22 (0= 0)] Fo 20
bor.0

Nl

1
{14 5 lona )
I P S I T e Y G S n o\’
N S\|n+2|n+3 \nt+a n+3\n+a

(YN s P W

w(f,9)

IN
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which completes the first assessment.
Case 2.In this case we will consider = € (MLM 1}, interval on which the

operator is not positive. We will proceed by direct calculation:

D5y (f,2) = f ()] '<n+ ynte an v (@) / P (B) f () dt — f (2)

<@mrpnte Z [P @) / P O1F (0) - f (@)t

<ot Sl [ (145 o
:[Hn"*“zmk [T ey
kz |/"*“ mft)dt} (1.9
ey
%(nw)n(nm) (2 wnte) 1)71’6'(212) (Qx(n:a)l)nl}w(f’é)'

Taking into account that z < 1, we have

(Bl ) o (2re) ) (12 e

n - n

w (f,9)

{Z ok (

and with the same idea we have

(ww_l)"‘g (M_l)"‘lz

n

n 2a ,1)
20\ % (7 -
<1+) < 2 < e
n

With these remarks, we have:
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20

D2 (f.2) — f (2)] < { +

(1) - rmers (R ) g et

We denote by P (z) the quadratic function:

B (n+a)_ . n
P(z)=22—— 2 +—(n+a)(n—|—2)’

for x € (n_%a,l] . P(z) attains its minimum at z¢ = Snra) S i which

implies that P (z) is an increasing function on ( —2—, 1| with the maximum
n+ao

value P(1) =
Hence,

2
T(Ll + (n+o¢§7‘(n+2)'

T e e

for z € ( z 1} , which completes the proof. O

n+a’

D3 (f,2) — f (@)] < {em

Remark 15. If we take

2 n 1 2 n
§=0 = —t 1
max{\/n+2{n+a+n+3}’n+(n+a)(n+2)}’ (19)

then || D3 (f) = f 1< 2e**w(f,0).

4 Voronovskaja type result

In this section we will prove a Voronovskaja type theorem.
Theorem 16. Let f € C[0,1) be a bounded, two times derivable function at
the point x € (0,1). Then, the following holds:

lim n (D (f.z) = f(x)] = (1 -22) f' (2) +2 (1 —2) f"(x).  (20)

n—oo
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Proof. We take xz € (0,1) fixed and take the Taylor expansion of f of order
two at point x :

where ¢ is a bounded function having the property g (t — ) — 0 when
t— .

We denote by 6 (z,t) = (t —x)> g (t —z), t € [0,1].

Now, we apply the operators D% to f (t) in (21) and we get:

f" (x)

Dy (f2) = f (@) pmo () + f' (%) pn1 (@) + —

pin,2 (x) + Dy (6 (), @)

B ) 2 f" (@) 2 o«
f(fv)+f(x)< 1o +(n+a)(n+2))+ 2 (n+2)(n+3)

XK " —x)( " +(n—2)x)+x2]+Dg(5(x,-),x).

n-+aoa

Then

lim n[DS (f,z) — f(x)] =1 —2z) f (x)+2 (1 — =) f’ (z)+ lim nD; (6 (z,-),x).

n— oo n—o0
(23)

Now, we will prove that lim,,_,. nDZ (§ (x,),z) = 0. To achieve this, we
will use Hélder’s inequality

InDy (6 (x,-), x)| =

n+a) « ol e - )2 .
<n+1>( )kgopn,m/o P (1) (t—2)% g (1 — ) dt

n

=N

n+a n N n ey N 2 . ?
§n(n+1)( p ) ;pn,k(ﬂc);UJ P ) (t—2)"g(t )dt>-

0

We treat the integral part separately using again Holder’s inequality:
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(/Ompf{,k(t)(t—x)Qg(t_x)dt> _
wha 2
- (/OW \/Zm(t*f’f)2 \/Img (t—x) dt)

<[ [T meoe—ata [T w0 -0 i
0 0

n

= . i
= P (t) (t — )" dt Pog () g (t—a)dt
0 0

Getting back with this result, we have:

InD2 (8 (z,-),2)] < n(n+1) (”Z“) v

n N e N 4 n N e N
<\ | Do pe (@) / Pl =) dty po, (@) / P (8) g2 (t — ) dt
k=0 k=0

= ny/ tin,a (2)V/ D5 (g2 (- — ) , ).

Taking a look at the 4-th moment of the operator, we observe that (i, 4 (x) =

O (7z) . Then, we have that n\/p, 4 () = O (1).

From the convergence theorem we know that

lim D% (¢°(-—2),2) =¢° (x —2) =0,

n—oo

which implies that

lim nD% (¢° (- —z),z) =0,

n— oo

so our proof is complete. O



ON APPROXIMATION PROPERTIES OF SOME NON-POSITIVE
BERNSTEIN-DURRMEYER TYPE OPERATORS 267

5 Some graphs

For the first example we considered the function f(z) = 2*—(11/6)2%+2—1/6
for x € [0,1]. In this case we have obtained Figure 1.

Figure 1: o =1 and n = 50

02 0.4 06 0.8 70
~0.02 \_//
~0.04
~0.06

— BDPOL(x)
~0.08} 3 1142 1
: X - x-1
~0.10

Secondly we took the function f(z) = |z — 0.5] for x € [0,1] and we got
Figure 2.
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Figure 2: a =1 and n =50

05%
04t
031 —— BDPOL(x)
[x-0.5]
02r
01} \_/
012 0.‘4 OTG 0‘.8 ‘IjU

6 Conclusions

As it can be seen in the figures above, as well as in the presented results, the
operators D¢ have good properties of approximation even though they are not
positive operators on the entire [0, 1].
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