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The eigenspaces of twisted polynomials over
cyclic field extensions

Adam Owen and Susanne Pumpliin

Abstract

Let K be a field and ¢ an automorphism of K of order n. Employing
a nonassociative algebra, we study the eigenspace of a bounded skew
polynomial f € K[t;o]. We mainly treat the case that K/F is a cyclic
field extension of degree n with Galois group generated by 0. We obtain
lower bounds on the dimension of the eigenspace, and compute it in
special cases as a quotient algebra. Conditions under which a monic
polynomial f € F[t] C K[t; o] is reducible are obtained in special cases.

Introduction

Let D be a unital associative division ring and R = D[t; 0, d] be a skew poly-
nomial ring, where ¢ is an automorphism of D and § a left o-derivation.
Let f € R be a skew polynomial of degree m > 1. The associative algebra
E(f) ={g € R|deg(g) < m and fg € Rf} is the eigenspace of f. If f is a
bounded polynomial, then the nontrivial zero divisors in the eigenspace are
in one-to-one correspondence with the irreducible factors of f in D[t; o, d], cf.
for instance [10]. Therefore eigenspaces of skew polynomials regularly appear
whenever skew polynomials are factorized, e.g. in results on computational
aspects of operator algebras, or in algorithms factoring skew polynomials over
F,(t) or over Fy, cf. [7, 8, 11, 12]. For skew polynomial rings over local fields of
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positive characteristic, where the Brauer group is non-trivial, the irreducibility
of a skew polynomial is equivalent to understanding a ring isomorphism to a
full matrix ring over a field extension of the local field. This problem is not
completely solved in the non-split case. Partial results have been obtained e.g.
in [9].

The eigenspace of f also appears implicitly in classical constructions by
Amitsur [1, 2, 3], but was never recognized as the right nucleus of some nonas-
sociative algebra.

In this paper, we investigate eigenspaces using a class of unital nonasso-
ciative algebras Sy defined by Petit [17, 18], which canonically generalize the
quotient algebras R/Rf obtained when factoring out a right invariant f € R.
The algebra Sy = Dlt;0,0]/D[t;0,0]f is defined on the additive subgroup
{h € R|deg(h) < m} of R by using right division by f to define the algebra
multiplication via g o h = gh mod, f. Petit’s algebras were studied in detail
in [17, 18], and for K a finite field (hence w.l.o.g. 6 = 0) in [15]. Indeed, the
algebra Sy with f(t) = t* —i € C[t; 7], ~ the complex conjugation, already
appeared in [6] as the first example of a nonassociative division algebra. The
right nucleus of Sy is the eigenspace of f, if f is not linear. Thus the eigenspace
of f is an associative subalgebra of S¢.

We concentrate on the case that R = K|[t; o], where K/F is a cyclic Galois
extension of degree n with Galois group generated by o, and find conditions
under which a monic polynomial f € R is reducible.

In Section 1, we introduce our terminology and some results we need later.
In Section 2 we determine when a power of ¢ lies in the right nucleus. This
yields some lower bounds on the dimension of the right nucleus as an F-vector
space. These bounds can then later be used to decide if certain polynomials
f of degree m which are not right invariant are reducible. Let f € R be a
bounded monic polynomial that is not right invariant with gerd(f,¢) = 1, and
minimal central left multiple a(t) = h(t"), h(z) € F[z] monic. We show that
for f € F[t] C K[t;o], the quotient algebra Nuc(Sy)[t; o]/Nuc(S¢)[t;o]f is
a subalgebra of Nuc,(Sf) (Theorem 10). In particular if f € F[t] C K[t; 0]
is bounded and we have Nuc,(Sy) = Nuc(Sy)[t; o]/Nuc(Sy)[t; o] f, then f is
irreducible in R, if and only if f is irreducible in Nuc(Sf)[¢; o). In Section 3
we look at the nucleus of Sy for f € R. Since Nuc(Sy) = Nuc,(Sy) N K, this
helps us to understand which elements of K lie in Nuc,(Sy). In Section 4 we
assume only that h is irreducible in F [x] and obtain some partial results for
this case as well. In Section 5, we look at the right nucleus of S for low degree
polynomials in F[t] C K[t; o], and in Section 6, we summarize for which types
of skew polynomials which are not right invariant we can decide if they are
reducible using our methods.

Note that cyclotomic extensions where F' = Q and K = Q(n), with 7 a
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primitive p"th root of unity and p prime, which have Galois group Z/p"Z, and
Kummer extensions K = F(y{/a) of F, where F contains a primitive rth root
of unity p and o({/a) = p</a, are examples of skew polynomial rings that
are employed in coding theory (e.g. in space-time block coding or for certain
linear codes), where both reducible and irreducible f are needed.

This work is part of the first author’s PhD thesis [16] written under the
supervision of the second author. For more general results on eigenspaces of
skew polynomials f € D[t;o,d] the reader is referred to [16].

1 Preliminaries

1.1 Nonassociative algebras

Let F be a field and let A be an F-vector space. A is an algebra over F if
there exists an F-bilinear map A X A — A, (x,y) — « - y, denoted simply by
juxtaposition xy, the multiplication of A. An algebra A is unital if there is an
element in A, denoted by 1, such that 1x = z1 = z for all z € A. We will only
consider unital algebras.

Associativity in A is measured by the associator [z,y, z] = (xy)z — x(y=z).
The left nucleus of A is defined as Nuc;(A) = {x € A|[z, A, A] = 0}, the
middle nucleus of A is Nuc,,,(A) = {x € A|[A, z, A] = 0} and the right nucleus
of A is defined as Nuc,(A) = {z € A|[A, A, z] = 0}. Nuc;(4), Nuc,,(A), and
Nuc,(A) are associative subalgebras of A. Their intersection Nuc(A4) = {x €
Allz, A A] = [A,x,A] = [A, A, 2] = 0} is the nucleus of A. Nuc(4) is an
associative subalgebra of A containing F' and z(yz) = (xy)z whenever one of
the elements z,y, z lies in Nuc(A). Commutativity in A is measured by the
commutator [z,y] = xy — yx. The subspace of A defined by Comm(A) = {z €
A:fz,y] =0 for all y € A} is called the commutator of A. The center of A is
C(A) = Nuc(A4) N Comm(A).

An F-algebra A # 0 is called a division algebra if for any a € A, a # 0,
both the left multiplication with a, L,(z) = az, and the right multiplication
with a, R,(x) = za, are bijective. If A has finite dimension over F, A is a
division algebra if and only if A has no zero divisors [19, pp. 15, 16].

1.2 Twisted polynomial rings K|[t; o]

Let K be a field and o an automorphism of K with fixed field F' = Fix(o) =
{a € K : o(a) = a}. The twisted polynomial ring R = K[t; o] is the set of
polynomials ag + a1t + - - -+ a,t™ with a; € K, where addition is defined term-
wise and multiplication by ta = o(a)t for alla € K. For f = ag+at+- - -+a,t"™
with a,, # 0 define the degree of f to be deg(f) = n, by convention deg(0) =
—o0o. Then deg(fg) = deg(f) + deg(g). An element f € R of degree m is
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irreducible in R if it is not a unit and it has no proper factors, i.e if there do
not exist g, h € R such that deg(g),deg(h) < deg(f) and f = gh.

R is a left and right principal ideal domain and there is a right division
algorithm in R: for all g, f € R, g # 0, there exist unique ¢,r € R with
deg(r) < deg(f), such that g = qf + r [13, p. 3 and Proposition 1.1.14].

A twisted polynomial f € R is bounded if there exists a nonzero polynomial
f* € R, such that Rf* is the largest two-sided ideal of R contained in Rf*.
The polynomial f* is uniquely determined by f up to scalar multiplication by
elements in K*. f* is called the bound of f. The left idealiser of f € R is
the set I(f) = {g € R|fg € Rf}, which is the largest subring of R within
which Rf is a two-sided ideal. The eigenspace of f is the quotient ring E(f) =

I(f)/Rf ={g € R|deg(g) <m and fg € Rf}.

1.3 Nonassociative algebras obtained from twisted polynomial rings

From now on, let f € R have positive degree m, and for g € R let g mod,.f de-
note the remainder of g upon right division by f. The set {g € R|deg(g) < m}
endowed with the usual term-wise addition of polynomials and the multipli-
cation g o h = ghmod, f is a unital nonassociative ring Sy. We usually will
simply use juxtaposition for the multiplication in Sy. S is a unital nonasso-
ciative algebra over Fy = {a € K |ag = ga for all g € Sy} = Comm(Sy) N K.
Fy is a subfield of K [17]. Sy is called a Petit algebra. It can be easily seen
that Fy = Fix(o), see [5, pg. 6]. For all a € K* we have Sy = Sy, and if
f € R has degree 1 then Sy = K. In the following, we thus assume that f is
monic and that it has degree m > 2, unless specifically mentioned otherwise.
S¢ is associative if and only if f is right invariant, i.e. Rf a two-sided ideal
in R. In that case, Sy is equal to the classical associative quotient algebra

R/(f). Note that f(t) = t™ — > a;t' € R is right invariant if and only if
i=0

a; € F and 0™(d)a; = a;o%(d) for all i € {0,1,...,m — 1} and for all d € K
[17, (15)]. In other words, f is right invariant in R if and only if f(t) = g(¢)t™
for some g € C(R) and some integer n > 0 [13, Theorem 1.1.22].

If Sy is not associative then Nuc;(Sy) = Nuc,,(Sy) = K and C(Sy) = F.
Moreover,

Nuc,(Sf) = {g € R|deg(g) < m and fg € Rf}.

is the eigenspace of f € R [17].

Sy is a division algebra, if and only if f is irreducible, if and only if Nuc, (Sy)
is a division algebra. It is well known that each nontrivial zero divisor ¢ of f in
Nuc,(Sf) gives a proper factor gerd(q, f) of f, e.g. see [10], where gerd(g, f)
denotes the greatest common right divisor of ¢ and f in R.

If f(t) € F[t] C R, then F[t]/(f) is a commutative subring of Nuc,(Ss), and
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a field extension of F of degree m if f is irreducible as a polynomial in F[t]
[4, Proposition 2].

1.4 The right nucleus of Sy for irreducible f

Throughout this section we assume that ¢ has finite order n > 1. Then R has
center C'(R) = F[t"] & F[x], where = t" [13, Theorem 1.1.22].

For any bounded f € R we define the minimal central left multiple of f in
R as the unique polynomial of minimal degree h € F[t"] such that h = gf
for some g € R, and such that h(t) = h(t") for some monic h € F[z]. If the
greatest common right divisor gerd(f,t) of f and ¢ is one, then f* € C'(R) [10,
Lemma 2.11]), and the minimal central left multiple of f equals f* up to a
scalar multiple from K*. From now on we therefore assume that f is bounded
with

gerd(f,t) =1

and denote the minimal central left multiple of f by h(t) = h(t") with h(z) €
F[z] monic.

If f is irreducible in R, then h(xz) is irreducible in Flz]. If & is irreducible
in F[z], then h generates a maximal two-sided ideal Rh in R [13, p. 16] and
f=fi--- fr for irreducible f; € R such that f; ~ f; for all 4, j (for a proof see
[22] or [16]).

The quotient algebra R/Rh has the commutative F-algebra C(R/Rh) &

Flz]/(h(z)) of dimension deg(h) over F as its center, cf. [10, Lemma 4.2].
Define E;, = F'[z]/(h(x)). If his irreducible in F'[z], then E; is a field extension

of F of degree deg(h).

In [15], Lavrauw and Sheekey determine the size of the right nucleus of
Sy for irreducible f € Fyn[t; 0], where F' = F, with ¢ = p® for some prime p
and integer e. In this setting, Sy is a semifield of order ¢"" whenever f is
irreducible and not right invariant, and |[Nuc,(Sy)| = ¢"™ [15, Lemma 4]. This
result generalizes as follows:

Theorem 1. (for the proof, cf. [16] or [22]) Suppose that f is irreducible.
Let k be the number of irreducible factors of h in R.
(i) Nuc,(Sy) is a central division algebra over Ej of degree s = n/k, and

R/Rh = Mj,(Nuc,(Sy)).
In particular, this means that deg(h) = o, deg(h) = ™, and [Nuc,(Sy) :
F] = ms. Moreover, s divides m.
(ii) If n is prime and f not right invariant, then Nuc,(Sy) = E; . In particular,

then [Nuc,(Sy) : F] = m, deg(h) = m, and deg(h) = mn.
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Comparing vector space dimensions we obtain that [Sy : Nuc,(Sy)] = k.

Moreover, if deg(h) = mn and h is irreducible in F[z], then f is irreducible
and Nuc,.(Sy) = E; [10, Proposition 4.1].

Corollary 2. Suppose that f is irreducible and that m is prime. Then f is
not right invariant and one of the following holds:

(i) Nuc,(Sy) = E;,, [Nuc,(Sy) : F] = m, and deg(h) = mn.

(it) Nuc,(Sy) is a central division algebra over F' = E; of prime degree m,
[Nuc,(Sy) : F] = m?, and m divides n. This case occurs when h(z) =z +a €
F[z], i.e. h(t) =t" 4+ a.

Proof. Since s divides m by Theorem 1, s = 1 which implies (i), or s = m. If
s = m then h has degree one and so F = E; . Furthermore, then Nuc,(Sy)
is a central simple algebra over F' degree m. Thus f is not right invariant in
both cases. Since here we have deg(h) = km = n, m also must divide n in
this case. O

Corollary 3. Suppose that f is irreducible and not right invariant. Let n = pq
for p and q prime.

(i) Nuc,(Sy) = E; is a field extension of F of degree m, or Nuc,(Sy) is a
central division algebra over Ej of prime degree q (resp., p), [Nuc,(Sy) : F| =
gm (resp., = pm), and q (resp., p) divides m.

(ii) If ged(m,n) = 1, then Nuc,(Sy) = Ej, is a field extension of F' of degree
m.

Proof. (i) Since f is not right invariant, we note that k& > 1. If n = pq
then the equation n = ks forces either that s = 1 and k = n, hence that
Nuc,(Sy) = E;, or that s # 1 and then w.o.l.o.g. that k = p and s = ¢, so that
here Nuc,.(Sy) is a central division algebra over E; of degree ¢, deg(h) = pm,
deg(h) = pm/pq = m/q, and [Nuc,(Sf) : F] = q2% = gm. In particular, q
divides m.

(i) If m is not divisible by p and ¢, then s = 1 by the proof of (i), or else we
obtain a contradiction. O

This observation generalizes as follows by induction:

Corollary 4. Suppose that f is irreducible and not right invariant. Let n =
p1---pp be the prime decomposition of n.

(i) Nuc,(Sy) = E; is a field extension of F of degree m, or Nuc,(Sy) is
a central division algebra over E; of degree qi---q., with ¢; € {p1,...,pi},
[Nuc,(Sy) : Fl=¢q1---qrm, and ¢1 - - - g, divides m.

(i1) If ged(m,n) =1 (i.e., m is not divisible by any set of prime factors of n),
then Nuc,(Sy) = Ej is a field extension of F' of degree m.
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Corollary 5. Let f € F[t] C R. Suppose that f is irreducible in R and not
right invariant. Let n either be prime or gecd(m,n) = 1. Then Nuc,(Sf) =

Fi/(f)-

Proof. If f is irreducible in R, then F'[t]/(f) is a subfield of the right nucleus
of degree m, hence must be all of the right nucleus, since that has dimension
m due to our assumptions (Theorem 1 (ii), Corollary 4 (ii)). O

2 Powers of ¢ that lie in the right nucleus of S;

Throughout this section, let f(t) = t™ — > a;t* € R = K[t; o] be not right
i=0

invariant. Initially, we do not assume anything on the ring R.

Theorem 6. [17] The following are equivalent:
(i) a; € Fix(o) for alli € {0,1,...,m — 1},

(i1) t € Nuc,(Sy),

(iii) ™t = ™,

(iv) ft € Rf.

(v) all powers of t are associative in Sy.

Proof. (i) and (ii) are equivalent by [17, (16)] and (ii), (iii), (iv) and (v) are
equivalent by [17, (5)]. O

We obtain the following weak generalization of Theorem 6:

Theorem 7. Letk € {1,2,...,m—1}. Ifa; € Fix(c*) foralli € {0,1,...,m—
1}, then t* € Nuc,(S¢). In particular, then t™t* = tkt™ in S.

Proof. Suppose that a; € Fix(a*) for all i. Then

m—1 m—1
fE= (= > ittt = ¢mth = Y ittt
=0 =0
m—1 m—1
=tFm — 5> " o R(a)t = tF (™ = > ait’) (as a; € Fix(o®) Vi)
i=0 =0
=t*f € Rf,

ie. ft* € Rf, and so t* € Nuc,(Sy) as claimed. Since t* € Nuc,(Sy), we have
in particular that [t*,t™ =% t*] = 0 in Sy, that is tF(tm k) = (them—F)ek,
Therefore tht™ = t™t* in S;. O

From now on we often write N = Nuc(Sy) for ease of notation.
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Proposition 8. Suppose that there exists s € {1,2,...,m — 1} such that
f € Fix(o®)[t; 0].
(i) If m = gqs for some positive integer q, then

m—1
NoNt @ Nt* @ - o Nt g N ait!)
=0

is an F-sub vector space of Nuc,(Sy).
(ii) If m = qs + r for some positive integers q,r with 0 < r < s, then

NNt & Nt>¥* & --- @ Nt

is an F-sub vector space of Nuc,(S¥).

Proof. (i) Since a; € Fix(c®), we have that ¢* € Nuc,(Sy) by Theorem 7. Since
the right nucleus is a subalgebra of S, this implies that 25,...,ta=s (¢5)9 =
tm =S Vatt € Nuc,(Sy). Furthermore, we know that N C Nuc,.(Sy), and
so Nt’® C Nuc,(Sy) for any j € {0,1,...,q}. Therefore N & Nt* & --- &
Ntla=Ds @ N(X7 P ait?) € Nue,(Sy) as claimed.

(ii) We have ¢° € Nuc,(Sy). Again since Nuc,(Sf) is a subalgebra of Sy,

this implies that ¢25,...¢95 tlatDs ... ¢ Nuc, (Sf), hence the assertion as in
(i). O
Note that the powers ¢, t(a+1)s ¢(a+2)s = of ¢5 in Proposition 8 (ii) lie

in Nuc,(Sy), but they need not be equal to polynomials in ¢°, since ¢s, (¢ +
1)s,(g+2)s,--+ > m.

Corollary 9. Let K/F be a cyclic Galois extension of degree n < m with
Galois group Gal(K/F) = (o).
(i) If m = gn, then

N®Nt"® N2 @ - @ Nta—Hn

is an F-sub vector space of Nuc,(Sy) of dimension ¢[N : F] and t™ =
Z?:ol a;t" € Nuc,.(Sy).
(i1) If m = gqn +r for some positive integers q,r with 0 < r < n, then

N®Nt"® N2 @ --- @ Ntd®

is an F'-sub vector space of Nuc, (Sf) of dimension (g+1)[N : F]. In particular,
if n is either prime or ged(m,n) = 1, gerd(f,t) = 1, as well as [N : F| = n,
then f is reducible.
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Proof. There exist integers ¢,r such that ¢ # 0, and m = gn + r where
0 < r < n. Moreover, we have a; € Fix(c™) = K foralli € {0,1,...,m—1} for
every f(t) = tm—zg’;ol a;t* € R. By Theorem 7 this yields the assertions. [

We write 0 = 0|pix(oe), for ease of notation, then:

Theorem 10. Suppose that f(t) € F[t] C R. Then N[t;o]/N|t;o]f is a Petit
algebra and an associative subalgebra of Nuc, (Sy).

Proof. Clearly Nlt;o|n] is well-defined, f(t) € F[t] C NJ[t;o], and so
Nlt;o]/N[t; o]f is a subalgebra of Sy.

Now N C Nuc,(Sf), and since a; € F for all i, we have that t/ € Nuc, (Sy)
for all j by Theorem 7. Thus N & Nt & ---& Nt™~! C Nuc,(Sy) is contained
in the right nucleus. We have proved the assertion. O

Corollary 11. Suppose that f(t) € F[t] C R is bounded and that
Nuc,(Sy) = Nt; o] /N[t; o] f.
Then f is irreducible in R, if and only if f is irreducible in N|[t;o].
Proof. Let f be irreducible in N[t; o], then Nt;o]/N[t;o]f = Nuc,(Sy) is a

division algebra and therefore f is irreducible in R. O

3 The nucleus of Sy

In this section we again assume that f is not right invariant. Then the elements
of K which lie in Nuc,(Sy) are exactly the elements in the nucleus of Sy:

Lemma 12. K N Nuc,(Sf) = Nuc(Sy).

Proof. Since f is not right invariant, Sy is not associative and thus Nuc;(Sy)
Nuc,,(Sf) = K. Therefore Nuc(Sy) = Nuci(Sy) N Nuc,, (S¢) N Nuc,(Sf)
K N Nuc,(Sy).

O

Clearly F' C Nuc(Sy). Let f(t) =t™ — Z;’;Bl a;it' € R.
Theorem 13. Nuc(Sy) = {b € K| o™ (b)a; = a;o'(b) for alli=0,1,2,...,m—
1}.

Proof. Let ¢ € {b € K |o™(b)a; = a;o'(b) for all i = 0,1,2,...,m — 1}. Then
an easy calculation shows that f(t)c € Rf, hence that ¢ € Nuc,(Sf) = {g €
R|deg(g) <m and fg € Rf}.
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Conversely, let ¢ € Nuc(Sy) = Nuc,(S¢) N K. Then [a(t),b(t),c] = 0 for
all a(t),b(t) € S¢, in particular, [tF, ™% ] = 0 for all k € {1,2,...,m — 1}.
This implies (t*t™~*)c = tk(t™~F¢), hence

m—1 m—1 m—1
(Z ait)e = th(a™ k()™ ) = Z a;0*(e)t* = a™(c) Z a;t',
i=0 i=0 i=0
and thus a;0'(c) = 0™ (c)a; for each i = 0,1,...,m — 1. Therefore ¢ € {b €
K :0™(b)a; = a;0"(b) for all i = 0,1,2,...,m — 1} as required. O
m—1 .
We denote the indices of the nonzero coefficients a; of f(t) =t™— > a;t* €

=0

R by A,... A, 1 < r < m. The set of these indices we call
A = {A1, A, ., A} € {0,1,...,m}, and write A = Ay when it is clear
from context which f is being used.

Proposition 14. (i) Nuc(Sy) = () Fix(c™ ). In particular, Nuc(Sy) is a
j=1

subfield of K.
(11) If am—1 # 0, then Nuc(Sy) = F.

Proof. (i) Let u € Nuc(Sy) = {u € K|o™(u)a; = a;o'(u) for all
i € {0,1,...,m — 1}}. Then 0™(u)a; = a;o'(u) for each i if and only if
o™ %(u) = u for each i such that a; # 0, which is equivalent to ¢~ (u) =
u for each A\; € A¢. This yields the assertion.

(ii) Let w € Nuc(Sy), then 0™ (u)am—1 = ap—10™"1(u) yields o(u) = u, hence
u € F. This implies the assertion. O

Example 15. Let F15 = F(a) with a* = a+1 and K = F(z) be the rational
function field over Fig. Define o : K — K, o(t) = a°t, then ¢ has order 3
and F = Fix(o) = Fi4(2%) = Fix(c?). Let R = K[t; o], then C(R) = F[t?]
[10, Example 2.16]. Note that not every f is bounded in this setup.
Let f € R be monic of degree m, then Nuc(Sy) = (] Fix(¢™ %) (Propo-
j=1

sition 14). If we have m —i = 3[ for all a; # 0 then N = K, else Nuc(Sy) = F.
(i) Suppose that f has degree m = 3¢ > 4, then Nuc,(Sy) contains an F-
vector space of dimension q[N : F|. If f = g(t3) for some g € K|x] then
Nuc(Sy) = K and K[z]/(g9(z)) = K @ Kt? ® Kt @ --- @ Kt3(4=Y is a sub
vector space of Nuc,(S¢).

(i) Let f(t) = 2+ 7ot +az2+1, then f*(t) = (04 @raraidatlys y ;3,6 4

[10, Example 2.16], so f is bounded and f* € C(R). Here

(@ +a)z®+a?+a+1
a?t3 +a?+a

h(z) = z? + r+a2% +1 ¢ Flx]
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has degree 2, and h has degree 6 = mn. Therefore f is irreducible and

(a®+a)z®+a2+a+1

3,6
Py - r+a’z’+1)

Nuc,(Sf) = Flz]/(x* +

by Theorem 1.

From now on unless specified otherwise let K/F be a cyclic Galois extension
of degree n > 1 with Gal(K/F) = (o). Then R has center C(R) = F[t"] =
Flz], where x = t" [13, Theorem 1.1.22] and every f € R is bounded.

Theorem 16. Ifd =ged(m — A;,m — Ag,...,m — A\, n), then

Nuc(Sy) = Fix(a?),
that is [Nuc(Sy) : F] =d. In particular, Nuc(Sy) = F if and only if d = 1.
Proof. By Proposition 14, we have

Nuc(Sy) = () Fix(e™ %) = Fix(e™ ) N Fix(e™*?) N --- N Fix(e™ ).
)\]‘GA

It follows immediately that Nuc(Sy) = Fix(c?). Clearly Nuc(Sy) = F if and
only if Fix(¢?) = F if and only if (0¢) = (o), which is true if and only if o¢

has order n. Now ord(o?) = gt = 4 = n if and only if d = 1. O

Corollary 17. Let K/F have prime degree p. Then Nuc(Sy) = K if and only
if m — X\j is a multiple of p for all \; € A. In other words, Nuc(Sy¢) = F if
and only if there exists A\; € A such that m — A; is not divisible by p.

Proof. We have Nuc(Sy) = K if and only if [Nuc(Sy) : F| = p, i.e. if and only
ifd=p. Nowd=ged(m—Ai,m—XAs,...,m—A,,p) =pifand only if m—A;
is a multiple of p for all A; € A. Since second assertion is equivalent to the
first the result follows immediately. O

Theorem 18. Let K/F be of degree n = be < m for some b € N. If [Nuc(Sy) :
F] = ¢ then m = gc +r for some integers q,r with 0 < r < ¢, and f(t) =
g(t)t", where g is a polynomial of degree q in K[t o¢].

Proof. By Theorem 16, we have that Nuc(Sy) = Fix(c?), where d = ged(m —
A,m— Az, ...,m— Ay, n). Now d = ¢ if and only if m — A; is a multiple of ¢
for all A; € A. But m — A; is equal to a multiple of ¢ if and only if \; =r+¢l
for some integer [ such that 0 <[ < ¢ (since m = gc+r). Therefore we obtain
Ac{rr+ecr+2c¢...,7r+(¢—1)c}. Thus

fit) = pac+r _ a(qil)c+rt(q—1)c+r o ar+ctr+c —apt’
=[(t9) — a(q—l)c+7-(tc)(q71) e Got® — @]t = (o)

where g has degree ¢ in K[t% 0¢]. O
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Example 19. Let K = Q(¢), 0 : K — K, 0(¢) = (2, and R. Then o has
order three, F' = Fix(c) = Q(¢* + (2 + (), and C(R) = Fix(o)[z] with z = #3.
Every f € R is bounded. Moreover, [K : F] =3 and [Q(¢* +¢2+ () : Q] = 2.
Let f € Q(¢)[t,o] be monic of degree m, then Nuc(Sy) = [ Fix(e™ %) €
j=1

{K, F} (Proposition 14). If we have m — i = 31 for all a; # 0 then Nuc(Sf) =
K, else Nuc(Sy) = F.

(i) Suppose that f has degree m = 3¢ > 4, then Nuc,(S) contains a F-sub
vector space of dimension ¢[Nuc(Sy) : F|. If f(t) = g(¢®) for some g € K][z],
then Nuc(S;) = K and K[z]/(g9(z)) = K ©@ Kt* @ Kt® @ --- @ K31 is
an F-sub vector space of Nuc,(Sy). If this f is also irreducible and not right
invariant, then ag # 0, and [Nuc,(Sy) : F] = m. Thus in this case

Nuc,(Sy) = K[x]/(g(x)).

(ii) Suppose that f € Q(¢* + ¢2 + ¢)[t] is not right invariant and we have
m — i # 3l for some a; # 0. Then

Nuc(Sy) /Nuc(Sy) f = Q(¢* +¢* + Q)[t]/(£(£))  Nue,(Sy).

In particular, if f is irreducible in R then

Nuc,.(S5) = Q(¢* + ¢+ Q[t/(f(t))-

4 The case that only h(z) is irreducible in F|z]

In this section we assume that ¢ has finite order n > 1, f is bounded and that
h is irreducible in F []. Then f = f;--- f; for irreducible f; € R such that
fi ~ f; for all 4,5 ([16], cf. [22]). Let deg(f;) = r, then m = rl, and let k be
the number of irreducible factors of h in R (then I < k).

Theorem 20. For every i, 1 <i <1, E(f;) is a central division algebra over
E; of degree s’ = n/k and

R/Rh = My(E(fi)), Nuc.(Sy)= M(E(f))-

In particular, Nuc,(Sy) is a central simple algebra over E; of degree s = s,

deg(h) = 7 =%, deg(h) = 5t = =, and

[Nuc,(Sy) : F] = I*rs’ = ms.

Moreover, s’ divides ged(r,n), and s and | divide ged(m,n).
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Proof. Since h is a two-sided maximal element in R, the irreducible factors h;
of any factorization h = hy - - - hy, of h in R are all similar. Now h(t) = p(t) f(t)
for some p(t) € R and so comparing the irreducible factors of f and h and
employing [13, Theorem 1.2.9], we see that f = f;--- f; for irreducible f; € R
such that f; ~ f; for all ¢,j (and also f; ~ h; for all 4,j), with [l < k. In
particular, R/Rf; = R/Rf; for all i,j. Moreover, R/Rh = My(E(f;)) is a
simple Artinian ring [13, Theorem 1.2.19]. Each of the polynomials h;, resp.,
fi, has minimal central left multiple h [10, Proposition 5.2]. Let A = R/Rh.
We obtain
R/Rf = R/Rfi ®R/Rfs®---® R/Rf

as a direct sum of simple left A-modules (e.g. see [10, Corollary 4.7]). Let
g be an irreducible factor of h in R. Since R/Rf; = R/Rg, we get R/Rf =
(R/Rg)®! as left A-modules. By [21, Exercise 6.7.2, Lemma 6.7.5] we have

Enda(R/Rf) = Enda((R/Rg)®") = M;(End(R/Rg))

as rings.

Since h is the minimal central left multiple of f and of g,
Rh = Anng(R/Rf) = Anngr(R/Rg) [14, pg. 38], hence Endgr(R/Rf) =
End4(R/Rf), Endgr(R/Rg) = Enda(R/Ryg), and

Bnd(R/Rf) = Mi(End p(R/Rg)).
Finally, E(g) =2 Endr(R/Rg), therefore
E(f) = M(E(g))-

Since g is irreducible of degree r with minimal central left multiple h(t) =
h(t"), E(g) is a central division algebra over E; of degree s’ = n/k, where k
is the number of irreducible divisors of h in R, deg(h) = 5 = = and deg(h) =
& = Mm% by Theorem 1. Finally, since E(f) = M;(E(g )), E(f) is a central
simple algebra over E; of degree s = Is’, and [E(f) : F| = s2deg(h) = ms.
The assertion follows since E(f;) = E(g).

Now s’ = n/k, and deg(h) = r/s’, i.e. s’ divides both n and r, hence s’
divides ged(n, ). Next, s divides ged(m,n): deg(h) = m/s means s divides
m. Also [S; : F| = b[Nuc,(Sy) : F] for some positive integer b. We know that
[Sy : F] = mn and that [Nuc,(Sf) : F] = ms, hence mn = bms. Cancelling
m yields n = bs, i.e. s divides n. The result follows immediately. Finally, [
divides ged(m, n): Since s = Is’, I divides s. Hence [ divides ged(m,n) by the
above. O

Comparing F-vector space dimensions, we obtain that [Sy : Nuc,(Sy)] =
k/l.
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Corollary 21. Suppose that h(x) is irreducible in Flx].

(i) If m is prime, then one of the following holds:

(a) Nuc,(Sy) = E;, is a field extension of F of degree m,

(b) Nuc,(Sy) is a central division algebra over F of degree m,

(¢) Nuc,(Sy) = My, (F).

(ii) If ged(m,n) = 1, or n is prime and f not right invariant, then f is
irreducible and Nuc,(Sy) = E; is a field extension of F' of degree m = deg(il),
and deg(h) = mn.

Corollary 22. Suppose that f € F[t] C R is not right invariant, and that
h(z) is irreducible in F|z].

(i) If h(x) is irreducible and [N : F] = In/k, then Nuc,(Sf) = N[t;o]/Nt;o]f.
(it) If [N : F] > 2L, then h(z) is reducible, and therefore f as well.

Proof. (i) We know that N[t;o]/N[t;o]f(t) is a subalgebra of Nuc,(Sf) of
dimension "™ over F (Theorem 10). If h(z) is irreducible then Nuc,(S 7)
has degree ms = mlin/k over F' by Theorem 20, therefore comparing the
dimensions of the vector spaces we obtain the assertion.

(ii) If f(¢) € F[t] C Rthen N[t;0]/N[t; o] f has dimension m[N : F] over F and
is a subalgebra of Nuc,(Sf) by Theorem 10. Suppose that h is irreducible,
then Nuc,(Sf) has dimension anl as an F-vector space (Theorem 20). In
particular, this implies 72 = [Nuc,(Sy) : F] > m[N : F], a contradiction if

) !
[N:F] > 4. O
As a direct consequence of Proposition 8, we obtain:

Theorem 23. Suppose that f(t) = t™ — Z:-igl a;tt € Fix(c°)[t; o] for some
minimal ¢ € {1,2,...,m — 1}. Suppose that f is not right invariant and that
h(z) is irreducible in F|z].

(i) If m = qc for some positive integer ¢ and [N : F] > CT”I, then f is reducible.
(i) If m = qc+r for some positive integers q,r with 0 < r < ¢, and [N : F| >
CT"Z then f is reducible.

Proof. Since h is irreducible in F[z], then the right nucleus has dimension mk”l

as an F-vector space.
(i) If m = gc for some positive integer ¢, then

N@® Nt“®d Nt* @ ... @ Ntla—De

is an F-sub vector space of Nuc,(S¢) of dimension ¢[N : F].
(ii) If m = gc + r for some positive integers ¢, with 0 < r < ¢, then

N@®Nt“® Nt>** @ --- @ Nti©
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is an F-sub vector space of Nuc,(Sy) of dimension (¢ + 1)[N : F.

If [N : F] > < in (i), then ¢[N : F] > ™2t a contradiction. If [N : F] > <
in (i), then (g + 1)[N : F] > g2t + <ot > mnl 5 contradiction. Thus h must
be reducible, and therefore f, too. O

5 The right nucleus of Sy for low degree polynomials in
F[t] C K[t; 0]

We assume that K/F is a cyclic Galois field extension of degree n with

Gal(K/F') = (o). We now explore the structure of Nuc, (Sy) for f € F[t] C R

of low degree (the same arguments apply for higher degrees). We repeatedly

use that [Fix(c®) : F] = ged(n,s), N = [ Fix(c™ %) by Theorem 13 and
AjEA

Corollary 14. We also use that if f € F[t] C R then N[t;o]/Nt;o]f is a
subalgebra of Nuc,(Sf) (Theorem 10).

51 m=2

Let f(t) = t2 —ait —ag € R, then N = Fix(aQ*)‘i),
)\jEA

1. If f(t) = t? — ag with ap € K*, then N = Fix(0?).
2. If f(t) =t? — a1t — ap with a; € K*, then N = F.

Note that if n is even, then ¢ has order % in Gal(K/F), which means that

F # Fix(c?). If n is odd, then ged(n,2) = 1, therefore Fix(0?) = F.
Proposition 24. Let f(t) = > —ay € F[t] C R, ap # 0 then
Fix(0?)[t; o] /Fix(0?)[t; o] f is a subalgebra of Nuc,(Sf) of dimension 2[Fix(c?) :
F) over F. In particular, if n is prime or odd, then f is reducible.

Proof. N[t;o]/Nt;olf is a subalgebra of Nuc,(S¢) and N = Fix(c?) by (1),
which yields the first assertion. The second assertion follows from the fact
that the right nucleus has dimension 2 over F' for irreducible right invariant f

under our assumptions. O
52 m=3
Let f(t) € R be of degree 3, then N = () Fix(c®~%).

)\j €A

L. If f(t) =3 —ap € R, where ag € K*, then N = Fix(c?).
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2. If f(t) =3 — ait € R, where a; € K*, then N = Fix(c?).
3. In all other cases, N = F.
Proposition 25. (i) If f(t) = t3 — ag with 0 # ag € F, then
Fix(0%) [t 0] /Fix(0®)[t; 0]

is a subalgebra of Nuc,(Sy) of dimension 3[Fix(c®) : F] over F. In particular,
if n is prime or not divisible by 3, then f is reducible.
(ii) If f(t) = t3 — ait with 0 # ay € F, then

Fix(0?)[t; o] /Fix(c?)[t; o] f
is a subalgebra of Nuc,(Sy) of dimension 3[Fix(0?) : F] over F.

Proof. By Proposition 10, N[t;o]/N[t; 0] f(t) C Nuc,(Sy).
(i) If f(t) = t3 — ap € F[t] with ag # 0, then N = Fix(c?) which proves the
assertion looking at the dimensions.

(i) If f(t) =3 — art € F[t] with a1 # 0, then N = Fix(c?). O
53 m=4
Let f(t) € R be of degree 4, then N = () Fix(c*=%).

)\jEA

—_

CIEf(E — ag with ag € K* then N = Fix(c?).

2. If f(t

— ast? with ay € K* then N = Fix(0?).

t4
t* — ait with a; € K* then N = Fix(c?).
t4
t4

)
)
3. If £(¢)
)

A, I f(t
Fix(o

— ast? — ag with ag, as € K*, then N = Fix(0?) NFix(0?) =

~—

5. In all other cases, N = Fix(c) = F.

Observe that:

e If n = 0(mod 4), then [Fix(c?) : F] = 4.
e If n =1 or 3(mod 4), then Fix(c?) = F.
e If n = 2(mod 4), then [Fix(c?) : F] = 2.
e If n = 0(mod 3), then [Fix(c?) : F] = 3.
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e If n =1 or 2(mod 3), then Fix(c3) = F.
e If n = 0(mod 2) then [Fix(c?) : F] = 2.
e If n = 1(mod 2) then Fix(c?) = F.
Proposition 26. (i) If f(t) = t* — ag € F[t] with 0 # ao, then
Fi(o)[t; o] Fi(o*) [t o1

is a subalgebra of Nuc,(Sf) of dimension ged(n,4) over F. In particular:
(a) If f is irreducible and either n # 2 is prime or gcd(n,4) =1, then

Nuc,(Sf) = Fix(c*)[t; o] /Fix(o*)[t; o] f.

(b) If n =2, then f is reducible.
(ii) If f(t) = t* — a1t € F[t; o] with 0 # a1, then

Fix(o®)[t; 0] /Fix(0*)[t; 0]/

is a subalgebra of Nuc,(Sy) of dimension 4gcd(n,3) over F.
(ii) If f(t) = t* — ast — ag € F[t; 0] with 0 # aa, then

Fix(o?)[t; o] /Fix(0?)[t; o]

is a subalgebra of Nuc,(Sf) of dimension 4ged(n,2) over F. In particular:
(a) If f is irreducible, and either n # 2 is prime or ged(n,4) = 1, then

Nuc,(Sf) = Fix(c?)[t; o] /Fix(0?)[t; o] f.
(b) If n =2, then f is reducible.

Proof. Nt;o]/N[t;o]f(t) C Nuc,(S¢) by Theorem 10.
(i) Here N = Fix(c*) by (1), and thus

Fix(o*)[t; 0] /Fix(c*)[t; o] f € Nuc,(Sy).

(ii) We know N = Fix(c®) by (2), and hence

(
(
Fix(0®)[t; 0] /Fix(0®)[t; o] f C Nuc,(Sy).
(iii) We have N = Fix(o?) by (3), and so

(

Fix(o?)[t; o] /Fix(c?)[t; o] f C Nuc,.(Sf).
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6 A small algorithm to check if f is reducible

Let K/F be a cyclic Galois extension of degree n with Galois group

Gal(K/F) = (o). We assume that n is either prime or that ged(m,n) =1 to
simplify the process. For some skew polynomials f(t) = t™ — 22161 a;it'! € R
which are not right invariant, we can decide if they are reducible based on the

following “algorithm” with output | TRUE |if f is reducible and | STOP | if we

cannot decide:

1. Check if f € F[t]. If f is reducible in F[t], then f is reducible in R
. If f & F[t] then go to (2).

2. Compute N = Fix(c?), where d = gcd(m — A, m — Ag,...,m — A\, n)
as per Theorem 16.

If [N : F] > m, then f is reducible | TRUE |.

If [N : F] < m then go to (3).

3. Find the smallest integer ¢, such that a; € Fix(c¢) for all 4, and where
Fix(c°) is a proper subfield of K.

If Fix(c¢) = N then f is reducible | TRUE |
If m = qc and [N : F| > ¢, then f is reducible | TRUE |.

If m =qgc+r with0 <7 <e¢ and [N : F] > c¢ then f is reducible

| TRUE]

In all other cases, go to (4).

4. If all a; are not contained in a proper subfield of K, then we cannot
decide if f is reducible | STOP |.

Furthermore, if f(¢) € F[t] then we can use the fact that N[t;o]/N[t; o] f
is a subalgebra of Nuc,(Sf) to look for zero divisors in Nuc,(S) in order to
factor f.
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