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About the B-concavity of functions with many
variables

Alexandra Diana Melesteu

Abstract

The paper deals with the study of the property of B-concavity and
BB concavity in the bi-dimesional case and with the relation between
these properties and the Bernstein operators defined on a simplex.
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1 Introduction

The notion of B—concavity for functions with many variables was introduced
in paper [3].

In paper [6], authors proved that a function of one variable which is increas-
ing and B— concave is transformed by Bernstein operators in a function with
the same properties. It is well known that Bernstein operators preserve other
types of properties of functions like the property of higher order convexity, see
[5], or the property of higher order quasiconvexity, see [4].

In this paper, we introduce the notion of BB—concavity which is a slight
modification of the B—concavity for functions of two variables. Also, we prove
that Bernstein operators on bidimensional simplex transform a function which
is increasing and BB—concave in a B—concave function.
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2 B-concavity and BB-concavity
For a = (a1, az,...,a,),b = (b1,ba,....;b,) € R™, let
a Vb := (max{ay, b }, max{as, b}, ..., max{a,, b, }).

Definition 2.1. /3] A function f: M C R — (0,00) is B—concave function
if it has the following properties:
i) AaVbe MVa,be M, €[0,1];
i) f(AaVb) > Af(a)V f(b),Va,b e M, e [0,1].
As usually, we define a partial order ” <” on R™ by: a < b iff a; < b;,Vi =
1,n, when a = (a1, as, ..., an),b = (b1, b2, ..., by).

A function f : D C R™ — R is named increasing if f(a) < f(b),Va,b €
D,a <b.

Theorem 2.1. Let be M C Ri a domain which satisfies condition i) from
Definition 2.1. If f : M — (0,00) 1is an increasing function, then the follow-
ing affirmations are equivalent:

i) f is a B-concave function

it) For all v = (vi,v2) € M function

0y 1 [0,1] — R, ¢, (t) = [0,1]

t
—,t €
f(tv)

18 increasing.

Proof. For the first part of the theorem, we suppose that f is B— concave and
increasing function.

Let be v € M, z,y € [0,1] and A € [0, 1].

Because f is B— concave function, then:

F(Oavyw) = F(Ojo v () > Af@o) v (o).
We denote g(t) = f(tv),g:[0,1] — Ry ,t € [0,1], so
g0z v y) = Agl(a) V g(y)- &)

t1 ¢
1§2

g(t1) — g(t2)

Let t; < t5. We have to prove that which ca be rewritten:

N——

tq tq
— - g(t2) < 9(* ta ).
to to

(2)
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In relation (1) we replace y = 0. So we obtain g(Az) > Ag(x) V g(0).
But Ag(z) V g(0) > Ag(z), so g(Ax) > Ag().
ty

In previous relation we replace x =t and A = —.
Then relation (2) is true, so we can conclude that g is increasing.

t
For the second part of the theorem, we suppose that f and —— are

f(tv)

increasing functions.
Let be a,b € M, )\ € [0,1]. We have f(i\\a) < f(la)
Further, Af(a) < f(Aa) < f(Aa Vv b) and f(b) < f(Aa Vb), so
fQavb) = Af(a) V f(b)

and we can conclude that f is B—concave function. O

Corollary 2.1. Let be f: M — R an increasing and differentiable function
in both variables, where M C Ri is a domain which satisfies condition i) from
Definition 2.1. The inequality

f(tv) — t(a];(j)) vy 4 8‘;(;”) -vz) >0 (3)

holds Vv € M,Vt € [0,1], where v = (v1,v2) if and only if f is a B-concave
Sfunction.

Proof. First, we prove (3) in condition f is increasing and B—concave.
If we derive the function ¢,, where

t
©p 1 [0,1] = Ry, (t) = 7o)
we obtain:
d f(tv) —t- (81;(:1) v + 8];(;1;) ~v2)

Because f is B—concave, the function ¢, is increasing from the previous
theorem, so the fraction (4) is greater or equal than 0, so relation (3) is true.
The converse part of the proof can be obtained ;mmediately from Theorem
f(tv)’
Then from the converse part of Theorem 2.1, it follows that f is B-concave
function. O

2.1, because relation (3) implies that function t € [0,1] is increasing.
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Remark 2.1. The inequality (3) is equivalent to:

f(xvy) —Z- %(x,y) -y %(Z,y) > O,V(x,y) € M.

Indeed, we can take v = (z,y) and t = 1.

Definition 2.2. Let be
A={(z,y)lz >0,y >0,z +y < 1}. (5)
A function f: A — R is BB—concave function if it is true the following:

V(z,y) € A, (z,y) € A, (z,w) € A, such that z < z,w < y,z -w < x -y, where

a:7x~y—x~wandﬂ:7x~y—y~z. (7)
TY—z-w TY—z-w

Remark 2.2. It is simple to show that A satisfies condition i) from Definition
2.1.

Remark 2.3. The numbers a and § are the unique coefficients for which:

(x,y) = Q- (Zay) +ﬁ (1‘7’11))
Remark 2.4. A function f: A — R is BB—concave function if it is true the
following:
a2y + 8- (,w) < af(zy) + Bf(z,w), (8)
V(z,y) € A, (z,y) € A, (z,w) € A and z < z,w < y,z-w < x -y, where
a €[0,1] and B € [0,1] are indicated in (7) and A is indicated in (5).

Theorem 2.2. If f: A — R is a differentiable BB-concave function then it
is true the following:

fa) = Ghw) v Fea) 20wy € o, )

Proof. The inequality from (8), which is the condition of a function to be
BB-concave is equivalent to:

o(f(z.y) = f(z9)) +B(f(ey) = fla,w) + 1 —a=Bf(a,y) <0. (10)
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Using (7), we have:

1—a—5——m. (11)

Then, we replace (7) and(11) in relation (10) and we have:

RV HCED R

)_x-y—x-w'f(z,y)—f(xay) (

T,y z—x)—

Ty —2-w Ty —2z2-w z—x
_my—yzf(wi)_f(xay)(w_y)<0
Ty —z-w w—y -7

From the Mean value theorem there are the points ¢ and 7, z < £ < =,

w < n < y such that he previous relation can be rewritten in the following
form:

(y—w)-(z—2) z-y—x-w Of
Try—zw @Vl e w &Y
ry—y-z Of

> 0.
Toy—z-w 8y<x’n)_

—(y —w)

After simplification and passing to limit z — x and w — y we obtain:

f(xay)fx%(xay)fy%(xay) 20

which is exactly relation (9). O

3 B-concavity of Bernstein operators on two dimensional
simplex

Let B, be the Bernstein operators of two variables defined on C(A), given by:

Bn(f)(xﬂy) = Z pn,k,l(xvy) : f(k

l
n’'n
k20,150 k+1<n

). FEC) (@y) €A (12)

where:
n! E 1 n—k—l

The equation (12) can be rewritten:

BN = 3 s S oo+ ) £ (E 1), (14)
k=0 =0

1—2x
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where:

r!

25(%‘2?251 2 (1=2)"% 2 € ]0,1]. (15)

p'r',s(z) =

Theorem 3.1. If f: A — R is BB-concave and increasing, then
Ba(1)(.5) ~ 2 2 Ba(P)w0) ~ v Bu(f) () > 0

n 'r) y € ax n Y y yay n ) y - *

Proof. We have:
%pr,s(z) — <Z) |:$ . 2’571 . (1 _ Z)rfs _ (7, _ S) C 5. (1 _ Z)rfsfl}

e[(L2]) e ame = (U0 ]

P [pror e ()~ 2o a(2)].

We compute the derivate of B, (f) with regard to y:

5% ank Z
1=0

- ﬁipmM@'T:i

k=0

yee
St (5 25) B )

n—k—1

— n.z<n21>,xk,(1x)nlk. z:; (n—l;—l)«lgx)lx

l

(=) G 6]

_ . n—1 okl \n—k—1-1
= n Z (k,l,n—l—k‘—l) 2y (l—z—y) X

kE>0,1>0,k+I<n—1

<G =) -Gl

n—k

sy ) me s )

=0
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In a similar way, we obtain the derivative of B, (f) with regard to z:

a%B”(f)(””’y) =D (k,l,nnzlkl)

k>0,1>0,k+Ii<n—1
k1 k+1 1 k1
xkyl(]'_m_y) kll'|:f( 77)_](-(777)]7
n n n n

where:

n—1 B (n—1)!
Edln—-1-k—-1) kll(n—1-Fk—1)

We substract from B, (f)(x,y), the derivative %Bn( f)(z,y) multipled by

2 and derivative an(f)(x, y) multipled by y and we obtain:
Y

5 el e G ()

k>0,1>0,k+I<n

It is sufficient to have
)+ G -1 )]
k1l kEl-1
- Gn) 1G] =

which is equivalent to

O Rl CAE RS TR )
We denote:
=D = (1D e = (52D,

Hence z < z and w < y.
But, f is BB-concave, so considering relation (6), relation (16) is true.
O

Corollary 3.1. If f € C(A) is BB—concave and increasing in both variables,
then B, (f) is B—concave.

Proof. Because f is increasing, By, (f) is also increasing.
So, from Remark (2.1) and Theorem 3.1, B, (f) is B—concave. O
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