
DOI: 10.2478/auom-2022-0038
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Fuzzy stabilities of a new hexic functional
equation in various spaces

Hemen Dutta, B.V. Senthil Kumar and S. Sabarinathan

Abstract

The advantage of various fuzzy normed spaces is to analyse impre-
ciseness and ambiguity that arise in modelling problems. In this paper,
various classical stabilities of a new hexic functional equation in different
fuzzy spaces like fuzzy Banach space, Felbin’s fuzzy Banach space and
intuitionistic fuzzy Banach space are presented, concerning the Ulam’s
theory of stabilities of equations. To validate the stability results, exper-
imental results are presented. Also, a comparative study of the results
obtained in this investigation are provided.

1 Introduction

The notion of fuzzy sets was first dealt in [48]. Fuzzy sets are powerful tools
to model problems with uncertainty and inexactness in many decision making
problems. Recently, this theory is playing major roles in the application areas
of many other disciplines and hence it is an active domain of research and a
lot of growth in this field is established. This theory is to determine the fuzzy
similarities with the classical set theory. Also, the fuzzy topology is mostly
used as a powerful technique to deal with such problems where the application
of classical theories fail.

The problem of solving classical stabilities of various functional equations
is the recent trend in the research of pure mathematics. The stability theory of
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functional equations is evolved through a basic question in [45, 46] concerning
the conditions of an approximate solution exists near to the exact solution of
any mathematical equation. This question can be stated mathematically as:
Let (G1, ·) be a group and (G2, ·) be a metric group defined with the metric
d(·, ·) . Let δ > 0 be a constant. Suppose a homomorphism h : G1 −→ G2

satisfies the inequality d(h(pq), h(p)h(q)) < δ, for all p, q ∈ G1. Does there
exist a constant ε > 0 and an approximate homormophism H : G1 −→ G2

such that d(H(p), h(p)) ≤ ε for all p ∈ G1? The foremost response to this
question is presented in [17]. The response provided in [17] is given as the
proof of the following theorem:
Theorem 1.1 [17] Suppose X be a real linear space and Y be a real Banach
space. Let ε > 0 be a constant. If a mapping a : X −→ Y satisfies the
following inequality

‖a(p+ q)− a(p)− a(q)‖ ≤ ε (1)

for all p, q ∈ X, then there exists a unique additive mapping A : X −→ Y
with the condition that

‖a(p)−A(p)‖ ≤ ε (2)

for all p ∈ X and the mapping A is defined by the existence of the limit

A(p) = lim
n→∞

a(2np)

2n
(3)

for all p ∈ X. In the above theorem, the exact solution A(p) of the Cauchy
functional equation A(p + q) = A(p) + A(q) is directly derived from the in-
equality (1). Hence this method is called as direct method. The stability
obtained using a positive constant ε as an upper bound is termed as Hyers-
Ulam stability of ε-stability.

Later this stability problem is answered in a different version by considering
sum of powers of norms as upper bound in [37]. This type of stability of
functional equation is obtained by proving the following theorem [37].
Theorem 1.2 [37] Assume that M is a normed linear space and N is a Banach
space. Suppose 0 ≤ θ < ∞ and 0 ≤ β < 1. If φ : M −→ N is a mapping
satisfying the inequality

‖φ(p+ q)− φ(p)− φ(q)‖ ≤ θ(‖p‖β + ‖q‖β) (4)

for all p, q ∈M , then a unique additive function T : M −→ N exists such that

‖φ(p)− T (p)‖ ≤ 2θ

2− 2β
‖p‖β (5)
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for all p ∈ M . Additionally, if φ(tp) is continuous in t for each fixed t ∈ M ,
then the function T is additive. The above type of stability is known as Hyers-
Ulam-Rassias (or H-U-R) stability of functional equation. A modified stability
problem was introduced in [15] by replacing the upper bounds ε in Theorem
1.1 and θ(‖p‖β + ‖q‖β) in Theorem 1.2 by a general control function φ(p, q)
in [15]. This type of stability is given in the subsequent theorem.
Theorem 1.3 [15] Let (A,+) and (X, ‖ · ‖) be an abelian group and be a
Banach space, respectively. Let a function φ : A×A −→ [0,∞) satisfies

Φ(p, q) =

∞∑
k=0

2−kφ(2kp, 2kq) <∞ (6)

for all p, q ∈ A. Let a function f : A −→ X satisfies the condition

‖f(p+ q)− f(p)− f(q)‖ ≤ φ(p, q) (7)

for all p, q ∈ A. Then a unique mapping T : A −→ X exists and satisfies

‖f(p)− T (p)‖ ≤ 1

2
Φ(p, p) (8)

for all p ∈ A. The above result established by Gǎvruta is celeberated as gen-
eralized Hyers-Ulam-Rassias stability or generalized H-U-R stability of func-
tional equation.

There are some other methods to obtain stability results of functional
equations. They are fixed point method [9, 10], hyperstability using fixed point
technique [7], Brzdek’s method of proving stability on restricted domains [6],
Hejmej’s method of obtaining stability in dislocated metric spaces [16]. Among
the mentioned above methods, direct method is simple and easy to arrive at
stability results. Hence this method is mostly used by many mathematicians
to establish stabilities of numerous equations in various normed spaces.

A lot of fundamental ideas about functional equations and inequalities with
their stability results are published as books, one can see ([3, 12, 18, 21, 27, 38,
41]). For the past five decades, this research area has attracted many math-
ematicians to establish stability results of a variety of functional, difference,
differential and integral equations in various modern complete normed spaces
in [8, 11, 22, 32, 35, 40]. One can find there are many interesting, ground break-
ing and noteworthy results concerning the stability results of many functional
equations in various fuzzy normed spaces in ([26, 34]). Further, the approx-
imations of homomorphisms, uniqueness theorems on functional inequalities
arising addtive, quadratic and cubic mappings, stabilities of an n-dimensional
mixed type addtive-quadratic functional equation and Hom-derivations in C?-
algebras are dealt by many mathematicians in [19, 20, 29, 30]. Quite recently,
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there are many published papers on stability results and applications of ratio-
nal functional equations. For more information, one can refer to [39, 42, 43, 44].

Some interesting results on the stabilities of hypergeometric differential
equations and Laguerre differential equations are available in [1, 2]. Further,
the stability results of trigonometric functional equations, functional equations
associated to Fibonacci numbers, mean value-type functional inequalities, first
order linear differential operators, Steven Butler functional equation are stud-
ied in [13, 23, 24, 25, 31, 33, 36].

In this paper, we present results pertinent to classical stabilities of a new
hexic functional equation of the form

h(kp+ lq) + h(kp− lq) + l6
[
h

(
p+

k

l
q

)
+ h

(
p− k

l
q

)]
= k2l2

(
k2 + l2

)
[h(p+ q) + h(p− q)] + 2

(
k2 − l2

) (
k4 − l4

)
[h(p) + h(q)]

(9)

where k, l are constants, in various abstract spaces like fuzzy Banach spaces,
Felbin’s type fuzzy normed spaces and intuitionistic fuzzy Banach spaces. The
experimental results in support of the stabilities obtained are presented. Fur-
ther, a comparative evaluation of the results obtained are discussed. It is easy
to verify that the hexic mapping h(p) = kp6, with k as a constant, is a solution
of equation (9). In order to accomplish the results in a simplified manner, let
us define a difference operator ∆ : A×A −→ F as

∆h(p, q) = h(kp+ lq) + h(kp− lq) + l6
[
h

(
p+

k

l
q

)
+ h

(
p− k

l
q

)]
− k2l2

(
k2 + l2

)
[h(p+ q) + h(p− q)]

− 2
(
k2 − l2

) (
k4 − l4

)
[h(p) + h(q)]

for all p, q ∈ A with A as a vector space or a normed linear space, F as a
fuzzy Banach space or a Felbin’s fuzzy Banach space or an intutionistic fuzzy
Banach space, unless or otherwise specified.

2 Fuzzy stabilities of equation (9)

Firstly, we recall here some fundamental notions and definitions concerning
fuzzy complete normed space, which are useful to prove our main results.
Definition 2.1 [28] Let A be a real vector space. A function H : A × R −→
[0, 1] is called a fuzzy norm on A if, for all p, q ∈ A, and all u, v ∈ R:

(N1) H(p, v) = 0 for any non-positive v,
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(N2) p = 0 if and only if H(p, v) = 1 for all positive v,

(N3) H(kp, v) = H
(
p, v|k|

)
if k 6= 0,

(N4) H(p+ q, u+ v) ≥ min{H(p, u), H(q, v)},

(N5) H(p, ·) is a nondecreasing function of R, and lim
v→∞

H(p, v) = 1,

(N6) for p 6= 0, H(p, ·) is continuous on R.

The pair (A,H) is called a fuzzy normed vector space.
Definition 2.2 [28] Let (F, H) be a fuzzy normed vector space. A sequence
{pn} in F is said to be convergent or converges if there exists a p ∈ F such
that lim

n→∞
H(pn − p, v) = 1 for all v > 0. In this case, p is called the limit of

the sequence {pn}, and we denote it by H- lim
n→∞

pn = p.

Definition 2.3 [28] Let (F, H) be a fuzzy normed vector space. A sequence
{pn} in F is called Cauchy if for each ε > 0 and each v > 0 there exists an
n0 ∈ N such that, for all n ≥ n0 and all k > 0, we have H(pn+k−pn, v) > 1−ε.

It is well known that every convergent sequence in a fuzzy normed vector
space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm
is said to be complete, and the fuzzy normed vector space is called a fuzzy
Banach space.

We say that a mapping h : F −→ F between fuzzy normed vector spaces
F and F is continuous at a point p0 ∈ F if, for each sequence {pn} converging
to p0 in F, the sequence |H(pn)| converges to H(p0). If h : F −→ F at each
p ∈ F, then h : F −→ F is said to be continuous on F.

In the following results, we prove various stabilities of equation (9) con-
nected with Ulam stability theory in the setting of Fuzzy Banach spaces with
the assumption that A to be a vector space and (F, H) to be a fuzzy Banach
space.
Theorem 2.4 Let ξ : A×A −→ [0,∞) be a function such that

ξ̃(p, q) =

∞∑
n=0

k−6nξ (knp, knq) <∞ (10)

for all p, q ∈ A. Let s : A −→ F be a mapping with s(0) = 0 such that

lim
v→∞

H(∆s(p, q), vξ(p, q)) = 1 (11)

uniformly on A × A. Then S(p) = H- lim
n→∞

s(knp)
k6n exists for each p ∈ A, and

defines a hexic mapping S : A −→ F such that if for some α > 0

H(∆s(p, q), ξ(p, q)) ≥ α (12)



FUZZY STABILITIES OF A NEW HEXIC FUNCTIONAL EQUATION IN
VARIOUS SPACES 148

for all p, q ∈ A, then

H

(
s(p)− S(p),

1

k6
ξ̃(p, 0)

)
≥ α (13)

for all p ∈ A. Also, the hexic mapping S : A −→ F is a unique mapping such
that

lim
v→∞

H(s(p)− S(p), vξ̃(p, 0)) = 1 (14)

uniformly on A.
Proof. For a given ε > 0, by (11), we can find some v0 > 0 such that

H(∆s(p, q), vξ(p, q)) ≥ 1− ε (15)

for all v ≥ v0. Applying mathematical induction process on a positive integer
n, we show that

H

(
k6ns(p)− s (knp) , v

n−1∑
m=0

k6(n−m−1)ξ (kmp, 0)

)
≥ 1− ε (16)

for all v ≥ v0, all p ∈ A, and all n ∈ N. Letting q = 0 in (15), we obtain

H(k6s(p)− s(kp), vξ(p, 0)) ≥ 1− ε (17)

for all p ∈ A and all v ≥ v0. So we obtain (16) for n = 1. Assume that (16)
holds for n ∈ N. Then

H

(
k6(n+1)s(p)− s

(
kn+1p

)
, v

n∑
m=0

k6(n−m)ξ (kmp, 0)

)

≥ min
{
H
(
k6(n+1)s(p)− k6ns (knp) , v0

n−1∑
m=0

k6(n−m)ξ (kmp, 0)
)
,

H
(
k6s (knp)− s

(
kn+1p

)
, v0ξ (knp, 0)

)}
≥ min{1− ε, 1− ε} = 1− ε. (18)

This completes the induction argument. Letting v = v0, and replacing n and
p by r and knp in (16), respectively, we obtain

H

(
s (krp)

k6r
− s (kn+rp)

k6(n+r)
,

v0
k6(n+r)

r−1∑
m=0

k6(r−m−1)ξ
(
kn+mp, 0

))
≥ 1− ε (19)
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for all integers n ≥ 0, p > 0.
It follows from (10), and the equality

p−1∑
m=0

k6(−n−m−1)ξ
(
kn+mp, 0

)
=

1

k6

n+p−1∑
m=n

k−6mξ (kmp, 0) (20)

that for a given δ > 0 there is an n0 ∈ N such that

v0
k6

n+p−1∑
m=n

k−6mξ (kmp, 0) < δ (21)

for all n ≥ n0, and p > 0. Now we deduce from (19) that

H

(
s (knp)

k6n
− s (kn+pp)

k6(n+p)
, δ

)
≥ H

(
s (knp)

k6n
− s (kn+pp)

k6(n+p)
,

v0
k6(n+p)

p−1∑
k=0

k6(p−k−1)ξ
(
kn+kp, 0

))
≥ 1− ε (22)

for all n ≥ n0, and all p > 0. Thus the sequence
{
s(knp)
k6n

}
is Cauchy in F.

Since F is a fuzzy Banach space, the sequence
{
s(knp)
k6n

}
converges to some

S(p) ∈ F. So we can define a mapping S : A −→ F by S(p) = H- lim
n→∞

s(knp)
k6n ;

namely, for each v > 0 and p ∈ A, lim
n→∞

H
(
s(knp)
k6n − S(p), v

)
= 1.

Let p, q ∈ A. Fix v > 0 and 0 < ε < 1. Since lim
n→∞

k−6nξ (knp, knq) = 0,

there is an n1 > n0 such that v0ξ (knp, knq) < k6nv
k6 for all n ≥ n1. Hence for

all n ≥ n1, we have

H(∆S(p, q), v)

≥ min
{
H
(
S(kp+ lq)− k−6ns (kn(kp+ lq)) ,

v

9

)
,

H
(
S(kp− lq)− k−6ns (kn(kp− lq)) , v

9

)
,

H

(
l6S

(
p+

k

l
q

)
− k−6nl6s

(
kn
(
p+

k

l
q

))
,
v

9

)
,

H

(
l6S

(
p− k

l
q

)
− k−6nl6s

(
kn
(
p− k

l
q

))
,
v

9

)
,

H
(
k2l2(k2 + l2)S(p+ q)− k−6nk2l2(k2 + l2)s

(
kn(p+ q),

v

9

))
,

H
(
k2l2(k2 + l2)S(p− q)− k−6nk2l2(k2 + l2)s

(
kn(p− q), v

9

))
,
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H
(

2(k2 − l2)(k4 − l4)S(p)− 2k−6n(k2 − l2)(k4 − l4)s
(
kn(p),

v

9

))
,

H
(

2(k2 − l2)(k4 − l4)S(q)− 2k−6n(k2 − l2)(k4 − l4)s
(
kn(q),

v

9

))
,

H
(
k−6ns (kn(kp+ lq)) + k−6ns (kn(kp− lq))

+ l6
[
k−6ns

(
kn
(
p+

k

l
q

))
+ k−6ns

(
kn
(
p− k

l
q

))]
− k2l2

(
k2 + l2

)
[k−6ns(kn(p+ q)) + k−6ns(kn(p− q))]

− 2
(
k2 − l2

) (
k4 − l4

)
[k−6ns(knp) + s(knq)]),

v

9

)}
. (23)

The first eight terms on the right-hand side of the above inequality tend to 1
as n→∞, and the ninth term is greater than or equal to

H
(
s(kn(kp+ lq)) + s(kn(kp− lq)) + l6

[
s

(
kn
(
p+

k

l
q

))
+ s

(
kn
(
p− k

l
q

))]
− k2l2

(
k2 + l2

)
[s(kn(p+ q)) + s(kn(p− q))]

− 2
(
k2 − l2

) (
k4 − l4

)
[s(knp) + s(knq)],

k6nv

9

)
(24)

which is greater than or equal to 1− ε. Thus

H(∆S(p, q), v) ≥ 1− ε (25)

for all v > 0. Since H(∆S(p, q), v) = 1 for all v > 0, by H(∆S(p, q), v) = 0
for all p ∈ A. Thus the mapping S : A −→ F is hexic, that is, ∆S(p, q) = 0,
for all p, q ∈ A. Now, let for some positive δ, and α, (22) hold. Let

ξn(p, 0) =

n−1∑
m=0

k6(−m−1)ξ (kmp, 0) (26)

for all p, q ∈ A. Let p ∈ A. By the same reasoning as in the beginning of the
proof, one can deduce from (12) that

H

(
k6ns(p)− s (knp) , δ

n−1∑
m=0

k6(n−m−1)ξ (kmp, 0)

)
≥ α (27)

for all positive integers n. Let v > 0. We have

H(s(p)− S(p), ξn(p, 0) + v)

≥ min

{
H

(
s(p)− s (knp)

k6n
, ξn(p, 0)

)
, H

(
s (knp)

k6n
− S(p), v

)}
. (28)
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Combining (27), and (28) and the fact that lim
n→∞

H
(
s(knp)
k6n − S(p), v

)
= 1, we

observe that
H(s(p)− S(p), ξn(p, 0) + v) ≥ α (29)

for large enough n ∈ N. Since the function H(s(p)− S(p), ·) is continuous, we

see that H
(
s(p)− S(p), 1

k6 ξ̃(p, 0) + v
)
≥ α. Letting v → 0, we conclude that

H

(
s(p)− S(p),

1

k6
ξ̃(p, 0)

)
≥ α. (30)

To end the proof, it remains to prove the uniqueness assertion. Let T be
another hexic mapping satisfying (14). Fix c > 0. Given that ε > 0, by (14)
for S and T , we can find some v0 > 0 such that

H
(
s(p)− S(p), vξ̃(p, 0)

)
≥ 1− ε,

H
(
s(p)− T (p), vξ̃(p, 0)

)
≥ 1− ε

(31)

for all p ∈ A and all v ≥ 2v0. Fix some p ∈ A and find some integer n0 such
that

v0

∞∑
m=n

k−6mξ (kmp, 0) <
c

2
(32)

for all n ≥ n0. Since

∞∑
m=n

k−6mξ (kmp, 0) =
1

k6n

∞∑
m=n

k−6(m−n)ξ
(
km−n (knp) , 0

)
=

1

k6n

∞∑
m=0

k−6mξ (km (knp) , 0) =
1

k6n
ξ̃ (knp, 0) , (33)

we have

H(S(p)− T (p), c)

≥ min

{
H

(
s (knp)

k6n
− S(p),

c

2

)
, H

(
T (p)− s (knp)

k6n
,
c

2

)}
= min

{
H
(
s (knp)− S (knp) , k6(n−1)2c

)
, H
(
T (knp)− s (knp) , k6(n−1)2c

)}
≥ min

{
H

(
s (knp)− S (knp) , k6nv0

∞∑
m=n

k−6mξ (kmp, kmp)

)
,

H

(
T (knp)− s (knp) , k6nv0

∞∑
m=n

k−6mξ (kmp, kmp)

)}
≥ 1− ε. (34)
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It follows that H(S(p) − T (p), c) = 1 for all c > 0. Thus S(p) = T (p) for all
p ∈ A, which completes the proof.
Corollary 2.5 Let s : A −→ F be a mapping with s(0) = 0 and ε > 0 such
that

lim
v→∞

H(∆s(p, q), vε) = 1

uniformly on A × A. Then S(p) = H- lim
n→∞

s(knp)
k6n exists for each p ∈ A, and

defines a hexic mapping S : A −→ F such that if for some α > 0

H(∆s(p, q), ε) ≥ α

for all p, q ∈ A, then

H

(
s(p)− S(p),

ε

k6 − 1

)
≥ α

for all p ∈ A. Also, the hexic mapping S : A −→ F is a unique mapping such
that

lim
v→∞

H

(
s(p)− S(p),

vεk6

k6 − 1

)
= 1

uniformly on A.
Proof. The proof follows directly by taking ξ(p, q) = ε in Theorem 2.4.
Corollary 2.6 Let θ ≥ 0, and let r be a real number with 0 < r < 6. Let
s : A −→ F be a mapping with s(0) = 0 such that

lim
v→∞

H
(

∆s(p, q), vθ (‖p‖r + ‖q‖r)
)

= 1 (35)

uniformly on A × A. Then S(p) = H- lim
n→∞

s(knp)
k6n exists for each p ∈ A, and

defines a hexic mapping S : A −→ F such that if for some α > 0

H
(

∆s(p, q), θ (‖p‖r + ‖q‖r)
)
≥ α

for all p, q ∈ A, then

H

(
s(p)− S(p),

θ

(k6 − kr)
‖p‖r

)
≥ α

for all p ∈ A. Moreover, the hexic mapping S : A −→ F is a unique mapping
such that

lim
v→∞

H

(
s(p)− S(p),

k6vθ

(k6 − kr)
‖p‖r

)
= 1
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uniformly on A.
Proof. The proof is obtained by defining ξ(p, q) = θ (‖p‖r + ‖q‖r), and follow-
ing with similar arguments as in Theorem 2.4.

The proof of following theorem is similar to Theorem 2.4 since this is
dual result of Theorem 2.4, Hence we present only the main part of the proof.
Theorem 2.7 Let ξ : A×A −→ [0,∞) be a function such that

ξ̃(p, q) =

∞∑
n=1

k6nξ
( p

kn
,
q

kn

)
<∞

for all p, q ∈ A. Let s : A −→ F be a mapping satisfying (11), and s(0) = 0.
Then S(p) = H- lim

n→∞
k6ns

(
p
kn

)
exists for each p ∈ A, and defines a hexic

mapping S : A −→ F such that if for some α > 0

H
(

∆s(p, q), ξ(p, q)
)
≥ α

for all p, q ∈ A, then

H
(
s(p)− S(p), k6ξ̃

(p
k
, 0
))
≥ α

for all p ∈ A. Moreover, the hexic mapping S : A −→ F is a unique mapping
such that

lim
v→∞

H
(
s(p)− S(p), vξ̃

(p
k
, 0
))

= 1

uniformly on A. Proof. For a given ε > 0, by (11), we can find some v0 > 0
such that (15) holds for all v ≥ v0. By the application of induction technique
on an integer n > 0, we have

H

(
1

k6n
s(p)− s

( p

kn

)
, v

n−1∑
m=0

1

k6(n−m−1)
ξ
( p

km
, 0
))
≥ 1− ε (36)

for all v ≥ v0, all p ∈ A, and all n ∈ N. Now, replacing (p, q) by
(
p
k , 0
)

in (15),
we obtain

H

(
1

k6
s(p)− s

(p
k

)
, vξ

(p
k
, 0
))
≥ 1− ε (37)

for all p ∈ A and all v ≥ v0. The rest of the proof is obtained by similar
arguments as in Theorem 2.4.
Corollary 2.8 Let θ ≥ 0, and let r be a real number with r > 6. Let s : A −→
F be a mapping satisfying (35), and s(0) = 0. Then S(p) = N - lim

n→∞
k6ns

(
p
kn

)
exists for each p ∈ A, and defines a hexic mapping S : A −→ A such that if
for some α > 0

H
(

∆s(p, q), θ (‖p‖r + ‖q‖r)
)
≥ α



FUZZY STABILITIES OF A NEW HEXIC FUNCTIONAL EQUATION IN
VARIOUS SPACES 154

for all p, q ∈ A, then

H

(
s(p)− S(p),

θ

(kr − k6)
‖p‖r

)
≥ α

for all p ∈ A. Moreover, the hexic mapping S : A −→ F is a unique mapping
such that

lim
v→∞

H

(
s(p)− S(p),

k6vθ

(kr − k6)
‖p‖r

)
= 1

uniformly on A.
Proof. The proof directly follows by considering ξ(p, q) = θ (‖p‖ |r + ‖q‖r) in
Theorem 2.7 with similar arguments.

3 Felbin’s fuzzy stabilities of equation (9)

The preliminary notions of fuzzy number, fuzzy set and various concepts
concerning Felbin’s fuzzy complete normed space are discussed in [14]. The
following lemma plays a major role in obtaining our desired results and hence
we present its statement. The proof is available in [47].
Lemma 3.1 [47] Let (F, ‖·‖ , L,R) be a fuzzy normed linear space, and suppose
that
(R− 1) R(a, b) ≤ max(a, b),
(R− 2) ∀α ∈ (0, 1],∃β ∈ (0, α] such that R(β, y) ≤ α for all y ∈ (0, α),
(R− 3) lim

a→0+
R(a, a) = 0.

Then (R− 1)⇒ (R− 2)⇒ (R− 3) but not conversely.
In the upcoming results, various fundamental stabilities of equation (9)

associated with Ulam stability theory are obtained in the framework of Felbin’s
type fuzzy complete normed spaces.
Theorem 3.2 Let A be a vector space and (F, ‖ · ‖, L,R) be a fuzzy Banach
space satisfying (R − 2). Let s : A −→ F be a mapping for which there exists
a function ξ : A×A −→ F∗(R) such that

∞∑
i=0

(
ξ
(
kip, kiq

) )+
α

k6i
<∞ (38)

for all p, q ∈ A.
‖∆s(p, q)‖ � ξ(p, q) (39)

for all p, q ∈ A and all α ∈ (0, 1]. Then there exists a unique hexic mapping
S : A −→ F such that ∀α ∈ (0, 1],∃β ∈ (0, α],

‖s(p)− S(p)‖+α ≤
1

k12

∞∑
i=0

(
ξ(kip, 0)

)+
β

k6i
for all p ∈ A. (40)
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Proof. Setting q = 0 in (39), we get∥∥s(kp)− k6s(p)∥∥ � ξ(p, 0) (41)

for all p ∈ A. Replacing p by knp and then multiplying by 1
k6(n+1) in (41) in

the fuzzy scalar multiplication sense, we obtain∥∥∥∥s(kn+1p)

k6(n+1)
− s(knp)

k6n

∥∥∥∥ � 1

k6(n+1)
� ξ(knp, 0) (42)

for all p ∈ A and all non-negative integers n ∈ N. By Lemma 3.1 and inequality
(42), we conclude that for all α ∈ (0, 1] there exist β ∈ (0, α] such that∥∥∥∥s(kn+1p)

k6(n+1)
− s(kmp)

k6m

∥∥∥∥+
α

� 1

k6

n∑
i=m

1

k6i
(
ξ(kip, 0)

)+
β

(43)

for all p ∈ A and all non-negative integers m and n with n ≥ m. Now (38)

and (43) imply that { s(k
np)

k6n } is a fuzzy Cauchy sequence in F for all p ∈ A.

Since F is a fuzzy Banach space, the sequence { s(k
np)

k6n } converges for all p ∈ A.
Hence we can define a mapping S : A −→ F by

S(p) = lim
n→∞

s(knp)

k6n

for all p ∈ A. Letting m = 0 and passing the limit n → ∞ in (43), by
continuity of ‖ · ‖+α , we have

‖s(p)− S(p)‖+α �
1

k6

∞∑
i=0

(
ξ(kip, 0)

)+
β

k6i
(44)

for all p ∈ A. Therefore, we obtain (40). Next, we show that S is hexic and
unique. Applying (38), (39) and the continuity of ‖ · ‖+α , we have

‖∆S(p, q)‖+α � lim
n→∞

(
ξ(knp, knq)

)+
α

k6n
= 0

for all p, q ∈ A. Therefore, the mapping S : A −→ F is hexic. To prove the
uniqueness of S, let T : A −→ F be another hexic mapping satisfying (40).
By Lemma 3.1, we have

‖S(p)− T (p)‖ � lim
n→∞

1

k6(n+1)

∞∑
i=0

(
ξ(kn+ip, 0)

)+
β

k6i

� lim
n→∞

1

k6

∞∑
i=n

(
ξ(kip, 0)

)+
β

k6i
= 0
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for all p ∈ A which implies S = T . Hence, S is unique, which completes the
proof.
Corollary 3.3 Let A be a vector space and (F, ‖ · ‖, L,R) be a fuzzy Banach
space satisfying (R−2). Let ε ≥ 0 be a constant. Let s : A −→ F be a mapping
satisfying

‖∆s(p, q)‖ � ε (45)

for all p, q ∈ A and all α ∈ (0, 1]. Then there exists a unique hexic mapping
S : A −→ F such that ∀α ∈ (0, 1],∃β ∈ (0, α],

‖s(p)− S(p)‖+α �
ε

k2(k6 − 1)
for all p ∈ A. (46)

Proof. The proof is obtained by replacing ξ(p, q) = ε in Theorem 3.2 and
proceeding with the similar arguments.
Corollary 3.4 Let µ be non-negative fuzzy real number, and x, y be non-
negative real numbers such that µ = x + y < 6. Let A be a linear space
and (F, ‖·‖ , L,R) be a fuzzy Banach space satisfying (R − 1). Suppose that
s : A −→ F be a mapping satisfies the inequality

‖∆s(p, q)‖ � µ⊗ (‖p‖xA ⊕ ‖q‖
y
A)

for all p, q ∈ A. Then there exists a unique hexic mapping S : A −→ F such
that ∀α ∈ (0, 1],∃ β ∈ (0, α],

‖s(p)− S(p)‖+α �
µ+
β

2(k6 − kµ)

(
‖p‖+β

)µ
for all p ∈ A.
Proof. Taking ξ(p, q) = µ⊗ (‖p‖xA ⊕ ‖q‖

y
A) in Theorem 3.2, the proof follows.

Theorem 3.5 Let A be a linear space and (F, ‖ · ‖, L,R) be a fuzzy Banach
space satisfying (R − 2). Let s : A −→ F be a mapping for which there exists
a function ξ : A×A −→ F∗(R) such that

∞∑
i=1

k6i
(
ξ
( p
ki
,
q

ki

))+
α
<∞ (47)

for all p, q ∈ A and s satisfies

‖∆s(p, q)‖ � ξ(p, q) (48)

for all p, q ∈ A and all α ∈ (0, 1]. Then there exists a unique hexic mapping
S : A −→ F such that ∀α ∈ (0, 1],∃β ∈ (0, α],

‖s(p)− S(p)‖+α �
1

k6

∞∑
i=1

k6i
(
ξ
( p
ki
, 0
))+

β
(49)
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for all p ∈ A.
Proof. Setting y = 0 in (48), we get∥∥s(kp)− k6s(p)∥∥ � ξ(p, 0) (50)

for all p ∈ A. Replacing p by p
kn+1 and multiplying both sides by k6n in (50)

in the fuzzy scalar multiplication sense, we obtain∥∥∥k6ns( p

kn

)
− k6(n+1)s

( p

kn+1

)∥∥∥ � k6n � ξ ( p

kn+1
, 0
)

(51)

for all p ∈ A. By Lemma 3.1 and inequality (51), we conclude that for all
α ∈ (0, 1] there exist β ∈ (0, α] such that∥∥∥k6(n+1)s

( p

kn+1

)
− k6ms

( p

km

)∥∥∥+
α
�

n∑
i=m

k6i
(
ξ
( p

ki+1
, 0
))+

β
(52)

for all p ∈ A and all non-negative integers m and n with n ≥ m. Now (47)
and (52) imply that {k6ns

(
p
kn

)
} is a fuzzy Cauchy sequence in F for all p ∈ A.

Since F is a fuzzy Banach space, the sequence {k6ns
(
p
kn

)
} converges for all

p ∈ A. The rest of this proof is similar to Theorem 3.2.
Corollary 3.6 Let µ be non-negative fuzzy real number, and x, y be non-
negative real numbers such that µ = x + y > 6. Let A be a linear space
and (F, ‖·‖ , L,R) be a fuzzy Banach space satisfying (R − 1). Suppose that
s : A −→ F be a mapping satisfies the inequality

‖∆s(p, q)‖ � µ⊗ (‖p‖xA ⊕ ‖q‖
y
A)

for all p, q ∈ A. Then there exists a unique hexic mapping S : A −→ F such
that ∀α ∈ (0, 1],∃ β ∈ (0, α],

‖s(p)− S(p)‖+α �
µ+
β

2(kmu − k6)

(
‖p‖+β

)µ
for all p ∈ A.
Proof. By taking ξ(p, q) = µ ⊗ (‖p‖xA ⊕ ‖q‖

y
A) in Theorem 3.5, the proof

follows.

4 Intuitionistic fuzzy stabilities of equation (9)

The elementary definitions and other conceptions relevant to intuitionistic
fuzzy normed spaces are discussed in [4]. The following theorems provide the
classical stabilities of equation (9) pertinent to Ulam stability theory in the
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structure of intuitionistic fuzzy Banach spaces.
Theorem 4.1 Let A be a linear space and (F, µ, v) be an intuitionistic fuzzy
Banach space. Let ξ : A×A→ [0,∞) be a control function such that

ξ̃(p, q) =

∞∑
n=0

k−6nξ
(
k6np, k6nq

)
<∞ (53)

for all p, q ∈ A. Let s : A −→ F be a mapping satisfying the following with
respect to ξ

lim
t→∞

µ(∆s(p, q), tξ(p, q)) = 1,

and
lim
t→∞

ν(∆s(p, q), tξ(p, q)) = 0 (54)

for all p, q ∈ A. Then S(p) = (µ, ν)- lim
n→∞

s(knp)
k6n for each p ∈ A exists and

defines a hexic mapping S : A −→ F such that if for some α > 0 and all
p, q ∈ A,

µ(∆s(p, q), ξ(p, q)) > α,

and
ν(∆s(p, q), ξ(p, q)) < 1− α, (55)

then µ
(
S(p)− s(p), ξ̃(p, 0)

)
> α, and ν

(
S(p)− s(p), ξ̃(p, 0)

)
< 1− α.

Proof. Given ε > 0. By (54), we can find some t0 > 0 such that

µ(∆s(p, q), tξ(p, q)) ≥ 1− ε,

and
ν(∆s(p, q), tξ(p, q)) ≤ ε (56)

for all p, q ∈ A, and all t ≥ t0. By induction on n, we shall show that

µ

(
s (knp)− k6ns(p), t

n−1∑
m=0

kn−m−1ξ (kmp, kmp)

)
≥ 1− ε,

and (57)

ν

(
s (knp)− k6ns(p), t

n−1∑
m=0

kn−m−1ξ (kmp, kmp)

)
≤ ε,
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for all p ∈ A, t ≥ t0, and all positive integers n. Putting q = 0 in (56), we
obtain (57) for n = 1. Let (57) hold for some positive integer n. Then

µ

(
s
(
kn+1p

)
− k6(n+1)s(p), t

n∑
m=0

k6(n−m)ξ (kmp, 0)

)
≥ µ

(
s
(
kn+1p

)
− k6ns (knp) , t0ξ (knp, 0)

)
? µ

(
k6ns (knp)− k6(n+1)s(p), t0

n−1∑
m=0

k6(n−m)ξ (kmp, 0)

)
≥ (1− ε) ? (1− ε) = 1− ε,

and

ν

(
s
(
kn+1p

)
− k6(n+1)s(p), t

n∑
m=0

k6(n−m)ξ (kmp, 0)

)
≤ ν

(
s
(
kn+1p

)
− k6ns (knp) , t0ξ (knp, 0)

)
♦ν

(
k6ns (knp)− k6(n+1)s(p), t0

n−1∑
m=0

k6(n−m)ξ (kmp, 0)

)
≤ ε♦ε = ε.

This completes the induction argument. Let t = t0 and put n = x then by
replacing p with knp in (57), we obtain

µ

(
s (kn+xp)

k6(n+x)
− s (knp)

k6n
,

t0
k6(n+x)

x−1∑
m=0

k6(x−m−1)ξ
(
kn+mp, 0

))
≥ 1− ε,

and

ν

(
s (kn+xp)

k6(n+x)
− s (knp)

k6n
,

t0
k6(n+x)

x−1∑
m=0

k6(x−m−1)ξ
(
kn+mp, 0

))
≤ ε, (58)

for all integers n ≥ 0 and x > 0. The convergence of (53), and

x−1∑
m=0

k−6(n+m+1)ξ
(
kn+mp, 0

)
=

1

2

n+x−1∑
m=n

k−6mξ (kmp, 0)

imply that for given δ > 0 there is n0 ∈ N such that

t0
2

n+x−1∑
m=n

k−6mξ (kmp, 0) < δ,
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for all n ≥ n0 and all x > 0. Now we deduce that from (58) that

µ

(
s (kn+xp)

k6(n+x)
− s (knp)

k6n
, δ

)
≥ µ

(
s (kn+xp)

k6(n+x)
− s (knp)

k6n
,

t0
k6(n+x)

x−1∑
m=0

k6(x−m−1)ξ
(
kn+mp, 0

))
≥ 1− ε,

and

ν

(
s (kn+xp)

k6(n+x)
− s (knp)

k6n
, δ

)
≤ ν

(
s (kn+xp)

k6(n+x)
− s (knp)

k6n
,

t0
k6(n+x)

x−1∑
m=0

k6(x−m−1)ξ
(
kn+mp, 0

))
≤ ε,

for all n ≥ n0 and all p > 0. Hence
{
s(knp)
k6n

}
is a Cauchy sequence in F.

Since Y is an intuitionistic fuzzy Banach space,
{
s(knp)
k6n

}
converges to some

S(p) ∈ F. Hence, we can define a mapping S : A −→ F such that S(p) =

(µ, ν)- lim
n→∞

s(knp)
k6n , namely, for each t > 0, and p ∈ A,

µ

(
S(p)− s (knp)

k6n
, t

)
= 1, and ν

(
S(p)− s (knp)

k6n
, t

)
= 0.

Now, let p, q ∈ A. Choose any fixed value of t > 0, and ε ∈ (0, 1). Since

lim
n→∞

k−6nξ (knp, knq) = 0, there exists n1 > n0 such that t0ξ (knp, knq) < k6nt
k

for all n ≥ n1. Hence for each n ≥ n1, we have

µ(∆S(p, q), t)

≥ µ
(
S(kp+ lq)− s (kn(kp+ lq))

k6n
,
t

9

)
? µ

(
S(kp− lq)− s (kn(kp− lq))

k6n
,
t

9

)
? µ

(
l6S

(
p+

k

l
q

)
− l6

s
(
k6n

(
p+ k

l q
))

k6n
,
t

9

)

? µ

(
l6S

(
p− k

l
q

)
− l6

s
(
k6n

(
p− k

l q
))

k6n
,
t

9

)
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? µ

(
k2l22(k2 + l2)S(p+ q)− k2l2

s
(
k6n(p+ q)

)
k6n

,
t

9

)

? µ

(
k2l22(k2 + l2)S(p− q)− k2l2

s
(
k6n(p− q)

)
k6n

,
t

9

)

? µ

(
2(k2 − l2)(k4 − l4)S(p)− 2(k2 − l2)(k4 − l4)

s
(
k6n(p)

)
k6n

,
t

9

)

? µ

(
2(k2 − l2)(k4 − l4)S(q)− 2(k2 − l2)(k4 − l4)

s
(
k6n(q)

)
k6n

,
t

9

)

? µ

(
∆s(knp, knq),

k6nt

9

)
, (59)

and also

µ

(
∆s(knp, knq),

k6nt

9

)
≥ µ (∆s(knp, knq), tξ (knp, knq)) . (60)

Letting n→∞ in (59) and then using (56) and (60), we obtain

µ(∆S(p, q), t) ≥ 1− ε

for all t > 0 and ε ∈ (0, 1). Similarly, we obtain

ν(∆S(p, q), t) ≤ ε

for alll t > 0 and ε ∈ (0, 1). It follows that µ(∆S(p, q), t) = 1, and ν(∆S(p, q), t) =
0, for all t > 0. Therefore S satisfies (9).

Lastly, suppose that for some α, (55) holds, and

ξn(p, q) =

n−1∑
m=0

k−6(m+1)ξ (kmp, kmq) ,

for all p, q ∈ A. By a similar argument as in the beginning of the proof one
can deduce from (55)

µ

(
s (knp)− k6ns(p),

n−1∑
m=0

k6(n−m−1)ξ (kmp, 0)

)
≥ α,

and (61)

ν

(
s (knp)− k6ns(p),

n−1∑
m=0

k6(n−m−1)ξ (kmp, 0)

)
≤ 1− α,
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for all positive integers n. For ` > 0, we have

µ(s(p)− S(p), ξn(p, 0) + `)

≥ µ
(
s(p)− s (knp)

k6n
, ξn(p, 0)

)
? µ

(
s (knp)

k6n
− S(p), `

)
,

and

ν(s(p)− S(p), ξn(p, 0) + `)

≤ ν
(
s(p)− s (knp)

k6n
, ξn(p, 0)

)
♦ν

(
s (knp)

k6n
− S(p), `

)
. (62)

Combining (61) with (62), and using the fact that

lim
n→∞

µ

(
s (knp)

k6n
− S(p), `

)
= 1,

and

lim
n→∞

ν

(
s (knp)

k6n
− S(p), `

)
= 0,

we obtain µ(s(p)−S(p), ξn(p, 0)+`) ≥ α, and ν(s(p)−S(p), ξn(p, 0)+`) ≤ 1−α,
for sufficiently large n. From the (upper semi) continuity of real functions
µ(s(p)− S(p), ·), and ν(s(p)− S(p), ·), we see that

µ
(
s(p)− S(p), ξ̃(p, 0) + `

)
≥ α,

and
v
(
s(p)− S(p), ξ̃(p, 0) + `

)
≤ 1− α.

Taking the limit `→∞, we obtain µ
(
s(p)− S(p), ξ̃(p, 0)

)
≥ α, and

v
(
s(p)− S(p), ξ̃(p, 0)

)
≤ 1− α.

Hence the proof.
Corollary 4.2 Let A be a linear space and (F, µ, v) be an intuitionistic fuzzy
Banach space. Let s : A −→ F be a mapping satisfying the following

lim
t→∞

µ(∆s(p, q), tε) = 1, and lim
t→∞

ν(∆s(p, q), tε) = 0 (63)

for all p, q ∈ A. Then S(p) = (µ, ν)- lim
n→∞

s(knp)
k6n for each p ∈ A exists and

defines a hexic mapping S : A −→ F such that if for some α > 0 and all
p, q ∈ A,

µ(∆s(p, q), ε) > α, and ν(∆s(p, q), ε) < 1− α, (64)
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then µ
(
S(p)− s(p), εk6

k6−1

)
> α, and ν

(
S(p)− s(p), εk6

k6−1

)
< 1− α.

Theorem 4.3 Let A be a linear space and (F, µ, ν) be an intuitionistic fuzzy
Banach space. Let ξ : A× A −→ [0,∞) be a control function satisfying (53).
Let s : A −→ F be a mapping satisfying (54) with respect to ξ. Then there is
a unique hexic mapping S : A −→ F such that

lim
n→∞

µ
(
s(p)− S(p), tξ̃

(p
k
, 0
))

= 1,

and (65)

lim
n→∞

ν
(
s(p)− S(p), tξ̃

(p
k
, 0
))

= 0

uniformly in A.
Proof. The existence of uniform limit (65) immediately follows from Theorem
4.1. It remains to prove the uniqueness assertion. Let T be another hexic
mapping satisfying (65). Choose t > 0. Given ε > 0, there is some t0 > 0 such
that from (65), we have

µ
(
s(p)− S(p), tξ̃

(p
k
, 0
))
≥ 1− ε, and ν

(
s(p)− S(p), tξ̃

(p
k
, 0
))
≤ ε

for all p ∈ A, and all t ≥ t0. For some p ∈ A, we can find some integer n0
such that

t0

∞∑
m=n

k6mξ
( p

km
, 0
)
<
t

2
,

for all n ≥ n0. Since
∞∑
m=n

k6mξ
( p

km
, 0
)

= k6n
∞∑
m=n

k6(m−n)ξ
(
k(n−m) p

kn
, 0
)

= k6nξ̃
( p

kn
, 0
)
,

we have

µ(s(p)− S(p), t) ≥ µ
(
k6ns

( p

kn

)
− S(p),

t

2

)
? µ

(
S(p)− k6ns

( p

kn

)
,
t

2

)
= µ

(
s
( p

kn

)
− S

( p

kn

)
, k6(n−1)t

)
? µ
(
S
( p

kn

)
− s

( p

kn

)
, k6(n−1)t

)
≥ µ

(
s
( p

kn

)
− S

( p

kn

)
, k6nt0

∞∑
m=n

k6mξ
( p

km
, 0
))

? µ

(
S
( p

kn

)
− s

( p

kn

)
, k6nt0

∞∑
m=n

k6mξ
( p

km
, 0
))

= µ
(
s
( p

kn

)
− S

( p

kn

)
, t0ξ̃

( p

kn
, 0
))

? µ
(
S
( p

kn

)
− s

( p

kn

)
, t0ξ̃

( p

kn
, 0
))
≥ 1− ε,
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and similarly

ν(S(p)− T (p), t) ≤ ν
(
s (knp)

k6n
− S(p),

t

2

)
♦ν

(
T (p)− s (knp)

k6n
,
t

2

)
≤ ν

(
s
( p

kn

)
− S

( p

kn

)
,

1

k6n
t0

∞∑
m=n

k6mξ
( p

km
, 0
))

♦ν

(
T
( p

kn

)
− s

( p

kn

)
,

1

k6n
t0

∞∑
m=n

k6mξ
( p

km
, 0
))

= ν
(
s
( p

kn

)
− S

( p

kn

)
, t0ξ̃

( p

kn
, 0
))

♦ν
(
T
( p

kn

)
− s

( p

kn

)
, t0ξ̃

( p

kn
, 0
))
≤ ε.

It follows that µ(S(p) − T (p), t) = 1 and ν(S(p) − T (p), t) = 0 for all t > 0.
Hence S(p) = T (p) for all p ∈ A, which completes the proof.
Corollary 4.4 Let A be a normed linear space, and (F, µ, v) be an intuition-
istic fuzzy Banach space. Let s : A −→ F be a function such that for all θ ≥ 0,
0 ≤ r ≤ 1

lim
t→∞

µ (∆s(p, q), tθ (‖p‖r + ‖q‖r)) = 1,

uniformly in A × A. Then there exists a unique hexic mapping S : A −→ F

such that

lim
t→∞

µ

(
S(p)− s(p), tθ ‖p‖r

|1− kr−6|

)
= 1,

and

lim
t→∞

ν

(
S(p)− s(p), tθ ‖p‖ |r

|1− kr−6|

)
= 0,

uniformly in A.
Proof. The proof follows immediately from Theorems 4.1, and 4.3 by consid-
ering the control function ξ(p, q) = θ (‖p‖r + ‖q‖r) for some θ > 0.

5 Experimental results

In this section, we discuss about the graphs of exact solution and approx-
imate solution of equation (9). It is easy to check that the hexic function
S(p) = p6 is an exact solution to equation (9). For experimental purpose, we
considered another function s(p) = p6 ln(|p|)+p6 which is not a hexic function.
These two functions are plotted on a graph using geogebra and it is observed
that the graphs of the two functions S(p) and s(p) coincide with each other at
many points. This indicates that s(p) is an approximate solution to equation
(9).
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Value of the Exact Approximate Difference
variable p solution S(p) solution s(p) |S(p)− s(p)|
−1 1.0000 1.0000 0.00000
−0.9 0.5314 0.4754 0.05599
−0.8 0.2621 0.2036 0.05850
−0.7 0.1176 0.0757 0.04196
−0.6 0.0467 0.0228 0.02383
−0.5 0.0156 0.0048 0.01083
−0.4 0.0041 0.0003 0.00375
−0.3 0.0007 −0.0001 0.00088
−0.2 0.0001 0.0000 0.00010
−0.1 0.0000 0.0000 0.00000
0.1 0.0000 0.0000 0.00000
0.2 0.0001 0.0000 0.00010
0.3 0.0007 −0.0001 0.00088
0.4 0.0041 0.0003 0.00375
0.5 0.0156 0.0048 0.01083
0.6 0.0467 0.0228 0.02383
0.7 0.1176 0.0757 0.04196
0.8 0.2621 0.2036 0.05850
0.9 0.5314 0.4754 0.05599
1 1.0000 1.0000 0.00000

The graphs of the functions S(p) (in green colour) and s(p) (in red colour) are
shown in Figure 1.

Figure 1: Graphs of S(p) and s(p)
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Also, the difference between the values of S(p) and s(p) are shown in the above
Table 5. From the table, we observe that the differences between the functional
values of S(p) and s(p) are small and the maximum of the calculated difference
values is 0.54441. Hence, from the experimental analysis, we infer that there
exists an approximate solution to equation 9.

6 Comparative evaluation of the results

We have dealt with a new hexic functional equation (9) in this study. We
have proved that its stability results holds good in various fuzzy settings
namely fuzzy Banach space, Felbin’s type fuzzy Banach space and intuitionis-
tic fuzzy Banach space. The main results obtained are summarized as follows:

Corollary No. Fuzzy setting Stability result

Corollary 2.5 Fuzzy Banach space H

(
s(p)− S(p),

ε

k6 − 1

)
≥ α

Corollary 3.3 Felbin’s type ‖s(p)− S(p)‖+α �
ε

k2(k6 − 1)

Banach space

Corollary 4.2 Intuitionistic fuzzy µ

(
S(p)− s(p), εk6

k6 − 1

)
> α,

Banach space ν

(
S(p)− s(p), εk6

k6 − 1

)
< 1− α

for all p ∈ A. From the compared results in the table, we observe that the ap-
proximate solution s(p) is very close to the exact solution S(p) in the setting of

Felbin’s type Banach space since the upper bound
ε

k2(k6 − 1)
is less when com-

pared when the upper bounds in fuzzy Banach space and intuitionistic fuzzy
Banach space. The stability results concerning Hyers-Ulam stability involved
with a positive constant ε in the upper bound are obtained in Corollaries 2.5,
3.3 and 4.2.

7 Discussion on the investigation

In this investigation, we have proved the stability results of equation (9)
in fuzzy Banach spaces, Felbin’s type fuzzy Banach spaces and intuitionistic
fuzzy Banach spaces. A fuzzy norm on a real vector space is defined on a
real vector space to produce fuzzy normed space. A left fuzzy norm and a
right fuzzy norm are defined to construct Felbin’s fuzzy normed space. In
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the case of intuitionistic fuzzy normed spaces, the continuous t-norm and t-
conorm are defined on [0, 1]× [0, 1]. Then a vector space becomes intuitionistic
fuzzy normed space with these t-norm and t-conorm, and fuzzy sets µ and ν.
Using these different notions and conditions in various fuzzy settings, we have
obtained the stability results in different fuzzy spaces. In the recent research
work in other disciplines, fuzzy Banach space, Felbin’s type Banach space
and intuitionistic fuzzy Banach space play a major role in solving problems
involving uncertainities.

8 Conclusion

Using the notions and definitions introduced in [5], we analysed critically
the fuzzy conditions with different norms to investigate stability results of
equation (9). At the end of this study, we arrived at valid stability results in
various fuzzy settings using direct method. There are various stability results
of different types of functional, differential and integral equations obtained
by many mathematicians in the setting of many normed spaces like Banach
spaces, paranormed spaces, quasi-β-normed spaces, non-Archimedean spaces,
matrix normed spaces, dislocated metric spaces, p-Banach spaces, Menger
probabilistic normed spaces, etc. In this work, we have proved that the stabil-
ity results of equation (9) hold good in fuzzy spaces like fuzzy Banach space,
Felbin’s fuzzy Banach space and intutionistic fuzzy Banach space. These sta-
bility results obtained in various fuzzy settings could be implemented to solve
problems with inexactness and vagueness. We do hope these results would
pave a different direction to analyze approximate solutions to a given equa-
tion whenever uncertainty occurs.
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