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Central and local limit theorems for the
weighted Delannoy numbers

Igoris Belovas

Abstract

In this research we generalize our result for numbers satisfying the
Delannoy triangle. We obtain a central limit theorem and a local limit
theorem for weighted numbers of the triangle and establish the rate of
convergence to the limiting (normal) distribution.

1 Introduction

The Delannoy numbers D,, , (named after French army officer and amateur
mathematician Henri Delannoy) count the number of lattice paths from the
southwest corner (0,0) to the northeast corner (n, k), using only single steps
north, northeast, or east [16]. The Delannoy numbers constitute the Delan-
noy array (see Table la) and (for nonnegative integers n and k) satisfy the
recurrence relation [10, 15],

D= 1 ifn=0o0r k=0,
k= Dyp_1k+Dp_q1x—1+Dpr—1, otherwise .

)

(1)
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Table 1: The Delannoy array and the tribonacci triangle

a) D, numbers b) Iﬁmk numbers
0 1 2 3 4 0 1 2 3 4
o1 1 1 1 1 0o/1 0 0 0 O
111 3 5 7 9 1171 1 0 0 O
211 5 13 25 41 211 3 1 0 0
311 7 25 63 129 311 5 5 1 0
4 11 9 41 129 321 411 7 13 7 1

It is convenient to arrange the Delannoy numbers in a triangular array
resembling Pascal’s triangle [3, 11], in which each modified number D, j, (see

Table 1b) is the sum of the three numbers above it: ﬁn’k = Dy 1 [16], or
1, if n=0and k=0,
Dnr=10, if min(n —k,n, k) <0, (2)
anl’kfl + bnfl’k + angykfl, otherwise .

Thus, the weighted Delannoy numbers d,, ;, are defined by the following
recurrent expression [2, 14]:

1, ifn=0and k=0,
dnr =10, if min(n —k,n,k) <0, (3)
adp—1 -1+ Bdn—1% +ydn—2-1, otherwise .

Here the weights «, 8, are positive. The definition (3) is equivalent to

0, if min(n —k,n,k) <0,
Qo= {0 = (4)
’ G if k=0,

adp—1 -1+ Bdp—1% +ydn—2-1, otherwise .
The closed form for the weighted Delannoy numbers (cf. Table 2) is [2]

min(k,n—k)
dn,k — Z Cljccﬁijak—jﬂn—k—j,yj_ (5)

=0
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Table 2: The generalized Delannoy triangle (dy, j numbers)

0 1 2 3 4
0|1 0 0 0 0
1|5 a 0 0 0
2 | 2 203 + a? 0 0
318 3a8%+28y 3028 + 2ay a’ 0
4 | B* 4aB 4362y 60282 +6aBy+2 4a3B+3a%y ot

The Delannoy numbers and their generalizations are intensively investi-
gated now. Amrouche, Belbachir and Ramrez have studied the unimodality
of sequences located in the Delannoy triangle’s infinite transversals and de-
rived the explicit formulation of the linear recurrence sequence satisfied by
the sum of the elements lying over any finite ray of the generalized Delannoy
matrix [1, 2]. The total positivity of Delannoy-like triangles has been analyzed
by Mu and Zheng [13]. Yang, Zheng and Yuan have examined the inverses of
the generalized Delannoy matrices [17]. In [14] Noble has obtained asymptotic
expansions for the central weighted Delannoy numbers u,, and the numbers
along the diagonal with slope 2 (u,,2,). In this paper we extend the investiga-
tions of asymptotic expansions for the Delannoy numbers (cf. limit theorems
for combinatorial numbers in [4, 5, 7, 8]) and generalize our result for numbers
satisfying the ordinary Delannoy triangle [6].

The paper is organized as follows. The first part is the introduction. In
the second part, we specify the moment-generating function of the weighted
Delannoy numbers and calculate exact expressions for the first and second
moments. The third and fourth sections are devoted to the central and local
limit theorems. We establish the asymptotic normality of the numbers along
with the rate of convergence to the limiting distribution.

Throughout this paper, we denote by ®,, ,(z) the cumulative distribution
function of the normal distribution with the mean p and the standard deviation
0; by 0 (x) we denote the corresponding density function. All limits in the
paper, unless specified, are taken as n — oc.
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2 Moment-generating function

Let us identify the closed form of the generating function of the numbers (3),

F(x,y) = Z Z dn,kx”yk = Z Z dn,kxnyk. (6)

n=0 k=0 n=0 k=0

Lemma 2.1. The double ordinary generating function of the weighted Delan-
noy numbers is

1

F = .
(z,9) 1— Br — azy — yr2y

(7)

Proof. Substituting the expression (4) into the generating function (6), we
obtain, that

F(.’E, y) = Z dn,Omn + Z dn,lmny
n=0 n=1

+ )Y adn 1 k1 + Bdn1k +vdn 2k 12"y"

n=2 k=2
o0 o0 o0 oo
= dpor" + Y dpra"y+awy Yy Y dnpay”
n=0 n=1 n=1 k=1
00 Y Y duga™y oy Y Y duga™yt
n=2 k=2 n=1k=1
oo (oo}
= (1 - Bz —azy —y2°y) > _ dnoa" +(y — Bry) Y dpaz”
n=0 n=1
=1 _ az+~z?
1=pe DL
+axyF(z,y) + frF(z,y) + v’y F(z,y),
yielding us the statement of the lemma. O

Let A, be an integral random variable with the probability mass function

dnAk
P(A, =k) = =gk
( ) Zk:o dn i

The moment-generating function of the random variable A, is

9)

M, (s) = B(e*®) = > P(A, = k)e* = .1 " dy, e, (10)
k=0 k=0
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where S,, stands for the sum of the n-th row of the triangle. Combining the
definition of the generating function (6) and (10), we receive

n

F(z,e®) = i " Zdn’keé‘k = i xSy My (s).
n=0

n=0 k=0

Hence, the partial differentiation of the generating function F'(x,y) at x = 0,
yields us the moment-generating function

1 o

Mn(s) = 57 gam

F(x,e®)

(11)

z=0

Because of M,,(0) = 1, we have formula for the sum of n-th row,

:—7F s
Sn n! Oxm (@,¢7)

(12)
0.0)

Next, we prove the following result for the moment-generating function.

Lemma 2.2. The moment generating function of the random variable A, is

6y (0 4 B4 6(s)™ — (ae 15— 0(s)™
Mol = G0y et B s by (@i p it D)

here

0(s) = V/a2e® + (2af + dy)es + 2,

14
B = 0(0) = Va2 + 2a8 + 4y + 2. (19

Proof. Let us consider the denominator in the formula for the generating func-
tion F(z,e®) (7),

yes v yes

= —e’(z —x1)(x — z2),

s 1
1— (B4 ae®)x — ye'z? = —ve? <x2 + ftact )

where ‘
~ae’ +B+0(s)

_ae’+8-0(s)
2ves '

2yes

1 = ) Ty =

Using the formula for the n-th derivative of the rational function,

1 ) ool B
2?2 +pr+q o —x1 (T122)"HL

x=0
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(here 1 and xo are roots of the quadratic trinomial), we get

o [(ae® + B 40(s)"H! — (ae + 8 —0(s))" !

aﬁFme)mﬂ:" 2n+1g(s)

Thus, by (12), the sum of the n-th row of the Delannoy triangle is

(a+B+0)" ! — (a+ B — )"

Sn = 2n+190 )

yielding us the statement of the lemma.

O
Lemma 2.3. Let
o« + B - 90
a+B+0’
fo = Vo2 + 20 + 4y + B2,
, o’ +af+2y
Op= ———,
to
o — at + 3038 + 602y + 30?32 + daBy + 4v% + aff® + 2%y
0 98 ’
then the expectation and the variance of the random variable A, are
(a+ B +6bp)o+ 2y 2y(a = B)
n = n + O nhn P
TR R AT )

+or (a+9/)2 9/2_909//
2 _ 1 ( arb% 0 0 0 4 O(n2hn
e I CEy E L) A

respectively.

Proof. Calculating the first and the second derivatives of the moment-gene-
rating function, we receive

ae® + B+ 0(s))"(ae® + 0'(s)) — (ae® + 5 —0(s))" (ae —0'(s))
(n+ 1)~ ((a+ B+ 600)"+ — (a+ B — 60)"1)0; ' 0(s)

~ ((ae® + B+0(s)" ! — (ae® + 8 —0(s))"1)o'(

((a+ B+ 0p)" ! — (a+ B — 0p)"+1)05102(s)

S
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and
M"(s) =
_ n(ae® + B+ 0(s))" Hae® + 0'(5))? + (ae® + B+ 0(s))" (e + 0" (s))
(n+ 1)~ (a4 B+ 00)" 1 — (a+ B — 00)"+1)05 10(s)
(0c* + 3+ 0()" (ae® +0/(5))0'(s)
(n+ 1) (a4 B+ 00)" 1 — (a+ B — 6g)"+1)0; 1 0%(s)
_ n(ae® + 8 —0(s))" " Hae® —0'(s))* + (ae® + 5 — 0(s))"(ae® — 0"(s))
(n+1)"1((a+ B+ 60) 1 — (a + B — 6o)"+1)6516(s)
(ae® + 8 —0(s))" (ce® — 6'(s))6" ()
(n+1)71((ar+ B+ 60)" 1 — (a + B — bp)"+1)65 1 6%(s)
(n+1)(ce® + B+ 0(s))" (e + 0'(5))0'(5) + (ce® + B+ 0(s))" 10" (s)
(a4 B4 Op)n 1 — (a+ B — 0p)"+1)0; 1602(s)
N 2(ae® + B+ 0(5))" 1 (0'(5))?
((a+ B+ 00)" Tt — (a4 B — )" t1)05 1 03(s)
(n+1)(ce® + B —0(s))" (e’ — 0'(5))0'(5) + (e + 8 — 0(s))" 10" (s)
((a+ B+ 0p)n 1 — (a+ B — 0p)"+1)0; 1602(s)
2(ae” + B —0(s)" (' (s))?
(a4 B4 0o)n ! — (o + B — )" +1)0, 163 (s)”

+

(17)
Next, we have
o (s) = a?e?s + (aff + 2v)e? A% 4 (af + 27)e?
Va2e2s + (2ap + 4y)es + 32 0(s)
9//( ) _
_ate® 4+ 302 (af 4 27)e* + (30?52 + dafy + 492)e*s 4 B2 (af + 27y)e’
- 0°(s) ’
(18)
and

00)=0,  0(0)=0. (19)
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Hence, the expectation (cf. (16) and (19)) is

1 = M/ (0) = LeFBFO) at0) = (@t B =00)"(a—b0) %
to (n+1)"1((a+B+00)" — (a+ B —0)"t1) 6o
a(a+B+600)+2y _ abo—(a’+aB+27) 1n
=(n+1) (180005~ (et Fhd0) P taf+2y
1 — hntl 62
(a+ B+ 0g)a+ 2y
(a+ B+ 6o)bo

a? +af+ 2y
02 ’

=(n+1) (14+0(r")) —

yielding us the first statement of the lemma.
Calculating the variance (cf. (17) and (19)), we obtain

n(a+pB+00)" (o +0p)*+ (a+ B +600)" (a+ 67)
(a4 B +60g)" — (a4 B — bp)nt1
(n+1)(a+B+0)"(a+6,)0 — (n+1)(a+ B —0)"(a— 6,)0

ML(0) = (n+1)

(a4 B+ 600)" 1 — (a+ B — )" )b,
n(a+ B8 —00)"(a—05)* + (a+ B8 — )" (a — 65)
(a+B+00)" 1 — (a+ 3 — )"+
(n+1)(a+ B+ 00)" (a+60)0) + (a+ B+ 6p)" 16y
(a4 B +00)" ! — (a+ B —bo) )b

2+ B+ 00)" 10,7 — 2(a + B — 0p)"10)°
(a4 B+60)" " = (a+ B = 60)"+1)6
(n+1)(a+ B8 —60)"(a —04)0 + (a + B — 60)"6F
((a+ B+ 60)" ! — (a+ B — o)™ *)bo ’

—(n+1)

and
(n(aﬂ-ﬁ-@é); + a-g@é’e . (n(aﬁ—eg); hpn—l ag%; hr
at B+ a+p+ a+B+ at+p+
M;(0) = (n+1) : T ;
(@400)0h _ (a—00)06 pn  (n+D(a+60)0 | 0F
— (n4 1){eFBH0)00  (a+F+00)00 " (a+F+00)00 T b0
1 — pntl 1 — pn+1
200°  200% 1+l (A1) (@—05)0) 1 n | 04 1nal
b~ g h RO R A
+ 1 — pntl + 1 — hnt1
_ (n+Dn(a+6))?  (n+1)(a+6)
(a+ B+ 60)? a+ B +6
2
~ 2(n+1)(a+605)0; N 20,7 — 0007 + 02,

(Oz-l-ﬂ +90)90 98
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Thus,

v A0) e — MU0 (1) (ot 0)

" (a+ B+ 6o)? a+ B+ 6o
7%n+Dm+ﬂ@%+2%27%%4%n+U2(a+%ﬁ
(a+ B+ 00)0 62 (a+ B+ 00)?
(a + 65)65 6y 2
+2(n+1)———2 9 _ 04 On2p"
(4 D) B+ 0008, 0z T O
o+ 0 (o + 6})? > 0> — 6,6l )
=(n+1 — + +0(n*h™),
(n )<a+ﬂ+60 (a+ B+ 60)2 02 (n°h")
concluding the proof of the lemma. O

Remark 2.1. The expectation and the variance of the random wvariable A,

can be represented as
- 1
=i (120(2)
n

ot =no?(1+0(3)), (20)

respectively. Here

_ (a+B+0g)a+2y
H= a1 B+ 60)00 o)
o atby  (at0)
a+B+0 (a+B+00)2
Indeed, calculating 2, we obtain
52 - 2080 + 1(a = B)* | 2AaB +9)(a+ f)((a+B) +2)
03(a+ B+ 0p)? 03 (a + B+ 6p)? (22)
_(@+B)af+q)

3 Central limit theorem

Let {2,,} be a sequence of integral random variables. Suppose that the mo-
ment generating function satisfies the asymptotic expression:

My(s) =™ (140 (5,1))

the O-term being uniform for |s| < 7, s € C, 7 > 0, where
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(1) Hn(s) = u(s)d(n) + v(s), with u(s) and v(s) analytic for |s| < 7 and
independent of n, u”(0) # 0;

(ii) @(n) — oo;
(iii) Ky — 0.

We will use Hwang’s general limit theorem [12] to prove the asymptotic nor-
mality of the weighted Delannoy numbers and establish the rate of convergence
to the limiting distribution.

Theorem 3.1. (Hwang). Under assumptions (i)-(iii),

Q, —u'(0)p(n) o) o = 1 1
‘P< <> ) O(nﬁ ¢<n>>’ )

u”(0)¢(n)

uniformly with respect to x, x € R.
Let us formulate an auxiliary lemma.
Lemma 3.1. Forz € R,

VapB —af + v < ae® + 3 —0(x)
VaB+VaB+~ - aet + B+ 0(z)

< 0.

Proof. Let
(2) = ae” 4+ 3 —6(x)
¢ ae® + B+ 0(x)

Calculating the first derivative, we obtain

vy 20e0(x) — 20”0’ (x) — 20" (x)
Y O

Next, solving the equation
/ ﬁ —x ! _
O(x) —0'(x) — e 0'(z) =0,

we get (cf.(14) and (18))

P(x) ~ % — (0B +20)e” —afe” ~ D(apram =0 = =0
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yielding us the stationary point xy = log(8/a). Note that

owg) =22+ 2,
(o) = /2 + 2,
4 2 202 3
0" (x0) = f(2a 52;?:(;;)57 7 )
Since 166 (af )
1" _ y(ab 4+
q (xO) - QQGS(I())(2B T 0(%0))2 > Oa
h
we have )~ (x):\/@— TS
TR 4l = alwo VaB+aB+7’
thus concluding the proof. O

Theorem 3.2. Suppose that F,,(z) is the cumulative distribution function of
the random variable A,,, then

() oo ()

uniformly with respect to x, x € R.

Proof. The logarithm of the moment-generating function equals

ae’ + B+ 0(s) ae’ + B+ 0(s) 0o
log M,,(s) = log ————— —+1
og (5) \;L?/) og at 810, og ot B+ 0, og 0(8)
- =u(s) 1=v(s)

ae® + 8 —0(s)\" ™ n+1

:=O(hn+1)

e (E == 00y

aeS+B+6(s)
By Lemma 3.1,
ae® + 5 —6(s) —Vaf+7 L
ae’ + 5+ 6(s) \/ —l—\/oz,b’—i—
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Thus,

My (s) = exp (u(s)p(n) +v(s)) (1 + O (k1)) -
Here r,, = (max(r,h))" ™. Note that the functions u(s), v(s), ¢(n) and &,
satisfy the conditions (i)-(iii). Indeed,

ae’ +6'(s)
aes + B+ 6(s)’
(ac® +0/())(ae* 1 1 0(s)) — (ac® +0/(5))?
(14 e+ 0(s)? '

u'(s) =

u'’(s) =

Hence,
W (0) = a? +af + 2y + aby o
(a+B+60)8 " =
9! o 2
wo)= o0 (0t ) S =5">0,
a+B+60y (a+ B8+ 00)
yielding us, by (21) and (23), the statement of the theorem. O

4 Local limit theorem

We will use Bender’s general local limit theorem [9], based on the nature of
the generating function (6)-(7).

Theorem 4.1. (Bender) Let f(z,w) have a power series expansion
w) = Z Upy 2" W" (25)
n,k>0
with non-negative coefficients and let a < b be real numbers. Define
Re)={z:a <Rz <b, |3z|<e}. (26)

Suppose there exists € > 0,0 > 0, a non-negative integer m, and functions
A(s), r(s) such that

(i)
(ii) an r(s) is non-zero and has a bounded third derivative for s € R(¢),
)

(iii) for s € R(e) and |z| < |r(s)|(1 4 0) function

an A(s) is continuous and non-zero for s € R(e),

18 analytic and bounded,
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(v) ((@0)/r(®) = 1"(8)/r(t) £0 for a <t <,
(v) f(z,e®) is analytic and bounded for

|| < |r(Rs)|(1 + 9), e < |Ss] < 7.
Then we have A1)
nme” t
Up g~ —————————— 28
* mlr™ ()% 2mn (28)
uniformly for a <t < b, where
’ 2 "
ﬁ:_r(t)’ 19?: E _r (t) (29)
n r(t) n r(t)

The following local limit theorem specifies an asymptotic for the weighted
Delannoy numbers.

Theorem 4.2. Let ji,, = fin and 62 = nG?, then for all k, such that
|k fin| = 0(5,/°), (30)
we have

(2y)" !
e ~ i 5 (K).
ok 90(90 — o — 6)71-&-1 Plin, T,,( )

(31)

Proof. By Lemma 2.1, the generating function of the weighted Delannoy num-
bers equals

f(z ) = ! (32)

1— Bz — azes —yz2es’

Let 7(s) be a root of the denominator in (32),

s 1
1— (B+ae’)z —ye'z? = —ye® <22 + %z - ,yes>

= —ve’(z — z1)(z — 29).
The function has two roots,
_ae’+5+0(s)
2vyes

_ae’+B—0(s)

e (33)

z1 =11(8) = , 20 =To(s) =

Using (18), we calculate derivatives,
_B—0'(s)+0(s) _ BO(s) + (B +27)e” + B
B 2ve® B 2ve56(s) ’

5+0(5)=0(s) _ BO(s) — (aB+ 2)e* — 5
2yes 2vesf(s) ’

i (s)

rils) =




LIMIT THEOREMS FOR THE WEIGHTED DELANNOY NUMBERS 38

By Theorem 1 (Bender, in [9]), the mean of the random variable A,, is
o =np,  p=—r(0)/r(0).
Let r(s) = ra(s). Now we have

'(s) _ B2+ (aB +2y)e’ — B(s)
r(s) (ae® + 8 —0(s))0(s)

<

r’(O)7B2+a6+27—60077(a+5+90)a+27 (34)
r(0) (a+ B —60)0o (a+B+600)0
=i
and
(s)  B%0(s) + B20'(s) — BO%(s) + (aff 4 27)e0'(s)
r(s) (ces + 8 —0(s))6%(s)
_ a?(af + 27)e®® + (2262 + (aB + 27v)?)e?s (35)
(0(s) — aes — 5)63(s)
36%(af + 2y)e® + B* — BO°(s)
(0(s) — aes — B)63(s) '
Thus,

r"(0) _ o*(af +2y) +20°5% + (af + 27)° + 36%(aB + 29) + B* — B6;
r(0) (6o —a— B)63 '
Next, consider the function A(s) (cf. (27) in Theorem 4.1) as the limit

, ) 2\
A(s) = zlgr(lﬁ)f(z,e ) (1 — r(s)) . (36)

Here m + 1 is the order of the pole. Note that, if the pole is simple, then
m = 0. Calculating A(s) we receive

1 z
A(s) = 1 1—
(s) z—g-r(ls) 1— Bz — aze® —yz2es < r(s))
1 ro(s) — z 1

T T )z — ) s)  (5)(s)
The function (27)

(37)

e\ e AL () ez = rals)
(1-55) 1) - T = B P
1

(2= 1(5))0(s)
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is analytic and bounded for

|+ B — Op|

sl<e Lol <IrO)]+6 =g

+6. (38)

Thus, conditions (i)-(iii) and (v) of Theorem 4.1 are satisfied. To verify the
condition (iv), we calculate the expression (r/(t)/r(t))? — r"(t)/r(t). By (34)
and (35), we receive

HONIR O

(r(t>> )

_ 2(af +7)e'(ae’ + )
(act + 8 - 0(1))%6%(1)

>0

((ae' + B)? + 2vet — O(t) (el + B3)) > 0.

Indeed, we obtain
a?e? +2(af +y)et + 5% > 0(t)(ae! + B),
since
(C + %)2 > (C + 2ve' + ) (C — 2ve' + ).
—_————
=02(a)

Here C = a?e?® + 2(af + 7)et. We obtain the parameter ¢ by solving the
equation

=, 39
Let p = k/n. By (34), we get

§2+ (af +20)! — BOH)
(et + 6 — 0(6)6(0) ’

(B + (af + 2)e' — pb*(t))* = (B — p(ae’ + 3))0°(t),

and
—dye! (p(1—p)a?e® — ((1=2p+2p*)af+ (1 —4p+4p*)y)e’ + p(1—p)5*) = 0.

Thus,

i (=2H)aB+ (- 4H)y+ (2p— 1)VaBTyy/aB (- 4H)

202 H
(40)

Here H = p — p?. Note that H < 1/4.
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Next, combining (29), (35) and (37), we get

dn,k ~
(2mn) 1/ 2=kt

k2 2 +2 3t+ 2 2ﬁ2+ B+2 2 2t+3,@2 ,@+2 t+64*B93 t
P ()0(1)y i — S A ety e

(2n)~12(29)" 17+ (9(log ) — o — )

k2 a?(af+27)73+(2a2 B2+ (af+2v)2) 72 +3B2 (af+27) T+B% — 303 (log T)
\/$02(log T) - ! (@(log T)ZaT—,@)O(logT) !

~

= 7V200(27)" (o —a —p)nrn* Onk
Van(fy — a — Bty /(a+ B)(af + ) (0(logT) —at — B))" n,k-
=0n,k
(41)
Here
Gn,k =

(0 — a— B)(0(logT) — aT — ﬁ)_l\/(a + B)(aB + )0 '

k2 a?(af+27)13+(2a2 B2+ (aBf+27)2)12+3B2 (aB+2v)T7+B*—B63 (log T) ’
\/FQQ(IOg 7) — elafty @(log ™) —ar—B)0(og 7 :
(42)

Note that by (21) and (30), we have

)

hence k/n — i and 7 — 1, while n — co. Indeed,

lim H = 2((a+ B)(a+ B+ 6o) +27) (B +7) _ af + v
i (v + B+ 60)2603 2

By (40), we get

(44)

(@B +7) —2(af +29)H + (24 — 1)\/(aB +7)? — dy(aB + 1) H

lim 7 =

p—it 20&2H
03 — 2(af +27) + 00(2i — 1)/02 — 4y
N 202 ’

(45)

Noticing that 1/03 — 4y = a + 3, we receive, that 7 — 1, while n — oo. Thus
(Cf. (42)), @n,k — 1.
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Next, let us denote

By (21), we have

and, by (43), we get

(
Calculating the logarithm of 4, 5 (cf. (41)), we receive

log 6y 1 = nlog(8p —a— B) +n (1 — p)logT — nlog(8(log ) — at — ).
(49)

Using Taylor series expansions and noticing that

. af+y _ a—f
p—l == 1=2= -,
0 0

we obtain for n large enough,
2 3
x ax x
=1 @)
T=its At T (nﬁ) ’
2 3
x Cox x
1 =— O|——= 50
08T a\/n et (nﬁ) ’ (50)

box  c3z? a3
o(1 =614+ —= Ol ——= .
(log 7) o( + \/ﬁ+ - + (n\/ﬁ

Here

(a+ B)(a?03 + (B + )03 + 28v(a + B)) + 867>

Cc1 =

)

(a+ B)*(aB +7)bo
L (@t AR A
P 2B )(at B
(a? 4+ 202%¢16% + (2aB + 47)c162)03 — (a? + aff + 2v)?
C3 = —
20452 ’
a? +afB+ 2y
by = ——5—.

625
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Substituting (50) into (49), we get
log 6y 1 = nlog(6y — o — )
- ) s
~ xro x CoT T
- (- 257) (7 5o (om))
o B ) s
—nlog <(90 —a—pB)+ (Bpba — )z n (Bocs — acy)x +0 ( . n)>

avn n n
—n (1~_ﬂ)$+((1—ﬂ)02—1)$2+0 x>
~ ( o (Gobg&—a;lx (Gocs &Zﬁ) ) ES
nlog<l+(00—a—ﬁ)&\/ﬁ+ O —a—fm +O( \/ﬁ>>

- 1_~_90b25'—04 T
U e —a=B) 5

=0

L~ e

bp—a—p 200—a—-p)2) n ny/n

=—1/2

(51)

which, combined with (41) and (48), yields us the statement of the theorem.
O
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