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COLLECTIVELY FIXED POINT THEORY
IN THE COMPACT AND COERCIVE CASES

Donal O’Regan

Abstract

We present collectively fixed point results for multivalued maps which
automatically generate analytic alternatives and minimax inequalities.
As an application we consider equilbrium type problems for generalized
games.

1. Introduction.

In this paper we begin in Section 2 by presenting a variety of new col-
lectively fixed point results for multivalued maps in both the compact and
coercive case; we refer the reader to [1, 5, 6, 9] for some results in the litera-
ture. Our goal is to obtain results which are natural when one is considering
equilbrium type problems for generalized games. Along the way we will also
consider new analytic alternatives and minimax inequalities.

Now we describe the maps considered in this paper. Let H be the Cech
homology functor with compact carriers and coefficients in the field of rational
numbers K from the category of Hausdorff topological spaces and continuous
maps to the category of graded vector spaces and linear maps of degree zero.
Thus H(X) = {H,(X)} (here X is a Hausdorff topological space) is a graded
vector space, H,(X) being the ¢—dimensional Cech homology group with

Key Words: Continuous selections, fixed point theory, analytic alternatives, minimax
inequalities.

2010 Mathematics Subject Classification: Primary 47H10; Secondary 54H25.

Received: 29.07.2021

Accepted: 31.10.2021

193



COLLECTIVELY FIXED POINT THEORY 194

compact carriers of X. For a continuous map f : X — X, H(f) is the
induced linear map f, = {f.,} where fi,: Hy(X) — Hy(X). A space X is
acyclic if X is nonempty, H,(X) = 0 for every ¢ > 1, and Ho(X) =~ K.

Let X, Y and T' be Hausdorff topological spaces. A continuous single
valued map p : I' — X is called a Vietoris map (written p : I' = X) if the
following two conditions are satisfied:

(i). for each x € X, the set p~1(x) is acyclic
(ii). p is a perfect map i.e. p is closed and for every z € X the set p~1(z) is
nonempty and compact.

Let ¢ : X — Y be a multivalued map (note for each z € X we assume
¢(x) is a nonempty subset of Y). A pair (p,q) of single valued continuous
maps of the form X & T' % Y is called a selected pair of ¢ (written
(p,q) C ¢) if the following two conditions hold:

(i). p is a Vietoris map
and
(ii). ¢(p~*(z)) C ¢(x) for any z € X.

Now we define the admissible maps of Gorniewicz [8]. A upper semicon-
tinuous map ¢ : X — Y with compact values is said to be admissible (and
we write ¢ € Ad(X,Y)) provided there exists a selected pair (p,q) of ¢. An
example of an admissible map is a Kakutani map. A upper semicontinuous
map ¢ : X — K(Y) is said to Kakutani (and we write ¢ € Kak(X,Y)); here
K(Y') denotes the family of nonempty, convex, compact subsets of Y.

The following class of maps will play a major role in this paper. Let Z
and W be subsets of Hausdorff topological vector spaces Y7 and Y5 and G a
multifunction. We say G € DKT(Z,W) [6, 9] if W is convex and there exists
amap S:Z — W with co(S(z)) C G(z) for z € Z, S(x) # 0 for each z € Z
and the fibre S~ (w) = {z € Z: w € S(2)} is open (in Z) for each w € W.

Now we consider a general class of maps, namely the PK maps of Park.
Let X and Y be Hausdorff topological spaces. Given a class X of maps,
X(X,Y) denotes the set of maps F : X — 2¥ (nonempty subsets of Y)
belonging to X, and X, the set of finite compositions of maps in X. We let

FX)={Z: FizF+0 forall FeX(Z 2)}

where Fix I’ denotes the set of fixed points of F.
The class U of maps is defined by the following properties:

(i). U contains the class C of single valued continuous functions;
(ii). each F' € U, is upper semicontinuous and compact valued; and
(iii). B™ € F(U.) for all n € {1,2,....}; here B" ={z € R": |jz| <1}.
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We say F € PK(X,Y) if for any compact subset K of X there is a
G e U(K,Y) with G(z) C F(z) for each z € K. Recall PK is closed under
compositions.

For a subset K of a topological space X, we denote by Covx (K) the
directed set of all coverings of K by open sets of X (usually we write Cov (K) =
Covx (K)). Given two maps F, G : X — 2¥ and a € Cov (Y), F and G are
said to be a—close if for any x € X there exists U, € o, y € F(z) N U, and
w e G(x)NU,.

Let @ be a class of topological spaces. A space Y is an extension space for
Q (written Y € ES(Q)) if for any pair (X, K) in Q with K C X closed, any
continuous function fy : K — Y extends to a continuous function f: X — Y.
A space Y is an approximate extension space for @ (written Y € AES(Q)) if
for any a € Cov (Y) and any pair (X, K) in Q with K C X closed, and any
continuous function fy : K — Y there exists a continuous function f: X — Y
such that f|x is a—close to fo.

Let V be a subset of a Hausdorff topological vector space E. Then we
say V is Schauder admissible if for every compact subset K of V and every
covering o € Covy (K) there exists a continuous functions m, : K — V such
that
(i). mo and ¢ : K — V are a—close;

(ii). 7o (K) is contained in a subset C' C V with C' € AES(compact).

X is said to be g— Schauder admissible if any nonempty compact convex
subset € of X is Schauder admissible.

Theorem 1.1. [2, 10] Let X be a Schauder admissible subset of a Hausdorff
topological vector space and ¥ € PK(X,X) a compact upper semicontinuous
map with closed values. Then there exists a x € X with x € ¥(x).

Remark 1.2. Other variations of Theorem 1.1 can be found in [11].

2. Fixed point results

In this section we present a variety of collectively fixed point results in
both the compact and coercive case. These fixed point results will general
analyic alternatices and minimax inequalities so automatically they generate
equilibrium type results in generalized games. We begin with a result which
illustrates our approach. One of the conditions in our first theorem can be a
little restrictive (from the generalized game point of view) but this condition
will be removed in some later results in this paper.

Theorem 2.1. Let {X;}Y, be a family of convex sets each in a Haus-
dorff topological vector space E;. For each i € {1,....,N} suppose F; : X =
vazl X; —» X; and F; € DKT(X,X;). In addition assume for each i €
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{1,..., N} there exists a conver compact set K; with F;(X) C K; C X;. Then
there exists a x € X with x; € F;(x) fori € {1,..., N} (here z; is the projection
of x on X;).

Proof: For i € {1,..,N} let S; : X — X, with S;(z) # 0 for z € X,
co(Si(x)) C Fi(z) for x € X and S; ' (w) is open (in X) for each w € X;. Let
K= Hfil K; and note K is compact. Let F;* denote the restriction of F; to K.
We claim F} € DKT(K, X;) for each i € {1, ..., N}. To see this let S} denote
the restriction of S; to K. Note trivially Sf(z) # 0 and co (S} (z)) C F}(z)
for z € K (since S;(z) # 0 and co (S;(z)) C Fy(x) for x € X). Also note if
(VRS Xl then

(SH)7'y) = {zeK:yeSi(a)}={z€K:yeSi(2)}
Kn{zeX:yeSi(z)} =KnS; ' (y)

which is open in K N X = K. Thus for each i € {1,..., N} we have F} €
DKT(K,X;)sosince F;(X) C K; we have F} € DKT(K, K;); note fory € K;
that (S¥)~*(y) = KN S;*(y) which is open in K. Now for each i € {1,..., N}
from [6] there exists a continuous (single valued) selection f; : K — K; of F}
with f;(z) € co (S} (z)) C F}(z) for z € K and also there exists a finite set C;
of K; with f;(K) C co(C;) = D;; note co(C;) C co(K;) = K; ie. D; C K.

Let
N

N
D:HDi and f(x)szi(x),acEK.

i=1 i=1

Now f : K — K is continuous with f(K) C D. Since D = Hi\le D,; C
HlN:l K; = K we have f : D — D and f(D) lies in a finite dimensional
subspace of £ = vazl E;. Note D; = co(C;) C K; is compact and D is
compact and convex. Brouwer’s fixed point theorem guarantees that there
exists a x € D(C K) with x = f(x). Thus z; = f;(z) € co(S¥(z)) C F*(x
for each j € {1,(:,N)} ie z; € 1{:]5(9)6) for eacﬁj efj{(l,?..,N}.( JD( )er®

We now consider Theorem 2.1 in a more general setting.

Theorem 2.2. Let I be an index set and {X;};,cr be a family of convex
sets each in a Hausdorff topological vector space E;. For each i € I suppose
Fi: X =[lie; Xi = Xy and F; € DKT(X,X;). In addition assume for
each i € 1 there exists a convexr compact set K; with F;(X) C K; C X;.
Also suppose X is a q—Schauder admissible subset of the Hausdorff topological
vector space E = [],c; E;. Then there exists a x € X with x; € Fy(x) for
iel.

Proof: For i € I let S; be as in Theorem 2.1, K = Hiel K; and F}
the restriction of F; to K. The same reasoning as in Theorem 2.1 guar-
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antees that F} € DKT(K,K,;) for i € I. Now for each i € I from [6]
there exists a continuous (single valued) selection f; : K — K; of F} with
fi(x) € co(S}(z)) C Ff(x) for z € K and also there exists a finite set C; of
Ki with f,(K) g Cco (CZ) = Di; note co (Cl) g Cco (Kz) = Kz i.e. Di Q KZ Let

D:HDZ- and f(x):Hfi(m),xeK.

icl i€l

Now f : K — K is continuous with f(K) C D. Since D = [[,.; D; C
[l;c; Ki = K we have f: D — D with D Schauder admissible (since X is ¢—
Schauder admissible). Theorem 1.1 guarantees a € D (C K) with = f(z)

and as in Theorem 2.1 we immediately have z; € I (z) for each j € I. [

Remark 2.3. (i). Note in the statement of Theorem 2.1 and Theorem 2.2
we could replace F; € DKT (X, X;) with F; € DKT (X, K;). To see this let
S; + X — K; with S;(z) # 0 for z € X, co(S;(x)) C Fy(x) for x € X and
S;H(w) is open (in X) for each w € K;. Let F} (respectively, S¥) denote the
restriction of F; (respectively, S;) to K. Now F} € DKT(K, K;); note for
y € K; that (S7)~'(y) = K N S;*(y) which is open in K. Apply now the
result in [6] and follow the proof in Theorem 2.1 and Theorem 2.2.

(ii). In Theorem 2.2 we could replace "for each i € I suppose there exists a
convex compact set K; with F;(X) C K; C X;” with "for each ¢ € I suppose
there exists a compact set K; with F;(X) C K; C X;” provided X is a ¢—
Schauder admissible subset of E is replaced by X is a p—Schauder admissible
subset of E (X is a p-Schauder admissible subset of E if for any nonempty
compact subset Qg of X the set co (o) is Schauder admissible). To see this let
K = [I;c; Ki and note [6] that co (K) is paracompact. Let F; (respectively,
S¥) denote the restriction of F; (respectively, S;) to © = co(K). We claim
Fr e DKT(Q,X;) for i € I since if y € X; then

(S = (€9 yeSi N ={:€9: yeSi(2)
QN{zeX:yecSi(2)}=2nS;(y)

which is open in QN X = Q. Now for each i € I from [6] (recall Q is
paracompact) there exists a continuous (single valued) selection f; : Q@ — X; of
for x € Q and note f : Q& — Q is continuous (note for each ¢ € I we have
fi(2) C K;s0 f(2) C K C co(K) = Q). Now since (2 is a Schauder admissible
subset of E then Theorem 1.1 guarantees a x € Q with z = f(z), so for each
i € I we have z; = f;(x) € Ff(x).

We can apply this idea to many other classes of maps. We will supply one
more result to the reader.
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Theorem 2.4. Let {X;}Y | be a family of convex sets each in a Haus-
dorff topological vector space E;. For each i € {1,...,N} suppose F; : X =
va:l X; — X; and there exists a compact set K; with F;(X) C K; C X;.
Also assume for i € {1,..,N} that F; € Ad(X,X;). In addition assume
X is a Schauder admissible subset of the Hausdorff topological vector space
E= vazl E;. Then there exists a x € X with x; € F;(x) fori € {1,...,N}.
Proof: Let

N N

K=][ Ki and F(z)=]] Fi(z), 2z € K.

i=1 i=1
Since a finite product of admissible maps of Gorniewicz is an admissible map
of Gorniewicz [8] then F' € Ad(X,X) with F(X) C K. Now Theorem 1.1
guarantees a x € K with x € F(z). O

In our next two results we will replace the compactness condition on F;
with a coercive type condition [4, 5]. We will now also consider a subclass
of the DKT(Z,W) maps (see [4, 6]). Let G be a multifunction and we say
G € *(Z, W) [4] if W is convex and there exists a map S : Z — W with
S(z) C G(zx) for x € Z, S(z) # 0 and has convex values for each x € Z and
S~1(w) is open (in Z) for each w € W.

Theorem 2.5. Let {X;}Y, be a family of convex sets each in a Haus-
dorff topological vector space E;. For each i € {1,...,N} suppose F; : X =
Hilil X,; — X; and in addition there exists a map S; : X — X; with S;(z) # 0
and has convex values for x € X, S;(x) C Fy(x) forx € X and S; ' (w) is open
(in X ) for each w € X;. Also assume there is a compact subset K of X and
for each i € {1,.., N} a convex compact subset Y; of X; with S;(x)NY; # 0
for x € X\K. Then there exists a x € X with x; € Fy(x) forie€ {1,...,N}.

Proof: With K given in the statement of Theorem 2.5 let F* (respectively,
S¥) denote the restriction of F; (respectively, S;) to K. The same reasoning
as in Theorem 2.1 guarantees that F} € ®*(K,X;) for i € {1,...,N}; note
for y € X; that (S¥)~'(y) = K NS, *(y) which is open in K. Now for each
i € {1,...,N} from [4, 6] there exists a continuous (single valued) selection
fi : K = X; of FF with f;(z) € Sf(z) C F}(z) for x € K and also there exists
a finite set C; of X; with f;(K) C co(C;). Let

Q,=co(co(C;) UY;) for ie{l,...,N}

which is a convex compact [3, pp.125] subset of X;. Let F}*(z) = F;(z) N
forz € X andi € {1,..., N}. We claim F}* € ®*(X,Q,) fori € {1,..., N}. Let
S (z) = Si(x)NQ; forx € X and ¢ € {1,...,N}. If z € X\K then S;*(z) =
Si(x) N Q; # O since S;(z) NY; # () and Y; C Q; whereas if x € K then since
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fi(K) C Si(K) and f;(K) C co(C;) C ; we have S}*(z) = S;(z)NQ; #0 .
Next if x € K then S;*(x) = S;(x) NQ; C Fi(z) N Q; = Fy*(x). Also note if
y € Q; then

(S Hy) = {zeX:yeSH()}={reX:yeSi(z)N}
= {zeX:yeSi(2)}=5"")

which is open in X. Thus F}* € &*(X,Q;) for i € {1,..., N}. Now apply
Theorem 2.1 (with K; replaced by €; and F; replaced by F}*) and Remark
2.3 and we see that there exists a z € X with x; € F;}*(x) = F;(x) N Q; for
ie{l,.,N}. O

Theorem 2.6. Let I be an index set and {X;}er a family of convez sets each
in a Hausdorff topological vector space F;. For each i € I suppose F; : X =
[Lic; Xi = Xi and in addition there exists a map S; : X — X; with Si(x) # 0
and has conver values for x € X, S;(z) C Fi(z) for x € X and S;*(w) is
open (in X ) for each w € X;. Also assume there is a compact subset K of
X and for each i € I a conver compact subset Y; of X; with Si(z) NY; # 0
forx € X\K. In addition suppose X is a q—Schauder admissible subset of the
Hausdorff topological vector space E = [[..; Ei. Then there exists a © € X
with x; € Fy(x) foriec I.

iel

Proof: For i € I let F* and S* be as in Theorem 2.5 and the argument in
Theorem 2.5 guarantees that F € ®*(K,X;) for ¢ € I. Also for i € T let
fi, Ci,Q; and F;* be as in Theorem 2.5 and the argument in Theorem 2.5
guarantees that F}* € ®*(X, ;). Now apply Theorem 2.2 (with K; replaced
by §; and F; replaced by F}*) and Remark 2.3 and we see that there exists a
r € X withz; € F}*(2) = Fi(x)NQ; forie I. O

One of the conditions in say Theorem 2.1 and Theorem 2.5 is that we
assume for each x € X that S;(z) # 0 for i € {1,..., N}. We will relax this
condition in our next results.

Theorem 2.7. Let {X;}, be a family of convex sets each in a Hausdorff
topological vector space E; with X = Hivzl X, paracompact. For each i €
{1,..., N} suppose F; : X — X; and in addition there exists a map S; : X — X;
with Si(z) C Fi(z) for x € X, Si(x) has convex values for x € X and S; ' (w)
is open (in X ) for each w € X;. Also assume for each i € {1,...,N} there
exists a conver compact set K; with Fi(X) C K; C X;. Finally suppose
for each © € X there exists a i € {1,...,N} with S;(x) # 0. Then there
exists a v € X and a i € {1,.., N} with x; € F;(x) (in fact we will show
re K=", K;)

Proof: Note A; = {z € X : S;(x) # 0},i € {1,.., N} is an open covering
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of X (recall the fibres of S; are open). Now from [7, Lemma 5.1.6, pp301]
there exists a covering {B;}, of X where B is closed and B; C A; for all
i€{l,.,N}. Foreachi e {1,.,N}let G, : X - X; and T; : X — X; be
given by
) N Fi(CC), T € B;

Gile) = { X;, © € X\B;

and 5.(2)
&), T € B;

Ti(w) = { X, z € X\B;.
We claim for ¢ € {1,..., N} that G; € ®*(X, X;). Note first for i € {1,...,N}
that T;(x) # 0 for x € X since if # € B; then T;(z) = S;(x) # 0 since B; C A;
whereas if x € X\B; then T;(x) = X;. Also for z € X and i € {1, ..., N} then
if x € B; we have T;(z) = S;(x) C Fi(z) = Gi(z) whereas if z € X\B; we
have T;(z) = X; = G;(z). Also note if y € X; then

Ty = {zeX:yeTi()}
= {2eX\B,:yeTi(z)=X;}U{z€e B;: yeTi(2)}
= (X\B)U{zeB;: ye Si(2)}
= (X\B)U[Bin{z€ X :ye Si(z)}]
= (X\B)U[BinsS;(y)]
X0 [(X\B)US ()] = (X\B) US; " (y)

which is open in X (note S; '(y) is open in X and B; is closed in X). Thus
for i € {1,..., N} we have G; € &*(X, X;).

Let K = va:l K; (note K is compact) and let G} denote the restriction of
G; to K. We claim for i € {1,..., N} that G} € ®*(K, X;). To see this let T}
denote the restriction of T; to K. Note T} (x) # @) for x € K (since T;(z) # 0
for x € X) and T} (z) C G} (z) for x € K (since T;(z) C G;(x) for z € X).
Also if y € X; then

(T) " ()

{zeK:yeT/(z)} ={s e K:yeTiz)}
Kn{zeX:yeTi(z)}=KnT, '(y)

which is open in KN X = K. Thus for ¢ € {1,..., N} we have G} € ®*(K, X;)
with K compact. Now for ¢ € {1,..., N} let G}* be given by Gi*(z) = GF(x)N
K; for x € K. We claim for ¢ € {1,..., N} that G/* € ®*(K, K;). To see this
let T* be given by T7*(x) = T} (z)NK; for x € K. Note first for i € {1, ..., N}
that T}*(z) # 0 for x € K since if € B; N K then T}*(x) = S;j(x) N K; #
since B; C A; and S;(z) C Fi(z) C K; whereas if x € K\B; then T}*(z) =
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X; NK; # 0. Next note if z € K then T;*(z) = T} () N K; C Gf(z) N K; =
Gr*(x). Also note if y € K; then

@)y = {eK:yelr (@} ={eK:ye T (:)NK])
= Kn{zeX:yeTi(z)NK;}
= Kﬂ{zeX:yGTi(z)}ZKﬂTfl(y)

which is open in KNX = K. Thus for i € {1, ..., N} we have G}* € &*(K, K)
with K compact. Now for each i € {1,..., N} from [4] there exists a continuous
(single valued) selection f; : K — K; of G* with f;(z) € Ty (x) C G*(z) for
x € K and also there exists a finite set C; of K; with f;(K) C co(C;) = Dy;
note co (C;) C co (K;) = K; i.e. D; C K;. Let

N N
D:HDi and f(x)szi(ac),aceK.
i=1

i=1

Now f : K — K is continuous with f(K) C D. Since D = vazl D,; C
vazl K; = K we have f : D — D and f(D) lies in a finite dimensional
subspace of £ = Hiil E;. Note D; C co(C;) C K; is compact and D is
compact and convex. Brouwer’s fixed point theorem guarantees that there
exists a v € D (C K) with x = f(z) i.e. x; = fj(x) € Tj*(z) C G5*(w) for
each j € {1,..,N}. Thus z; € G}(v) N K; = Gj(z) N Kj for each j € {1,.., N}
ie. z; € Gj(z) foreach j € {1,..,N}. Since {B;}}¥Y, is a covering of X
there exists a jo € {1,.., N} with « € B so zj, € Gj,(z) = Fj, (). O

Remark 2.8. In Theorem 2.7 we showed there exists a ¢ € K and a jy €
{1,..,N} with z;, € F},(z) and from our proof note € Bj, C A;,. Also we
showed z; € G;(z) for each j € {1,..., N} where

) . Fj(:r), LEGBJ'
GJ(I) B { Xj, x € X\BJ

Remark 2.9. In the statement of Theorem 2.7 we could replace ”there exists
amap S; : X — X; with S;(z) C Fj(x) for z € X, S;(z) has convex values for
z € X and S; '(w) is open (in X) for each w € X;” with "there exists a map
S; + X = K; with S;(z) C F;(x) for z € X, S;(x) has convex values for z € X
and Si_l(w) is open (in X) for each w € K;”. Here we define G; : X — K;
and T; : X — K; by
. FI(J)), T € Bz

Gilz) = { K;, v € X\B;

and 5.(2)
i(z), x € B;

Ti(w) = { K;, z € X\B;.



COLLECTIVELY FIXED POINT THEORY 202

The argument in Theorem 2.7 guarantees for each i € {1,.., N} that G; €
O* (X, K;) and if G is the restriction of G; to K then G} € &*(K, K;); note
if T is the restriction of T; to K and if y € K; then (T7)"!(y) = K NT; ! (y)
which is open in K. Next we can immediately apply the result in [4] to
guarantee a continuous selection f; : K — K; of G} and follow the reasoning in
Theorem 2.7 (note the introduction of G;* in Theorem 2.7 is not needed here).
Thus there exist a € D (C K) with z; € Gj(z) for each j € {1,...,N} so

there exists a jo € {1,.., N} with = € B;, and so z;, € G,,(z) = F},(z).

The same reasoning in Theorem 2.7 except Theorem 1.1 is used instead of
Brouwer’s fixed point theorem immediately yields our next result.

Theorem 2.10. Let I be an index set and {X;}icr be a family of convex sets
each in a Hausdorff topological vector space E; with X = [],.; Xi paracompact.
Also assume X is a g—Schauder admissible subset of the Hausdorff topological
vector space E = Hiel E;. For each i € I suppose F; : X — X; and in
addition there exists a map S; : X — X; with S;(x) C Fy(x) for x € X, S;(x)
has convex values for x € X and S;*(w) is open (in X ) for each w € X;. Also
assume for each i € I there exists a convex compact set K; with F;(X) C K; C
X;. Finally suppose for each x € X there exists a i € I with S;(z) # 0. Then
there exists a x € X and a i € I with x; € Fi(z) (in fact x € K =[],.; Ki).

Remark 2.11. (i). Note there is an analogue Remark 2.9 for Theorem 2.10.
(ii). If in Theorem 2.10 we replace ”suppose for each € X there exists ai € I
with S;(z) # (” with ”suppose there exists a finite subset I of I such that for
each z € X there exists a ¢ € Iy with S;(z) # 07 then X being a g—Schauder
admissible subset of the Hausdorff topological vector space E can be removed.
Note we use the Brouwer fixed point theorem instead of Theorem 1.1 since
A;={xz e X : Si(z) # 0},i € I is an open covering of X can be replaced by
A ={x e X : Si(x) #0},i € Iy is an open covering of X and proceed as in
Theorem 2.7 with {1, ..., N} replaced by Iy. An example of the above situation
isif X = Hz‘e 7 X; is compact (of course no reference to paracompactness is
needed in this situation and one could restate Theorem 2.10).

Theorem 2.12. Let {X;}Y, be a family of convex sets each in a Hausdorff
topological vector space E; with X = Hf\il X; paracompact. For each i €
{1,..., N} suppose F; : X — X; and in addition there exists a map S; : X — X;
with S;(z) C Fi(z) for v € X, Si(x) has convex values for x € X and S; ' (w)
is open (in X ) for each w € X;. Also assume there is a compact subset K of
X and for each i € {1,..,N} a conver compact subset Y; of X; such that for
each x € X\K there exists a j € {1,.., N} with Sj(x) NY; # 0. Suppose for
each © € X there exists a i € {1,..., N} with S;(x) # 0. Then there exists a
xe€X and ai€ {1,.,N} with z; € F;(x).

icl
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Proof: Let A;, B;, G; and T; be as in Theorem 2.7. The same reasoning as
in Theorem 2.7 guarantees that for ¢ € {1,..., N} we have G; € ®*(X, X,).
Let K be as in the statement of Theorem 2.12 and let G} (respectively, T7)
denote the restriction of G; (respectively, T;) to K. The same reasoning as
in Theorem 2.7 guarantees that for ¢ € {1,..., N} we have G} € ®*(K, X,).
Now for each i € {1,..., N} from [4] there exists a continuous (single valued)
selection f; : K — X; of G} with f;(z) € Ty (x) C Gi(x) for x € K and also
there exists a finite set C; of X; with f;(K) C co (C;). Let

Q;=co(co(C;) UY;) for ie{l,..,N}

which is a convex compact [3] subset of X;. For each x € X and i € {1,..., N}
let Fr*(x) = Fi(x) N Q; and S (z) = Si(x) N Q;. Note if x € X then
S (z) = Si(x)NQ; C Fi(x) N Q; = F*(x). Also note if y € ; then

(S7)7My) = {reX:yesT)l={zeX:yeSi(z)n)
= {zeX:yeSi2)}=5')

which is open in X.

Let z € X. We claim there exists a ¢ € {1,..,N} with S*(z) # 0.
This is immediate if z € X\K since from one of our assumptions in the
statement of Theorem 2.12 there exists a j € {1,.., N} with S;(z)NY; # 0 so
Si*(x) = Sj(x) Ny # 0 since Y; C Q;. Tt remains to consider 2 € K. Since
{B;} | is a covering of X there exists a jo € {1,.., N} with # € B;,. Note
fio(x) € T (z) = Tj, () = Sj, () since x € By, and f;,(x) € co(Cj,) C Q-
Thus S7*(x) = Sj,(z) N €Y, # 0. Combining all the above we see that there
exists a ¢ € {1,.., N} with S}*(z) # 0.

Next note for ¢ € {1,..., N} that F}*(X) C Q; (since F;*(z) = F;(z)N§; C
Q;) and Q; is a convex compact subset of X;. Now apply Theorem 2.7 (with
K; replaced by €;, F; replaced by F}* and S; replaced by S;*) and Remark
2.9 so there exists a z € X and ai € {1,..., N} with «; € F*(z) = F;(x) N,
ie. x; € Fi(z). O

The same reasoning in Theorem 2.12 except Theorem 2.10 replaces Theo-
rem 2.7 immediately yields our next result.

Theorem 2.13. Let I be an index set and {X;}icr be a family of convex sets
each in a Hausdorff topological vector space E; with X = [];.; X; paracompact.
Also assume X is a g—Schauder admissible subset of the Hausdorff topological
vector space E = [],c; Ei. For each i € I suppose F; : X — X; and in
addition there exists a map S; : X — X; with S;(z) C Fy(x) for x € X, S;(x)
has convex values for x € X and S; *(w) is open (in X ) for each w € X;.
Also assume there is a compact subset K of X and for each i € I a convex



COLLECTIVELY FIXED POINT THEORY 204

compact subset Y; of X; such that for each x € X\K there exists a j € I with
Si(x)NY; # 0. Suppose for each x € X there exists a i € I with S;(z) # 0.
Then there exists a x € X and a i € I with x; € Fi(z).

Now we present an analytic alternative.

Theorem 2.14. Let {X;}Y| be a family of convex sets each in a Hausdorff
topological vector space E; with X = Hfil X; paracompact. Forie {l,..,N}
let fiy gi + X x X; — R with g;(z,y) < fi(z,y) for all (x,y) € X x X;, let
Ai € R and let for x € X,

Assume for each i € {1,..., N} that S;(z) is convex valued for each x € X and
S (w) is open (in X) for each w € X;. In addition suppose either

1

(1). for each i € {1,...,N} there exists a convex compact set K; with F;(X) C
K; € Xi,

or
(2). there is a compact subset K of X and for each i € {1,..,N} a convex

compact subset Y; of X; such that for each x € X\K there exists aj € {1,..,N}
with S;(z) NY; # 0,
hold. Then either
(A1). there existsax € X and ai € {1,..., N} with z; € F;(z) (i.e. fi(z,2;) >
Ai);

or
(A2). there exists a x € X with sup, ¢ x, gi(z,2;) < N for alli € {1,..,N}
occurs.

Proof: Note either (a). there exists a € X with S;(z) = 0 for all 7 €
{1,..., N} or (b). for each z € X there exists a i € {1,..., N} with S;(z) # 0.

Suppose (a) holds. Then for this z we have S;(z) = @ for alli € {1, ..., N} so
for all i € {1,..., N} we have g;(z,2;) < \; for z; € X; (sosup, ¢, 9i(x,2) <
Ai).
Suppose (b) holds. Note S; is a selection of F; so Theorem 2.7 (if (1) oc-
curs)) or Theorem 2.12 (if (2) occurs) guarantees a z € X and ai € {1,..., N}
with x; € Fi(z) so fi(z,x;) > A\ (i.e. (Al) occurs). O

The same reasoning in Theorem 2.14 except Theorem 2.10 (respectively,
Theorem 2.12) replaces Theorem 2.7 (respectively, Theorem 2.13) immediately
yields our next result.
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Theorem 2.15. Let I be an index set and {X;}ier be a family of convex sets
each in a Hausdorff topological vector space E; with X = [],.; X; paracompact.
Also assume X is a g—Schauder admissible subset of the Hausdorff topological
vector space E = [[,c; E;i. Fori € I let fi, gi: X x X; — R with g;(x,y) <
filx,y) for all (z,y) € X x X;, let \; € R and let for x € X,

Assume for each i € I that S;(z) is convex valued for each x € X and S; ' (w)
is open (in X) for each w € X;. In addition suppose either

(1). for eachi € I there exists a convexr compact set K; with F;(X) C K; C X,
or

(2). there is a compact subset K of X and for each i € I a convex compact

subset Y; of X; such that for each x € X\K there exists a j € I with Sj(z) N

Y #0,

hold. Then either

(A1). there exists a x € X and a i € I with x; € Fy(x) (i.e. fi(z,2;) > \;),
or

(A2). there exists a x € X with sup, cx, gi(x,2;) < X\ for alli e I

occurs.

Note Theorem 2.14 (and Theorem 2.15) immediately guranatees a min-
imax inequality. Suppose f; and g; are as in Theorem 2.14 and let \; =
supyex [fi(z,z;)]. Assume \; < oo for all ¢ € {1,...,N}. Now suppose the
assumptions in Theorem 2.14 hold with these \;, ¢ € {1,..,N}. First note
that (A1) cannot occur since if there a x € X and a i € {1,..,N} with
filx, @) > A ie. fi(x,2;) > sup,ex [fi(x, x;)] we have a contradiction. Thus
there exists a x € X with sup, ¢y, gi(z,2;) < A; foralli € {1,..., N} i.e.

sup gi(x,2z;) < sup fi(x,x;) forall i€ {1,.., N}
zi€X; rzeX

Remark 2.16. A game has N players and each player must select a strategy
in a set determined by the strategies chosen by the other players. Here X;
denotes the set of strategies of the i*" player and each element of X = Hivzl X;
determines an outcome. The payoff to the i*" player is h; (which is defined
on X). Let z° be given in X' (the strategies of all the others). For x € X,
i € {1,..,N}, y; € X; we write (2%,y;) as a point in X having the same
components as z except the i** component is replaced by y;; note any « € X
can be written as (z%, z;) for any i € {1, ..., N} where 2! denotes the projection
of z onto X*. The i*" player chooses y; € X; so as to maximize h;(z%,y;). An
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equilibrium point is a strategy point z € X such that for all ¢ € {1,.., N} we
have _
x; € X; and hi(z) = max hi(x,y;).
yi €Xi

Suppose for ¢ € {1,.., N} we have f; : X x X; — R given by
filz,yi) = hi(x',y;) — hi(x) and  gi(x,y:) = fi(z,y:)

forall z € X and y; € X;. Let \; = sup,cx [fi(x,x;)] and assume \; < oo for
all i € {1,..., N}. Suppose the assumptions in Theorem 2.14 hold with these
i, t €{1,...,N}; here F; = S; for i € {1,.., N} in this case. From the above
minimax inequality we deduce that there exists a x € X with

sup fi(z,y;) <sup fi(z,z;) forall i€ {l,..,N}
yi€X; reX

i.e.

sup [hi(z",y;) — hi(z)] < sup [hi(z?, ;) — hi(x)] =0 for all i€ {1,..,N}.
yi€Xi zEX
Thus sup,,cx, hi(z',y;) < hi(z) for all i € {1,..,N}. Note also for i €
{1, ,N} that hz(l‘) = hl(l"L?l‘z) < suPy;,eXl hl(lﬂ,y,) SO

hi(x) = sup hi(z',y;) forall i€ {1,..,N}.
Yi €Xi
To guarantee an equilibrium point conditions are put on h; to guarantee that
the above achieves its maximum on X;.
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