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A result of instability for two-temperatures
Cosserat bodies
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Abstract

In our study we consider a generalized thermoelasticity theory based
on a heat conduction equation in micropolar bodies. Specifically, the
heat conduction depends on two distinct temperatures, the conductive
temperature and the thermodynamic temperature. In our analysis, the
difference between the two temperatures is clear and is highlighted by
the heat supply. After we formulate the mixed initial boundary value
problem defined in this context, we prove the uniqueness of a solution
corresponding some specific initial data and boundary conditions. Also,
if the initial energy is negative or null, we prove that the solutions of
the mixed problem are exponentially instable.

1. Introduction

Many studies dedicated to classical thermoelasticity used a heat conduc-
tion equation which are based on the classical Fourier law. As a consequence,
the heat flux vector is depending on the gradient of temperatures and, as a
consequence, the thermal signals will propagate with an infinite speed. But
this contradicts the causality principle. To avoid this contradiction, a series
of new theories of thermoelasticity have emerged that propose different alter-
natives to the classical heat conduction equation. This is how various models
appeared, of which the best known in the literature are Green and Lindsay [1],
Lord and Shulman [2], Green and Naghdi [3-5], More-Gibson-Thompson [6],
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or [7]. In all these models, the thermal waves propagate with finite speeds and
all results from thes generalized theorie are more general and physically more
realistic than in the classical theory. In our study we propose a new temper-
ature rate, which is depending on two temperatures, by changing the relation
between the two temperatures, namely, the thermodynamic temperature and
the conductive temperature.

There are many studies that take into account the two temperatures, of which
we mention [8-11]. Other generalizations of the heat conduction equation can
be found in many articles, of which we list [12-14]. Our uniqueness result is
obtained by assuming the initial energy is not strictly positive. Other unique-
ness results are based on the assumption that the elastic tensor is a positively
defined one. But there are concrete thermoelastic situations in which the pos-
itive definition of the elastic tensor cannot be guaranteed. And our result
on exponential instability is also obtained on the assumption that the initial
energy is not strictly positive. We must emphasize that our mixed problem
is considered both in the theory in which it is considered dependent on the
rate of both temperature, and the theory does not depend on the rate of the
conductive temperature, but depends on the rate of thermodynamic temper-
ature. However, the calculations are quite similar in both situations, which is
why the demonstrations are made in detail only in the case of dependence on
the rate of thermodynamic temperature.

We must also say what is the motivation that we took into account the effect
due to the dipolar structure. In opinion of many researchers, it is known that
this effect makes an important contribution to the general deformations of
the media. It is enough to refer to media that have a granular structure, for
instance, polymers, human bones or graphite. Also, other concrete usefulness
of this effect are for the various materials with pores or composite materials
which are reinforced with chopped fibers. From the large number of studies
dedicated to media with dipole structure we have selected a few: [15-25].

2. The mixed initial-boundary value problem

Consider that the thermoelastic micropolar body occupies the three-
dimensional domain € from the Euclidian space R®. The closure of € is
denoted by © and we have Q = QU I, where 9 is the border of the domain
Q) and is considered regular enough to allow the application of the divergence
theorem. The outward unit normal to 92 has the components marked with
n;. The vector and tensors fields are denoted by letters in boldface. The no-
tation v; is used for the components of a vector field v, the notation wu,; is
used for the components of a tensor field u of second order, and so on. For
the material time derivative we will use a superposed dot. By convention, the
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subscripts are understood to range over integers (1,2, 3). The summation rule
regarding repeated subscripts is also implied. For the partial differentiation
of a function f regarding the spatial variables x; we will use the notation f;,
to simplify the writing. When there are no possibilities of confusion, the time
variable and/or the spatial variables of a function may not be highlighted. A
fixed system of Cartesian axes Ox;, i = 1,2, 3 will be used to refer the motion
of the thermoelastic body.

In order to characterize the evolution of our media we will consider the set
of variables (v, Ym, @, ), where we denoted by v, the components of the
vector of displacement , by ¢,, the components of the couple vector, ¢ the
conductive temperature and by ¢ the thermodynamic temperature measured
from the constant absolute temperature ¥y of the body in its reference state.
By using the internal variables (v,,, ¢, ) we can introduce the kinematic char-
acteristics of the body, that is, the strain tensors, through the following geo-
metrical equations:

Emn = Un,m + Cknm Pk, Omn = Pn,m- (1)

As usual, the notation %,,, is used for the elements of the stress tensor, 7,,,
for the elements of the tensor of couple stress, all over ).

For a homogeneous thermoelastic body, which have in each point of its refer-
ence state a point of symmetry, and the rest is non-isotropic, we can define
the stress tensors by means of the following constitutive equations:

tmn = Amnklekl + anklakl — Qmn (19 + C“g) ’

Tmn = Bklmnekl + Cmnklakl - ﬁmn (19 + aﬂ) 5 (2)

N = OmnCmn + BmnEmn + d¥ + h’t9,

qm = K‘mn¢,n~

In the absence of body force, of body couple and of heat supply fields, the field
of basic equations for the two-temperature thermoelasticity of dipolar bodies
are:

- the motion equations:

tmn,n = vam (3)

Tnm,n + Ekmntin = mnd)nv (4)

- the energy equation:

dm,m = 'f]; (5)
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- two type of the two-temperatures equations:

o —c (nmnqﬁ,m)yn =9+ azé; (6)

ap+ ¢ —c (Bmn®m) , =7+ ad. (7)

Tt is easy to see that the equation (6) will be considered in the theory dependent
on rate of conductive temperature and on rate of thermodynamic temperature,
where (1) and (2) are the equations of motion and (3) is the equation of energy.
In the above equations we have used the following notations: p is the reference
constant mass density, S is the specific entropy per unit mass, g; are the
components of heat flux vector.

The above coeflicients A,nkis Bmnrss Cmnrss Qmns -y Kmns C, d, h and a are
used to describe the material structure.

The following properties of symmetry are satisfied:

Akl = Aklmnv Cmnkt = Crimns Imn = Inmy Emn = Knm- (8)

We wish to outline that the coeflicients a, ¢, d and h are specific constants of
the heat.

The temperature ¥y and density p are given strict positive constants. From
the entropy production inequality (see Gren and Lindsay (1972)) we obtain
the following conditions

¢>0, h>0,da—h>0, (9)

and, according to the same entropy inequality, we assume that A,,nki, Conkl
and K, are positive definite tensors, i.e.

Amnklgmngkl Z kl§mn€mna kl > Oa v gmn = gnma
Cmnkl&mngkl > k2§mn§mn7 ko > Oa v fmn = gnm: (10)
ﬁmn&mgn Z k?;é-mfm; k3 > 07 v gm

Along with the above basic equations (3)-(7), we consider the following homo-
geneous boundary conditions of Dirichlet type:

Um =0, om =0,9=0, ¢ =00n 90 x [0,00). (11)
To this system of equations we adjoin the following initial conditions:

’Um(CC,O) = v(v)n(x)v ’Um(aj,O) = U'}n(x)v
Som(x70) = @%(m)v Qbm(x’o) = 901171(1‘.)7 (12)
o(z,0) = ¢°(x), ¥(x,0) = 9°(x), I(z,0) = 9 (),
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which are satisfied for any x € Q.

Considering the geometric equations and the constitutive equations (2), which
are introduced in the basic equations (3)-(5), we are led the following system
of partial differential equations:

Aijmn (Vn,mj + €kmn@r,j) + Bijmn@n,mj — j (79,3' + aﬁ,j) = piy,
Bijmn (Unmj + Ekmn®h.j) + CijmnPnmj = Bij (ﬁ,j + 6“9,;‘) +

ik [Ajtmn Cnon+ Emn 9 + B pnm —atis (0,5-+ a0 )| =iy, (13)
Rijb i — ij (040 + €ijupr) — Bijpji = b + do,

which are satisfied for any (z) € Q x (0, c0).

By a solution of the mixed initial boundary value problem in the two tem-
peratures thermoelastic theory of dipolar bodies in the cylinder §2 x [0, 00) we
mean an ordered array (v, ©m, ¢, ¥) which satisfies the system of equations
(13), the boundary conditions (11) and the initial conditions (12).

3. Main results

We will start this section by specifying a conservation law of energy, consid-
ering the rate of the conductive temperature, that is, by taking into account
the two-temperatures relation (7). This law has the following form:

E1 (t) = El(O), t e [O, OO)7 (14)

where

Bit) = ; /Q [P (D) () + T o (£ ()

+Amnklemn(t)ekl (t) + 2anklemn (t)okl(t) + Cmnklamn(t)akl (t) +

tChmn@m (1) .0 (t) +d (ﬂ(t) + Zzé(t))2 +h (a - Z) 92 ()| dV +

+/Ot/ﬂ [ﬂmn¢,m(5)¢,n(s)+c ((’imnﬁz’,m(S))m)QJr(adh)192(5)] AV ds.

In the case that we consider the relation (6), that is, we don’t take into account
the rate of conductivity temperature, the conservation law of energy receives
the following form:

Ez(t) = E2(0)7 t e [07 OO), (15)
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1

+Qanklemn(t)akl (t) + Cmnklgmn (t)Ukl(t) +

+d <19(t) + Zﬁ(t)>2 +h (a - Z) D2(t)| dV +

[ Fornon 616061+ ((tmpin(sD)) + a=)7(5) v,

We will denote by P the problem consists in system of equations (13), the
boundary conditions (11) and the initial conditions (12).

Our two main results, namely, an uniqueness and an instability results for the
solution of our mixed problem, will be obtained in the simpler case in which
we consider the equation (6). For uniqueness we use the usual procedure.

Consider two solutions (v,(ﬁ), IR AN ?9(")), v = 1,2 of the problem P and

denote by (v, ©m, ¢, ¥) the difference between the two solutions. Due to
the linearity of the problem P, the difference is also a solution to the problem,
but this corresponds to zero initial data. It remains to be shown that if the
problem P is considered in the case of null initial data, then it admits only the
identical null solution.

Theorem 1.. In the case of null initial data, the mized problem P, admits
only the identical null solution.

Proof. Consider the difference (v;, ¢;j, ¢, ¥) of two solutions of the prob-
lem P. For the demonstration we need the function F'(t), which has a loga-
rithmic convexity and, if we consider the equation (6), it is defined by:

1

F(t) = 5/() [pVmVm + Imn@men] AV +

+;/ot/sz['%mngm(s)c,n(S)‘FC((KmnC,m(S)),n) + (ad_h)ﬁQ (S)} dvds, (16)

where the function ( is defined by:

C(m,t):/o ¢(x, s)ds.
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Considering the expression in (16) of the function F, we calculate its first two
derivatives:

F(t) = / [t + Ionnpmon] dV +
Q

+%/Q[ mng,mC,n+C((”mn§,m)’n)+(ad7h)ﬂ2]dv7

F(t) = /Q [0 (oo + Vi) + Ioun (P + P AV + (17)
+/Q[/<;mn(7m¢7n+(ad—h)z919 + c((/imngm)’n)((nmncpym)’n)]dV.
If we consider the constitutive relations (2), we deduce the following equality:
/Q [pvmtm + Lnm@n + Amnki€mneri+

+2BnkiemnOrl + CmnklO'ankl] dV = (18)
= / (mn€mn + Brmnomn) (19 + a19> dV.
Q

Now, if we take into account the equation (6), we are led to the equality:
/Q [mnCmnt (9 4+ ad) (04 b ) +
¢ ((omnm) ) ((Fnnspom) o) [ @V = (19)
=— /Q (mn€mn + BrmnTmn) (19 + mé) dv.
Comparing the equalities (18) and (19), we obtain:

/ [pvmvm + Imn‘Pm‘pn + Amnklemnekl+
Q
+23mnklemn0kl + Cmnklamnakl] dv + (20)
+/ FmnC.m® n+ (0-+ad)(d0+hd) +
A (9-+ad)(a9-+1)

e ((5mnm) ) ((mnpm) ) [aV = 0.

By direct calculations we obtain the equality:
(dﬁ(x)+h19(x)) (ﬁ(m)+a19(x)) = (ad —h)d(z)d(z) +

2 ad ) (9) 4 5 (@) 4 ()
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If we take into account this relationship, equality (20) becomes:

/ [pvmﬁm + Imn@m‘;bn + Amnklemnekl+
Q

+2BnkiCmnOkl + CmnklUijUkl] dV +
+ /Q [Kmngmqs,n te ((nmngm)’n) ((nmnqb,m))n)} dv + (21)

h N2 )
+/ [(ad —n) (19) + (ad — h)%} dv +
ald
1 N
+/Q Ll (a0 + hi) ]dV:O.
An equivalent form of equality (21) is the following:
/ [pvmi}m 4 Ly + (ad — h)w] dv +
Q
+/ Kmnc,md),n +c Hmngm n /anqs,m n av =
A (k) ) (o) )|
= _/ [Amnkle'rrmekl + 2Bnki€mnOrl + Cmnklo"rrmo'kl] dv — (22)
Q
h N2 o1 -\ 2
—/Q [d(ad— h) (19) + - (d19+hz9) } av.

Given (22), we can write the second order derivative of the function F(¢), from
(17)2, in the following form:

Pt) = / [P0 + I @m@n] AV —
Q
- / [Amnklemnekl + 2Brnn,’clemno-kl + Cmnklamnakl] av — (23)
Q

7/9 [Z( d—h) (19)2+Cll(dq9+mé)1 av.

On the other hand, based on the law of energy conservation (15), the expression
of F(t) is simplified in form:

F(t) = 2/ [pUmOm + L @mPn) AV +
Q

+2 /O t/ﬂ[(adh) (19)2+n7nn/¢7m¢7nJrc((/{mnd)’m),n)1 dvds.  (24)
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Taking into account the expression of F (t) from from (17); and the expression
of F(t) from (24), we can deduce that:

) > @, V>0,
(t) — F(t)
and from here it follows that:
d2
@(ln F(t)) > 0.

The last inequality ensures that the function In F(¢) is a convex one, regarding
the time variable ¢.

Considering that the domain of definition of the solution (v;, @;, ¢, ¥) is the
interval [0, 0], we can integrate the previous inequality to deduce that:

F(t) < (F(to)"" (F(0)t0=0/t 0 <t <t (25)

But the solution (vyn, @m, @, ¥) corresponds to null initial, as such from (16)
we deduce that F(0) = 0 and then from (25) it follows that:

F(t) =0, V£ € [0,t0] = vm(t) =0, @m(t) =0, ¢(t) =0, D(t) =0, Vt € [0, to],

and the proof of Theorem 1 is completed. B

In order to obtain second main result, regarding the exponential instability
for the solution of the mixed problem P, we will have to assume that an
additional condition is satisfied. Namely, we need to suppose that the energy
of the system, in its initial state, is not positive, that is, E2(0) < 0.

We will start with some useful auxiliary considerations.

Let us consider a boundary value problem of the following form:

("imnu,m(x)))n = d'ﬂl + hﬁo - (a’mn€70nn + /anff?nn) , T E Qv
v(z) =0, z € 09, (26)

0

mn and

where u = u(x) is the unknown function and the constants 9°, 91, e
09, are the initial data from (12).

Based on the usual properties of the boundary value problems, defined in the
context of elliptical equations, we can deduce that the boundary value problem
(24) admits a solution u(x), defined on the domain .

With the help of the function:

((:ﬂ,t):/o o(x, s)ds,
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from (26) we can observe that the function u(x) is a solution of the equation

dd(x) + () — [Kmn (wm (@) + ()], =

= amnemn(x) + 6mn0'mn(x)'

We can now formulate and demonstrate the second important result of our
study. For this we will consider the mixed problem P in the case the initial
data have the general form of (12). Boundary data have the homogeneous
form from (11).

Theorem 2.. We assume that conditions (9) and (10) are met.
If in the mized problem P the boundary data are zero, then any of its solutions,
for which the condition W2(0) < 0 takes place, is exponentially unstable.

Proof. As in the proof of Theorem 1 the proof was facilitated by the
introduction of a function with logarithmic convexity, and in the case of the
present theorem we will introduce a function, inspired by papers [26] and [27].
From the study of this function we will deduce that any solution of the problem
P increases exponentially. Therefore, consider the function G(t) defined by:

1

G(t) = 5 / (pvmvm + ]mn(Pm@n) dV +w (t + t0)2 +
Q

1 /¢ )
472 /0 /Q|:(ad — h)192+/€mn (U7m+<7m) C,n‘i’C (Hmn (Uvm+<,m)7n) :|dVdS, (27)

where ( is defined above, and the function « is the solution of the problem
(26). The positive constants w and ¢y will be determined later.

Derivatives G(t) and G(t) can be obtained by direct derivation in (27):
G(t) = / (PUmOm + Imnm$n) AV + 2w (t +to) +
Qt .
+ /[(ad—h)’l?ﬁ-f—:‘i” (u,m +C,m) So,n +C((Hmn¢,m)’n)((ﬁmn (u,m +§,m))7n)i| dVdS
0Ja
2
J% / [(ad =) (8°)” + Km0 + ¢ ((5mn®m) ) ]dV, (28)
o :
G(t) = / [P (VmBm + OmOm) + Imn (@mPn + @m@n)] dV + 2w +
Q
+/ [(ad—h)'l?'&‘i‘ﬁ?mn (u,-m +<,m) (b,n +C<(K/7nn¢,7n)’n> ((Kmn (u,nL +<,’m)),n)j| dV
Q

Now, we will use the form of the initial energy Fs, defined after (15), in order
to obtain a simplified form of the derivative of second order of the function
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G(t), namely:
G(t) = 2/ (POmOm + Imn@m@n) AV + 2 (w — E2(0)) +
Q

2 /0 t /Q [(ad_h) (%) 2+c((mmn¢,m)7n)2+Hmn¢,m¢>,n] dVds.  (29)

In order to simplify the writing, we now introduce the notation:
2
I= /[(ad—h) (190)2+c((,.;mn¢?m) n) +nmn¢?m¢?n} dv.
Q :

Taking into account the expression of the first derivative G(t) of (28); and of
the second order derivative G(t) of (29), with the help of the previous notation
we deduce:

. ) 1 \?2
GG — (G(t) - 21) > 2 (E2(0) + w) G(1). (30)

We have the possibility to choose ty large enough so that we have fulfilled
condition G(0) > M. Also, by hypothesis, we supposed that F2(0) < 0, so
that we can choose w = —F(0). Then, from (30) it follows that:

GG — Gt) (G(t) - M) >0,

and so we are led to the conclusion that that the function
G(t)— M
G(t)

is an increasing function which growth, regarding the time variable t. As a a
consequence, we can obtain that:

vVt >
c = apy 0 =0
from which we deduce that:
: Gt)— M
tYy> ————Gt)+ M
Gty > = gy Ol +

Finally, if we integrate this inequality on the interval [0,¢] we are led to the
conclusion that:

G(t) > & (G(O)QG(GM(O)Mt B 1) |
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and this inequality assures us that the solutions of the problem P are expo-
nential growth functions, that is, are exponentially unstable.
Thus we have concluded the proof of Theorem 2. R

4. Conclusions

It is almost obvious that if we consider the rate of the conductive temperature,
that is, we take into account the two-temperatures relation (7), then we can
prove both the above main results, that is, the uniqueness result and the
exponentially instability results. For this, after replacing equation (6) with
equation (7), we must substitute the initial energy of system W () with the
energy Wi (%).
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