< sciendo
Vol. 30(1),2022, 109-128

DOI: 10.2478 /auom-2022-0007
An. St. Univ. Ovidius Constanta

Stochastic orders of log-epsilon-skew-normal
distributions

Luigi-Ionut Catana

Abstract

The log-epsilon-skew-normal distributions family is generalized class
of log-normal distribution. Is widely used to model non-negative data
in many areas of applied research. We give necessary and/or sufficient
conditions for some stochastic orders of log-epsilon-skew-normal distri-
butions. Also, we give sufficient conditions for orders of moments and
Gini indexes. Finally, it is presented a real data application.

1 Introduction

The log-normal distribution has a long and rich history. Galton (1879) sug-
gested the use of the log-normal distribution to analyze data for which the
geometric mean is better than the arthimatic mean for estimating central
tendency. McAlister (1879) derived the log-normal distribution at Galton’s
suggestion. For a review of the history of log-normal distribution and its
applications as a generative law see Mitzenmacher (2004). Finney (1941) ex-
amined the moments, moment estimation, and efficiency of the estimation.
The epsilon-skew normal (ESN) distribution was introduced as a skew exten-
sion of the normal distribution in same spirit as Azzalini’s (1985) skew-normal
(SN) distribution. A key advantage of the LESN family is that it includes
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as a subfamily the log-normal distributions, which are well known to be in
use in a wide spectrum of disciplines. Examples include astrophysics, Gandhi
(2009), environmental sciences, Benning and Barnes (2009), computer science,
Doerr et al. (2013), economics, Cobb et al. (2013), biomedical, Feng et al.
(2013), and radiology, Neti and Howell (2008). Limpert et al. (2001) com-
pared the use of the log-normal distribution across several different science
disciplines. Hutson et al. (2020) introduced and studied a family of distri-
butions with non-negative reals as support and termed the log-epsilon-skew
normal (LESN) which includes the log-normal distributions as a special case.

Life expectancy is one of the most meaningful and widely used summary
measure of the distribution of lifespan (length of life). However, the variability
of this distribution is an equally important measure to consider, since the same
life expectancy value can derive from very different shapes of this distribution.
Gini coefficient is the most common statistical index of diversity or inequality
in social sciences (Kendall and Stuart (1966), Allison (1978)). It is widely used
in econometrics as a standard measure of inter-individual or inter-household
inequality in income and wealth (Atkinson (1970, 1980), Sen and Amartia
(1973), Anand (1983)). Illsey and Le Grand (1987) who justified the use of
Gini coefficient for the analysis of inequality in health in the 1980s, stressed
that the individual-based measurement of inequality in health is a way to a
universal comparability of degrees of inequality over time and across countries.

Another intersting subject which we can use this distribution is survival
analyzes which have been developed mainly in the medical and biological sci-
ences, but are widely used in the social sciences such as economics and engi-
neering (reliability and failure time analysis). The changes that characterize
the changing stage of mortality are measured by variables such as age-specific
death rates, life expectancy at birth, probabilities of death and survival func-
tion. Survival analysis methods depend on the distribution of survival and on
the hazard function.

A classical method to compare survival, hazard rate functions or Gini in-
dex is stochastic orders which are strongly related to the insurance and risk
theory. For introduction in the field, we recommend the reader more recent
books (see, for instance Shaked and Shanthikumar (2007) and Levy (2015)).
Recent results regarding Gini index were given by: Zbaganu (2020) analized
Loenz order and Gini index for a recent model, Preda and Catana (2021) gave
theoretical results for different stochastic orders of a log-scale-location family
which uses Tsallis statistics functions and results which describe the inequal-
ities of moments or Gini index according to parameters, Buffa et al. (2020)
analized the inequality of the Gini coefficient in the case of a kinetic model for
Wealth distribution. Also, results describing the problem of stochastic orders
were given by: Ortega-Jiménez et al. (2021) provide sufficient conditions for
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comparing several distances between pairs of random variables (with possibly
different distribution functions) in terms of various stochastic orderings;

Balakrishnan et al. (2021) analized hazard rate and reversed hazard rate
orders of parallel systems with components having proportional reversed haz-
ard rates and starting devices; Catana and Raducan (2020c) gave sufficient
conditions for stochastic order of multivariate uniform distributions on closed
convex sets; Catana (2021a) gave theoretical results for equivalence between
di erent stochastic orders of some kind multivariate Pareto distribution family;
Sfetcu et al. (2021) introduced a stochastic order on Awad—Varma residual
entropy and studied some properties of this order, like closure, reversed clo-
sure and preservation in some stochastic models (the proportional hazard rate
model, the proportional reversed hazard rate model, the proportional odds
model and the record values model); Catana and Preda (2021b) proved that
different orders between parameters vectors imply the hazard order and reverse
hazard order between extremes order statistics of transmuted distributions;

Berrendero and Céarcamo (2012) provided a new meaning to the corre-
sponding test statistics; Nadeb and Torabi (2020) analized different stochastic
comparisons in the transmuted-G family with different parameters; Ahmadi
and Arghami (2001) analized some univariate stochastic orders on record val-
ues; Bancescu (2018) presented the likelihood order of some classes of statis-
tical distributions.

The purpose of this work is to analyze different stochastic orders and the
order between some elements of log-epsilon-skew-normal distributions (for ex-
ample Gini index or the moments) and also the usual stochastic order of the
log-scale-location models. The structure of this article is: in the section 2
there are presented the preliminaries; in the section 3 there is presented the
log-epsilon-skew-normal distributions family and some mathematical proper-
ties; in the section 4 we give necessary and/or sufficient conditions for different
stochastic orders of log-epsilon-skew-normal distributions and some direct con-
sequences; in the section 5 we give sufficient conditions for ususal stochastic
order of log-scale-location models; in the section 6 we illustrate the theoret-
ical results whit a real data application. In the last section we present the
conclusions of this article.

2 Preliminaries

Let (Q, F, P) be a probability space. Let X :  — R be a random variable. For
a random variable X we consider ux(B) = P(X € B) be its distribution on
(R,B(R)), Fx(z) = P(X < z) its distribution function and survival function

Fx (z) =1- Fx(x), where z € R.
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If X is absolutely continuous according to Lebesgue measure then we
denote fx (z) = (Fx(z)) its density function. Also, we denote Qx(p) =
inf{x € R: p < Fx (x)} the quantile function of X.

If F'x is differentiable, we define the hazard rate function rx : Supp(F x) —
R, rx = (—lnFX)/, where for a function g : R — R, Supp(g) = {z € R :
g(z) # 0}.

Also, for a random variable X with E (X) # 0 it is defined

Lx(p) = Jo O

the Lorenz curve of X and

B IS Jo7 [t = ta| dFx (t1) dFx (t2)
N 2FEX

the Gini index of X (see Arnold (2007, 1987)).
Another formulas for the Gini index of X are

Gx

B fooo Ei (x)dx

Gy =1 Jo_Lx®)ew
X fOOOFX(z)d:c

and

1
Gx=1- 2/ Lx (p)dp.
0

For a > 1, the a-Gini generalized index

Gra=1-ala=1) [ (1=p"Lx )dp

We notice that Gx,2 = Gx.
A simple a simple calculation shows that

[ Fx (z)da [ F (z)da
Gxu=l-"="7"7T=1-"F-—".
’ fO FX (l‘)dt EX

For a function g : R — R, g(z); = max(g(x),0) and g(x)_ = min(g(x),0).

Definition. (Shaked and Shanthikumar, 2007) Let X, Y : Q — R random
variables. We say that X is said to be smaller than Y in the

(i) stochastic order (written as X <4 Y ) if Fx () < Fy (z) Vo € R;

(i) hazard rate order (written as X <p, Y) if rx(z) > ry(zx) Vo €
Supp(Fx) N Supp(Fy );

(#ii) Lorenz order (written as X <porenz Y ) if Lx (p) > Ly (p) Vp € [0;1];
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(iv) likelihood ratio order (written as X <y Y) if
x € Supp(fx) U Supp(fy).

Another equivalent definition for stochastic order is:

Definition. (Shaked and Shanthikumar, 2007) Let X, Y : Q — R random
variables. We say that X is said to be smaller than Y in the stochastic order
(written as X <5 Y) if Eu(X) < Eu(Y), for all increasing functions u :
R — R, provided that the means exists.

Definition. (Shaked and Shanthikumar, 2007) Let X, Y : Q — R random
variables. We say that X is said to be smaller than Y in the increasing convex
order (written as X <iep Y) if Eu(X) < Eu(Y), for all increasing convex
functions u : R — R, provided that the means exists.

Definition. (Shaked and Shanthikumar, 2007) Let X, Y : Q — R random
variables. We say that X is said to be smaller than Y in the increasing convex
order (written as X <¢ Y) if Eu(X) < Eu(Y), for all conver functions
u: R — R, provided that the means exists.

It is well known:

Proposition 2.1. (Shaked and Shanthikumar, 2007) X <, ¥ = X
<n Y =X <47

Proposition 2.2. (Shaked and Shanthikumar, 2007) X <. Y < X <ica
Y and EX = EY.

Proposition 2.3. (Shaked and Shanthikumar, 2007) X <poren: ¥ <
X <ee Y and EX = EY.

Proposition 2.4. (Shaked and Shanthikumar, 2007) X <poren: ¥ =
Gx < Gy.

Iy (
x(

)
Ix(z)

18 increasing in
x

3 Log-epsilon-skew-normal distribution

Hutson et al. (2020) introduced the following distributions family:

Definition. We say the random variable X is log-epsilon-skew-normal
(LESN) distributed with the parameters 8 € R, o € (0,00), € € (—=1,1) (and
we denote X ~ LESN (0,0,¢)) if

1 _ (1(11’79)2 1 _ (lr\m70)2

fX (];) = T e 202(1-9)2 . 1(0’69) (1‘) + — e 202(1+e)2 . 1[69,00) (x)

Also they computed:

the distribution function

Fy (2) = (1-2) @ (8£25) 10 00) (@)+(—2 + (1 4+ ) @ (225 ) 1o o) (),

where ® is distribution function of standard normal distribution and ® =
1—®;

the quantile function Qx (z) = e?T7%20®) for 2 € [0, 1], where
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Qolu) = (1=2) 071 (£2) - 1gimey () + (== + (L +e) 0! () -
Tiaie (U) s
ihe A-th moment (keZ k>1)

B (")

ok (1—¢)252%2 (14e)252k2
=e"|[(l—¢g)e 2 P (—(1—e)ok)+(1+e)e z - @ ((1+¢)ok)
and the hazard function
_ (nz—0)2 _ (Inz-0)2
; e 202(1—¢)2 1 \/;7 e 202(1+¢)? 1
rx (z) = (o) Zz=ry) " (09 () + +a(Zg) ) (@)

Also in Hutson et al. (2020) there were given another properties of this
distribution.

4 Stochastic orders of log-epsilon-skew-normal distribu-
tion

In this section we analize different stochastic order and as a consequence the
inequalities between the moments and the a-Gini generalized index of two
log-epsilon-skew-normal distributions.

Let us consider the positive real random variables X and Y.

Theorem 4.1 gives necessary conditions for usual stochastic order and the-
orem 4.2 gives sufficient conditions for usual stochastic order between two
log-epsilon-skew-normal distributions.

Theorem 4.1. Let the random variables X ~ LESN (0x,0x,ex) and
Y ~ LESN (Oy,oy,ey). If X <Y then only one of the statements is true:

(i)ex <ey,ox(1—ex)>oy(l—cy),ox (1+ex) <oy (l+ey);

(ZZ) Ox > ey,O'X > 0y,EX > €y;

(ZZZ) 0x < Hy,O'X > 0y,ex < €y;

(iv) Ox =0y, o0x =0y, ex =¢y.

Proof. If X <4 Y then Fx () > Fy (z) Vz > 0.

Then

(1—ex)® (Lex)) >(1—ey)d (LOY)) vae (0,min (7, e7))

Ux(l—EX O'y(l—Ey
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Inz—@
® (Uy(lféi})//) )

1l—ex > (1—6y) ! P
nr—ox
@ (Ux(l—sx)>

Vx € (O,min (e‘gx,egy))

But there exists

Inz—0y 9 Inz—0y
. Uy(l*&y) . ox O'Y 1 Ey
lim = lim
x—0 d Inz—60x =0 9
{L’>0 Jx(lfex) {L’>0 8

[}
o (Jats)
) - ()] _

ox (1—ex) (e

UX(I EX

ox (1 —ex) im e3[Ar(In2)*+Az In o+ A;]
ov(l=ev) 53¢

. 1 . 1 20 _ 20
where A; = (ox(I—2x))? (oy (1—2v )2’ Ay = (oy (1 Yey))2 (Ux(l—XEx))27
e — 0% B 0%
37 lox(1=ex))? ~ (ov(1—ev))?"
From

Inz—6
o (UY(xl*;;)) Vi

1—5X (1—8y) ! Py
nr—ox
@ (0’)((176)())

€ (O, min (e‘gx , eey))

it results
lnz—0
oo (Ra)
l—ex>(1—ey): lim ————=
z—0 o Inz—0x
z>0 (ax(l,gx))
then

lir% A - (lnz)2 + Ao ~1na:—|—A3] eRU{—o0}.
xr—r
x>0

Thus A1 <0or (A1 =0 and A2 < 0)
Also, from Fx (z) > Fy (x) Yz > 0 we have

Inx —0x
—ex +(1+ P ———— | >
ex+{1+ex) (UX(1+€X)> B
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—ey +(1+ey)® <1n:r—0y> Vo € (max (€%, e?)  00) &
oy (1 + Ey) ’ ’
—( Inz—0x
l4+ex)o| —— | <
(1+ex) (UX(1+€X)> B
(1+ey)® (M) Vo € [max (e, e”)  00) &
oy (1 + Ey) ’ ’
6( Inz—60x )
(1+ex)- % <1+ey Vo € [max (”%,e?), )
® (oy(l-&-e‘;))
But there exists
( lnx—0x ) i@( Inz—0x )
. ox(l+ex) Oz ox(1+ex)
lim = lim =
T—r00 Inz—60y T—00 Qa Inz—60y
(Uy(1+ey)) ox (UY(1+EY))
1 Inz—6 2 Inz—6 2
lim oy (1 +‘€Y) eé[(ay(l+5};)> _<0X(l+€);)> ] _
s ox (14+ex)
oy (1+ey) lim e [Br(n o)+ Bz Ina+Bs]
ox (1 —+ €X) T—00
_ 1 _ 1 20 26
where By = oy ~ oxare? B2 T a0 T v e
Ba — 0% _ 0%
37 lov(+ev))?  (ox(tex )

From

6( Inz—60x )

ox (1

(1+€X)'1X(7+:X) < 1+eyVa € [max ("%, e, 0)
nxT

(ay(usi))

|

it results

5( Inz—60x )
(1+ex)- lim _\ox(+ex) ]

=00 F Inz—6
o <0Y8-+5‘;))

<l+4ey
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then

lim [31 -(Inz)® + By -Inz + B3| € RU{—o0}.

T—r 00
Thus B; < 0 or (B; =0 and By <0).
Case 1: A1 <0,B; <0
Then ox (1 —ex) > oy (1 —ey) (which is equvalent with m <
)and ox (1 +ex) < oy (1 +¢ey), thus

1
oy (l—ey)
1 1

—_— 1 < " 1 <~
ox (1= x) ox (1+ex) oy (1—2y) oy (1+ey)

I+ex 1+ey
<
1*5X 1*€y

—ex <€y.

Therefore case 1 occurs.
Case 2: (41 =0and A3 <0) and B; <0

Then ox (1+¢ex) < oy (1+ey) (which is equvalent with m >

M) and ox (1 —ex) =0y (1 —ey), thus
! (1—ex) < —2 (1—2y) &
. — = v (1-
ox (1+e¢ex) * . oy (1+ey) v v

1-— EX < 1-— Ey
I+ex 1+ey
A2 <0= 9)( > 9y.
If ox <oy then ox (1 —ex) < oy (1 —ey), contradiction!
Then ox > oy. Therefore case 2 occurs.
Case 3: A; <0 and (B; =0 and By <0)
Then ox (1 —ex) > oy (1 —ey) (which is equvalent with m <

and ox (14+ex) =0y (1 +ey), thus

S EX > EY.

1
G’y(l*Ey))
1 1

—_—— 1 < ———" 1 =
ox (1—2x) ox (1+ex) oy (I—2v) oy (1+ey)

1+4+ex 1+ey
<
1 —E&X 1 — €&y
By <0= 9X < Hy.
If ox < oy then ox (14+¢ex) < oy (1 +¢y), contradiction!
Then ox > oy. Therefore case 3 occurs.
Case 4: (A1 =0 and Ay <0) and (B; =0 and By <0)
Then ox (176)() =0y (lfé‘y),O'X (1+6X) =0y (1+€y),0X < bOy,0y <
Ox.

~ex <E€y.
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ex<6‘y,9y<9X=>9)(—9y

Ifox(l1—-ex)=oy(l—cy)andox (14+ex) =0y (1 +ey) then 1+§X =

1—
1+€ Y thus ex = ey.

It results ox = oy. Therefore case 4 occurs. [

Theorem 4.2. Let the random variables X ~ LESN (0x,0x,ex) and
Y ~LESN (9y,0’y,€y) .

If

ex <ey,O0x <by,ox(1—ex) >0y (l—ey),ox (1+ex) <oy (1+ey)

then X <4 Y.

Proof. Wehave l —ex > 1 —¢ey and 1 +ex <1+ey.
0 Inxz—0 Inz—60

If x € (O,e X) then Ux(xli;;) > Uy(xlfa‘i).

Thus

P () = (-2 (20 5 qogye (B0 gy )

Ux(lfé‘x O'y(l*&‘y)

If x € [e%,e%) then

—ex+(14+ex)® ( Anz—fx )

Ux(1+6X

1—(1+Ex) )
(1—ey)-®(0) > (1 —y> (M).

Thus Fx (z) > Fy (z).

0 Inz—0 Inz—6
If z € [V, 00) then xiieT 2 arlitey
Thus

Inz—6
) (UX 1+€)§()> =

||
IV +

Fy(z)=—-ex+(1+ex)® <M) _

ox (1+€X)

1—(1+5X)<1><h”3_9’<)) 21—(1+5Y)<1>(1”_9Y) _

UX(1+€X O'y(1+€y)

—y+(1+ey)® (m> = Fy (z).

It results X < Y. O

Theorem 4.3 gives necessary and sufficient conditions for likelihood ratio
order between two log-epsilon-skew-normal distributions.
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Theorem 4.3. Let the random variables X ~ LESN (0x,0x,ex) and
Y ~LESN (9y,0’y78y) .

Then X <, Y if and only if 0x =0y, ox (1 —ex) > oy (1 —ey) and
ox (1+ex)>oy (1+ey).

Proof. We prove the ”=-" implication.

For x € (07 min (eex,ee”)) we have

(lnz—0y)2

1, 203 (1-ey)? 1 5
fr(®) _ evimoy — ¢3[Av(na)’+AzInatAs] o
fx (@) (ino-0x)® ’

T 5.2 (1___\2

\/% e 20% (1—cx)

Vo x
A = 1 _ 1 Ay — 20y . 20 x Aa —
L7 ox(=—=x))?  (ov(@——ey)?’ ©2 7 (oy(1-ev))?  (ox(1—ex)?’ 3
0% 03

(ox(1—ex))? ~ (ov(1—ev))?"
For x € (max (eeX,eGY) 7oo) we have

(lnz—0y )2

1, 203 (1+ey)? L 2
J{;Ei; = (me—0x)2 e3[Br(nz) +BQ'1H£+B$], where
oVarox

o 1 _ 1 _ 20 _ 260 —
b= oy T exareor P T Gxtirer T vt B8 S
05 . 0x

(oy (I+ev))®  (ox(1+ex))*”
X <5 Y then
T fy (x)

Fi(a) 18 increasing on (0, 00)
=z A (In x)2 + As - Inxz 4+ Ajs is increasing on (O7 min (egX , eey)) and
2 By - (Inz)®> 4+ By - Inx + Bs is increasing on [max (ef%,e%), 00)
=t Ay -t2 + Ay -t + Az is increasing on (—oo, min (fx, fy)) and
t +— By -t?> + By - t + Bs is increasing on [max (fx, 0y ) ,0)
= % [Al - 2 + Ay -t + A3] >0Vte (—OO,IniIl (ex,ey)) and
% [Bl -2 + By -t—i—Bg} >0Vte [max(GX,Hy),oo)
= 2A1t + A2 >0Vte (—oo,min (Gx,ey)) and
2Bt 4+ By > 0 Vt € [max (0x,0y),00)
= A; <0,2A; min (ex,ey) + Ay >0, By > 0 and 2B max (Gx,ay)+BQ >0

It results

Ux(l—Ex)ZO'y(l—Ey),

1 1 . 20 20
2 ((ax<1fsx>>2 - (ayufw))?) min (0x,0v) + oA2507 ~ era—oor = O
ox(1+ex)>oy(l+ey),

and
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1 1 20 20
2 ((oy<1+5y>>2 - (ax<1+sx>>2) max (0, 0v) + it ~ erate? = O

If6x > Oy then 2 (

(ax(iefxm))Q < 0, contradiction!

Then 0x < 0y. Thus

1 1 : 20
(ox(I—ex))? <ay<1—sy>>2) min (0, 0y )+ 5

oy (l—ey )2

1 1 20x 20y
2 — max ex,ey 5 3 =
<(UY(1+€Y))2 (ox (1+€X))2) ( )+(0X (1+ex))” (ov (1+ey))
< : 7 : 2>0Y+ 2 2~ 20y 7 =
(oy (L+ey))” (ox(I+ex)) (ox (1+ex))”  (ov (1+ey))
2 (0x —9y)2 <0
(oy (L+evy))” —
But
1 1 20x 20y
? <<ay (+en)®  (ox( +sx>>2> O O e (ov (e =

It results 0x = Oy .
We prove the <" implication.
For z € (O7 eex) we have

_ (ma-0x)?

1 205 (1-ey) . R
fy(@) _ avemoy :eﬂAT(Inx) +A2'1nz+A3] where
fx(x) B (1;”5*9)()22 ’

1 20 1—e

VErex € X(mex)
A = 1 _ 1 A, — 20x o 20 x Au —
12 (ox(=ex))? ~ (ov(—ex)?’ 27 (ov(——ey)?  (ox(1—ex))?’ 3
GX GX

(ox(-ex)? ~ (ov(1-ev))*"
For z € [e7%, 00) we have

(111179)()2
L 202 (1tey)?
fYEm; . — = e3[Br(na)*+BanetB] iy e
fx(z) — Inz—6 - ,
* 1 _252 (1+:())2
iy ¢ XX
_ 1 _ 1 — 20x _ 20x -
B}Z ~ (v (ey))? T (ox(+ex))™ B2 = Giiren0r ~ evaian® P
0 [

X . X
(ov (I4ev))®  (ox(1+ex))*”
But
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9 2
5 [A1 -2+ Ay -t + A3] > 0Vt € (—00,0x)
and
9 2
& [B1 -t —|—Bgt+B3] >0 Vte [9}(,00)
Then z — £22) g increasing on (0,€%) and on [P, 00). Thus z Kg%

fx(x)
is increasing on (0, 00) .
It results X <;,. Y. O
For the next results we consider
1 0% (1—ex)?+20x 1 p
Ap) = (BX) T (1=ex)e™ 30 (071 (12 ) —ox (1-ex)),
pE [0, %) and

B(p)=(EX) "(1—¢ex)e P (ox (1—ex))+
UX(1+EX)2+22(9X70‘X5X)7

(1+€X)6 @(Jx(lﬁ-sx)),pé[%,l).
Proposition 4.4 gives a formula for Lorenz curve of log-epsilon-skew-normal
distributions. Also, proposition 4.5 gives sufficient conditions for Lorenz order

between two log-epsilon-skew-normal distributions.
Proposition 4.4. The Lorenz curve of X ~ LESN (0x,0x,ex) is:

o3 (1—ex)?+20x
2

Lx(p) = Alp) - 19,152y (P) + B(p) - 1[ase 1y (p)-

Proof. Let p € (0, %) . Then

P P P _ u
/ Qx (u) du = / P +ox Q) gy, = / fxtoxi=e0e () gy,
0 0

0

_ U l—ex _u2
¢! =y=>u=(1—ex)P = du = e 2 d
(1_8)() y (I—ex)®(y) Ton y
It results

P 9X+UX(1_€X)(I>71($) ¢71(1_1;X) I —ex 0 1 y?
/ e T—x ) du :/ efxtox( —8x)y—fdy —
— o Vo

0

ok (1mex)?+20x q>—1< P )
2

V2T ' — oo

(1 7€X)€ 6—%(yfax(lfex))2dy —
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(1 ) % (1-cx)?+20x /¢_1(1ix>gx(lgx) 1 7ﬁdt
— & e 2 e 2 =
X oo V2T
02 (1—ex )2+26
:(1—5)()@ x( )2{) X@(@_1< P >_0X(1_€X))~
1-— EX
Thus Lx(p) = A(p).
Now, let p € %, 1) . Then
P
/ QX (u) du
0

p lopx 1

_ / x+oxQo(u) gy, — / efx+oxQo(w) gy, _|_/ efx+oxQo(v) g,
0 0 l-ex

2

0% (1—ex)?+20x l—ex 1
—(l—ex)e 2 (o[ 2 ) —ox(l—ex) |+ OxHox Qo) g,
1—ex 1*25)(

0% (1—ex)?+20 1
B S (—ox (1—ex))+ /1 efxtox Qo) gy,

—ex
2

=(l—-ex)e

We have fll—sx eex-s-ono(u)du — fll—sx e@X*JXEXJrUX(lJrEX)(P*l(Tizﬁ)du
2 2
and
! (ﬂiji) =y = ﬁjjj =®(y) =u=1+ex)?(y) —ex and du =
2
bty
It results

1
—1f ute
/ (Ix—oxextax(tex)® (1) g,
1—€X
2

0 2
:/ 1+5X _69X—0X5X+<7X(1+5X)y_y7dy:
0

Ver

1+ex ”%{(1+5X)2+22(9X*“xfx) /OO
= . 6
V2T

e*%(y+¢7x(1+€x))2dy —
0

+2

o% (1+ex)?+2(6x —oxex) 0
=(+ex)e = XX/ Tdt =

1
—€
ox(l4+ex) V2w
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0% (1+ex)?+2(6x —oxex) —
2

=(1+ex)e P (ox (1+ex))-

Thus Lx(p) = B(p). O

Proposition 4.5. Let the random variables X ~ LESN (0x,0x,ex) and
Y ~ LESN (8y,0y,ey) with EX = EY.

If

ex <ey,O0x <by,ox(1—ex) >0y (l—ey),ox (1+ex) <oy (1+ey)

then X <rorens Y -
Proof. We have X <4 Y = X <. Y. But FEX = FEY. Then X <., Y,
thus X <rorenz Y. U

5 Consequences

Propositions 5.1 and 5.2 sufficient conditions for orders of the moments of
order k and a-Gini indexes.

Proposition 5.1. Let the random variables X ~ LESN (6x,0x,ex) and
Y ~LESN (Gy,a'y,é‘y) .

If

ex <ey,0x <by,ox(l—ex)>oy(1l—ey),ox (1+ex) <oy (1+ey)

then EX* < EY*VkeZ, k> 1.

Proof. 1t results from theorem 4.2. [

Proposition 5.2. Let the random variables X ~ LESN (6x,0x,ex) and
Y ~ LESN (8y,0y,ey) with EX = EY.

If

ex <ey,O0x <by,ox(1—ecx)>oy(l—ey),ox(1+ex) <oy (1+ey)

then Gx.o < Gy,q for all a > 1.
Proof. 1t results from proposition 4.5. [J
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6 Real data application

In this section we illustrate the theoretical results obtained in the paper.
We use estimated parameters of log-normal and LESN distribution using
data from two examples in Hutson et al. (2020). The first data repre-
sents Mayo Clinic primary biliary cirrhosis data that can be downloaded
from http://www.umass.edu/statdata/statdata/data/, Fleming and Harring-
ton (1991). In particular, they examined 418 serum bilirubin (mg/dl) measure-
ments. In Table 1 maximum likelihood estimators are presented for LESN.
The second data represents data that was part of a large clinical trial car-
ried out by the Radiation Therapy Oncology Group in the United States,
Kalbfleisch and Prentice (1980). The data may also be downloaded from
http://www.umass.edu/statdata/statdata/data/. In particular, they exam-
ined the survival time in days from date of diagnosis in 195 patients with
squamous carcinoma in the oropharynx. There were 53 patients (27%) whose
survival times were right censored. In Table 2 maximum likelihood estimators
are presented for LESN.

Table 1
Parameters LESN
© -0.4169
> 0.9273
€ 0.6713

Table 2
Parameters LESN
C) 5.7489
> 1.3002
€ 0.2266

Let the random variables X ~ LESN (—0.4169,0.9273,0.6713) and Y ~
LESN (5.7489,1.3002,0.2266). We have:

ex = 0.6713,ey = 0.2266,

Ox = —0.4169, 6y = 5.7489,

ox (1 —ex) =0.9273- (1 — 0.6713) = 0.3048,
oy (1 —ey) =1.3002- (1 — 0.2266) = 1.0056,
ox (1+ex)=0.9273- (1 +0.6713) = 1.5498,
oy (1+ey) =1.3002- (1 + 0.2266) = 1.5948.

From theorem 4.1 it results X 4 Y because ox (1 —ex) < oy (1 —ey).
From theorem 4.3 it results X A;,. Y because fx # 0y.
Remarks. (1) There exists ¢; > 0 such that Fx (¢1) > Fy (¢1);
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(2) There exists k; € Z,k; > 1 such that EX* > EY*1;
(3) There exists co > 0 such that rx (c2) < ry (c2) .
Proof. (1) and (2) result from X A, Y.

(3) If X <p, Y then X <4 Y, contradiction!

Then X A4y, Y. O

Conclusions

his article we analyzed different stochastic orders between log-epsilon-skew-
mal distributions. We gave necessary and/or sufficient conditions for these
ers. These results improve the literature of stochastic ordering between

log-normal distributions and provide ideas for generalizations in other research
papers.
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